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Preface

Modern societies depend upon machines to provide standards of living far
beyond the level that man alone can provide. The human body is very limited
in its ability to generate large, or very small forces and cannot work at high
speeds or with high accuracy for long periods. To overcome these limitations
man has striven to develop machines which augment his own strength and
reduce the drudgery of repetitive tasks. We all now depend upon machines to
provide us with our food, clothing, energy, transport and defence. Most
households, in addition to possessing some form of transport, have machines
to reduce the effort involved in washing, cleaning and preparing food. Agricul-
ture and medicine depend upon machines to increase their efficiency. Less
familiar are the machines used on an industrial scale for knitting and weaving,
for food processing and packaging and for the manufacture of metal goods
of all sorts.

All engineers will at some time have a professional interest in machines,
perhaps as a designer, but more often as a user of machines. A sound
understanding of the physical principles which govern the behaviour of
machines is therefore an essential part of an engineer’s education.

A machine is an assembly of fixed and moving bodies connected together
in some manner. Dynamics is the study of bodies in motion and provides the
basic tools for the analysis and synthesis of machines. The subject is usually
split into two parts. The first, kinematics, is the study of the geometric properties
of motion, and the second, kinetics, is concerned with the forces which cause,
or maintain, motion.

The book is intended as a first year undergraduate course for Mechanical
Engineering students, and as a course in basic mechanics suitable for students
in other engineering subjects.

The authors have taught Machine Dynamics courses at undergraduate and
postgraduate level for a number of years. They have found that the good text
books available generally cover a full undergraduate course and use a formal
vector approach. For first year students, or for those engineering students who
follow only a limited course in Mechanics, they feel that a course restricted
to consider only plane motion is adequate. The use of formal vector algebra
is not required for a basic course of this type and an informal vector approach
can give a greater understanding of the basic principles. It is essential however
that derivations of formulae should be rigorous and that any assumptions
made in their derivation are fully explained.



vi Preface

In each section of this book the basic theory is presented in a rigorous
manner and then applied to typical engineering problems. The relevance of
the mathematical model used to represent each real system is considered and
the meaning of the results is discussed. The importance of understanding the
underlying theory, and the use of free body diagrams or system boundaries is
emphasised throughout the text.

It is expected that students following this text will develop a thorough
understanding of basic mechanics which will enable them to tackle many
engineering problems. It will also provide a valuable foundation for more
advanced courses in Mechanics.

The authors have carefully checked the text and the examples for student
solution. They would welcome notification of any errors which remain, and
suggestions for improving the layout and content of the book would also be
appreciated.

Finally the authors would like to thank Sheila Stone and Joyce McLean for
their efforts well beyond the call of duty in the preparation of the manuscript
and figures for the book.

J. N. Fawcett
J. S. Burdess
1988
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1

Kinematics

Basic Theory

1.1 Vector quantities

Postion, velocity and acceleration cannot be described solely in terms of
magnitude; their directions must also be specified. Quantities which require
a definition of both magnitude and direction are called vector quantities; those
defined by magnitude only are referred to as scalar quantities. Heavy type will
be used to denote a vector, e.g. r is a vector with magnitude r. (A straight line
above the symbol, or a wavy line beneath are alternative methods of notation.)
A vector quantity is represented graphically by the line and arrow head shown
in Fig. 1.1. The length of the line is proportional to the magnitude of the vector
and the direction is specified by the orientation of the line and the direction
of the arrowhead.

The addition and multiplication of vectors must be carried out according
to the rules of vector algebra. For the purposes of this elementary text, which
is restricted to the study of motion in a plane, we need only consider the rules
of vector addition.

Vector addition

The sum ¢ of two vectors a and b is defined by the diagonal OC of the
parallelogram OABC of Fig. 1.2. The lines OA, OB represent the vectors @
and b in both magnitude and direction. Upon completion of the parallelogram,
its diagonal OC represents the sum, or resultant, of a and b. This method of
addition is referred to as the parallelogram rule of vector addition. The length
OC and its direction may be obtained by drawing the parallelogram to some
convenient scale, or from simple geometry.
We represent the addition of two vectors by the vector equation

c=a+b
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where the heavy type indicates that we require a vector sum, as given by the
parallelogram rule, rather than the usual scalar sum involving magnitude alone.

An equivalent and more convenient method of adding two vectors is to
draw the first vector @, and then the second vector b starting from the tip of
vector a, as in Fig. 1.3. The sum, or resultant, ¢ will be the vector from the
tail of a to the tip of b and will close the triangle. This is identical to AOAC
of Fig. 1.2. We could of course have started with the vector b and then added
a. This would be equivalent to AOBC of Fig. 1.2. The order of the addition
is therefore seen to be unimportant, i.e. a +b=5b+ a.

A C
b
a
v a
/ c
0 b B /
Fic. 1.1 Fig. 1.2 Fic. 1.3

If we wish to add more than two vectors we may extend the above method.
For example, to add the four vectors a, b, ¢ and d the sum or resultant e can
be obtained by placing them tip to tail as in Fig. 1.4(a),i.c.e=a+b+ctd

a
b
b d
d
[+
[+
a
(b} (c}

The order can be seen to be unimportant if we recombine them as in Fig.
1.4(b) where e =c+b+d+a

If the vectors being added form a closed polygon the length of the resultant
will be zero, as in Fig. 1.4(c), and their vector sum will be zero,i.e.a + b+ ¢+
d=0.

Fic. 1.4

Components of a vector

It is often convenient to consider a vector in terms of two mutually perpen-
dicular vectors whose sum is equal to the original vector. In Fig. 1.5 the vector
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¢ is the sum of the two vectors a and b which are perpendicular to one another.
Vectors a and b are referred to as the components of ¢. From Fig. 1.5 it can
be seen that the magnitude of ¢, and the angle, ¢, between a and ¢, are given
by

c=va*+b% and tan¢ =b/a.

Y
Pix,y.2)
c r
b y
¢ 0
Z —
2 / X

Fic. 1.5 FiG. 1.6

1.2 Motion of a point

Frames of reference

Before we can study the motion of a point we must first define its position in
space. We therefore need to choose a fixed point (or origin), and some fixed
directions in space to which the position of the point can be referred. The set
formed by the origin and the fixed directions is called a frame of reference.
The position of the origin, and the reference directions, may be chosen
arbitrarily.

A reference frame having three reference directions is required to specify
the position of a point in space and in most cases it is convenient to arrange
these directions to be mutually perpendicular, for example OX, OY, OZ as
shown in Fig. 1.6. Using this reference frame, a point at position P is specified
by the position vector r. This vector has components x, y, z, of magnitude x,
¥, z, along the reference directions OX, OY and OZ.

The reference frame OXYZ is assumed to be fixed in space, and motion
measured relative to this frame is called absolute motion. If OXYZ were
moving, we would have to take into account the motion of the frame itself in
order to obtain absolute values. For most engineering purposes, a reference
frame attached to the earth may be considered fixed since the errors introduced
by neglecting the earth’s motion are usually negligible. Also, many engineering
components are constrained to move in a plane, e.g. OXY in Fig. 1.6. In this
plane the position vector can be defined using two components, x and y.

In this text we will limit ourselves to considerations of motion in a plane
and will assume that reference frames attached to the earth may be considered
fixed in space.
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1.3 Motion of a point along a straight line

This is a special case of plane motion. Since we may choose the position of
our reference frame arbitrarily, let us arrange that the axis OX lies along the
straight line. The OY axis is superfluous.

Position and displacement

The position of a point at P may be described by its distance x along the line
OX, as shown in Fig. 1.7. In this case the position vector of the point is r = x.
If the point now moves to P’ such that its new position vector is x + dx, the
change in position 8x is called the displacement of the point.

o

|
0 g
P

X
|
| x
pr

Fic. 1.7

The number of degrees of freedom of a point is always equal to the number
of independent co-ordinates needed to specify its displacement. In this case
the displacement can be expressed in terms of a change in the single coordinate
x, so that a point moving on a straight line has one degree of freedom. Since
the direction of the displacement vector is specified by the straight line, all
vectors must lie along OX. Hence when adding these vectors, the vector triangle
of Fig. 1.3 will reduce to a straight line. This is equivalent to simple scalar
addition, taking account of sign.

The recommended SI units for position and displacement are metres, m, or
millimetres, mm.

Velocity

Consider the point P with position x at time ¢ Let the point be moving such
that a small time ¢ later it has moved to a new position x + 8x. The displace-
ment 8x is the change in position, and is assumed to be positive in the same
sense as x, i.e. along OX. The velocity v of the point is defined as its rate of
change of position and is given by

. (x+6x)—-x dx
v=lim—————=—.

1.1
510 ot dt (1)

This limit defines the velocity of the point at position x. The derivative dx/d¢
is often written as X, where the dot denotes differentiation with respect to time.

Velocity, like position, is a vector quantity and in the case of straight line
motion its direction is defined by its sign, which is the same as that of the
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incremental displacement 8x. The recommended SI unit of time is the second,

s, so that the SI unit of velocity will be ms™.

Acceleration

If the point has velocity v at time ¢, and time 8¢ later has velocity v + v, then
the acceleration a of the point is defined as its rate of change of velocity, i.e.
. (v+8v)—v dv dx

m——— =

= =—=-S=% 12
a=lim 5t FTA T (12)

The recommended SI unit of acceleration is m s ™

Again the direction is defined by its sign and is positive if dv is positive.
Thus, the acceleration of the point is in the same direction as the incremental
change in velocity, but not necessarily in the same direction as the displacement.
For example, a positive displacement would give a positive velocity, but during
the displacement the magnitude of the velocity could decrease. In this case
v would be negative, and the acceleration would therefore be negative. This
situation arises when applying the brakes in a vehicle.

It is important to note that once we have defined the positive direction of
the position x, we have also defined x and X positive in the same direction.
In the above case x, X and X are all positive along OX.

Given an expression for the position of a point as a function of time, i.e.
x = f(#), it is now possible, using eqns (1.1) and (1.2), to calculate its velocity
and acceleration by successive differentiation of x with respect to time.

Example 1.1 A point moves on a straight line with its position, measured
from an origin O, given by x = A sin wt. Obtain expressions for its velocity
and acceleration, if A and o are constants.

Its velocity

dx d ) .
v= @ ar (A sin wt) = Aw cos wt, (i)

and its acceleration

a= %’ = % (Aw cos wt) = —Aw’ sin wt = —w?x. (ii)

The acceleration of the point is therefore proportional to the position of
the particle, and the negative sign shows that the acceleration is in the opposite
sense from the position, and will always be directed towards O.

Graphs showing the variation of x, v and a with time are shown in Fig. 1.8.
The position is zero when sin wf = 0, i.e. when ot =0, 7,27, ... and the
motion repeats itself after a time 2#/w. The point has extreme positions of
+A. The velocity of the point depends upon cos wt and at ¢t = 0 has a value
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Aw?-
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—Awd

(a) (b) (c)
Fi1G. 1.8

of +Aw. As time increases v reduces and is zero when wt = /2. At this point
the position is at its maximum value. When ¢t = 7/w, cos wt = —1 and the
velocity has its maximum negative value of —Aw. The cycle continues until,
at ot = 27, v = Aw, and the cycle repeats itself. The acceleration of the point
varies with —sin wt between +Aw” as shown in Fig. 1.8(c).

Note that, at any instant, the velocity is equal to the slope of the x-f curve
(i.e. dx/dt), and the acceleration is equal to the slope of the v-t curve, (i.e.
dv/dr1).

This type of motion occurs in vibrating systems, and is called simple harmonic
motion. The motion is characterised by its amplitude, A, and frequency, . It
can be seen to repeat itself after a time, 27/w, which is called the periodic
time of the motion.

Other variables

Position is not always known as a function of time, but may be given as a
function of another variable u, i.e. x = f(u). In this case we must apply the
chain rule of differentiation when obtaining the velocity, i.e.

p=—=—— (1.3)

We can also use the chain rule when finding the acceleration. For example,
if velocity were given as a function of, say, position, i.e. v = f(x), then

,_dv_dvdx
dt dx dt
dx dv . '
But i v, so that a = vdx' (1.4)
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Integration to give velocity and pesition

We have shown that expressions for velocity may be obtained from position,
and acceleration from velocity, by differentiation with respect to time. By
performing the reverse process, i.e. by integration with respect to time, we can
obtain velocity from acceleration, and position {rom velocity.

From eqn (1.2),

dv = ads (1.5)

If the acceleration, a, can be expressed as a known function of time [i.e.
a = f(1)], then by integrating eqn (1.5) the velocity at some time ¢ is given by

v=Jadt+A (1.6)

where A is an arbitrary constant of integration.
Similarly we can find the position of the point by integrating, with respect
to time, an expression for its velocity.

From eqgn (1.1)
dx = v dy,

and if v is a known function of time,
x:Jvdt+B, (1.7)

where B is again a constant of integration.

The constants A and B can be determined if the values of x and v are
known at some time during the motion. A and B can also be calculated if the
position x is known at two times during the motion. Usually the constants
follow from eqns (1.6) and (1.7) by knowing v at time t, and x at time £,. In
many cases {; = [, = 0 and it is the initial velocity and position of the particle
which are often used to determine the constants of integration.

Example 1.2 A point accelerates along a straight line with constant acceler-
ation a. Let us obtain expressions for its velocny and position as functions of

time, if at t = 0, X = vy and x = 0.

From eqn (1.2)

_dv
4= ar
so that v:Jdv=Jadt+A, (i)

where A is a constant of integration.
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Since a is a constant | a dt = a [ dt, so that eqn (i) can be integrated to give
v=at+ A (ii)

A can be evaluated from the condition that v = v, at t = 0. Substituting this
value into eqn (ii) gives A = v, so that the velocity of the particle at any time
t is given by

v=at+ v (iit)
Similarly, from eqn (1.1),

,_dx
de’

so that eqn (iii) may be expressed as

X ar+
—=a Uy
dt 0

Thus x=J(at+vo)dt+B

which, since a and v, are constants, can be integrated to give

at’ .
x=—2—+ vt + B, (iv)

where B is a constant of integration.
Using the condition that at t = 0, x = 0 eqn (iv) gives B = 0, so that the
position of the particle at any time f is given by

x =1ar* + vot. )

Expressions (iii) and (v) are well known, but it must be remembered that
they apply only in cases where the acceleration is constant. A typical example
is that of a particle falling freely under gravity near the earth’s surface, when
its acceleration would be constant at g (9.81 ms™?) vertically downwards.

Graphical solution

In the above example it was possible to evaluate the integrals | a dt and | v dt
to obtain closed form analytical solutions. If, however, the functions a and v
are such that the integrals cannot be evaluated analytically the results may be
expressed as

v t
J dv=j adt,

t

sothat v — v, = j a di, (1.8)

1)

where v, and v are the velocities of the point at ¢, and ? respectively.
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Similarly
x t
J' dx = j v dy,
xo t
t
sothat x — xo = j' v dt (1.9)
o

The integral on the right-hand side of eqn (1.8) represents the area under
the acceleration-time curve over the interval (f,, t).
Equations (1.8) and (1.9) may therefore be expressed as

v — v, = area under acceleration-time curve between
t, and ¢, (1.10)

and x — x, = area under velocity-time curve between ¢, and ¢,
as shown in Fig. 1.9.

FiG. 1.9

These areas can be evaluated graphically or numerically (e.g. using the
trapezoidal rule) to give the change in velocity or the displacement between
the two times.

It is instructive to re-examine the curves of Fig. 1.8 and verify that eqns (1.10)
apply.

Change of variable

When acceleration is given as a function of time the variables can be separated,
as in eqn (1.6), so that the equation can be integrated directly. However, if
the acceleration is given as a function of displacement, i.e. a = f(x), the
variables cannot be separated.

In this case

dv :
a =E;=f(x) (1.11)

and direct integration with respect to time is not possible. However, we can
change the variable from ¢ to x by writing

dv dv dx 0 dv

dr dx dt dx’

as in eqn (1.4).
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Thus
dv
a= de _f(x)9

so that v dv = f(x) dx.
Defining the definite integral from an initial state in which v = vyand x = x,
gives

vadv= fo(x) dx, (1.12)

Vg X,

so that 3(v” —v3) = J. Sf(x) dx,

_ r 2 dx. (1.13)

Xo

Thus the area under the acceleration-displacement curve is equal to 3(v* — 7).

Example 1.3 A drag racing car reaches a maximum speed of 90 ms™'. After
crossing the finish line the driver releases a braking parachute to reduce the
speed of the car. When the speed has been reduced to 18 ms™* he applies the
wheel brakes to bring the car to rest. The acceleration between 90 and 18 ms™*

is proportional to the square of the velocity and is given by a = —k,v” where
k, is a constant. Between 18 m s™' and rest the acceleration is constant so that
a= _k2.

Calculate the distance travelled between the opening of the braking para-
chute and the application of the brakes, and the total time and distance taken
for the car to be brought to rest, if it is estimated that

k;=3%m'and k, =3ms 2

The dimensions of the car are unimportant to our solution so the car may be

considered as a point travelling along a straight line.

Between 90 and 18 ms ™',

dv .
a= a = —k,v%. (i)
Separating the variables and integrating we have
d
J§=_kljdt+cl,
. 1 .
giving > = —k,t + C,. (ii)

If we measure time from the instant at which the parachute opens, then at
t=0,v=90ms""' and from eqn (ii), C, = —g5sm™"
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Thus from eqn (ii),
Gt/ (iii)
k,

When the speed has reduced to 18 ms™',

t = (& —&)450 = 205s.

To obtain the distance travelled as the speed reduces we can express eqn (i)
in terms of the position x, i.e.

Thus v—}: = —k, 0% (iv)

Separating the variables and integrating gives

d
Jf=—k,fdx+D,,

ie. Inv=-kx+ D,.
When x =0, v =90ms~ ' so that D, = In 90 and

90
kix =In90 ~1lnv = ln(:).

Thus when v = 18 ms™},

x=l1n5=725m.
ky
The car therefore travels 725 m between the opening of the parachute and
the application of the brakes. The reader should verify that the same answer
can be obtained from eqn (iii) by integrating v with respect to time over the
interval 0 to 20s.
At speeds less than 18 ms™', and for ¢ > 20,

dv
=— = ~k,.
a dt 2 v)
Since k, is a constant, eqn (v) can be integrated directly to give
so that v=—kit+ C,.

When t =20s, v = 18 ms ™' so that C, =78 ms™".
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Hence when v = 0, i.e. the car is brought to rest,
0=-3r+78

and therefore t = 26 s.
To find the distance travelled we can again express the acceleration in terms
of the position so that eqn (v) becomes

dv
va - _kz.

Integrating gives

Jvdv=—kzjdx+D2

UZ
or ? = _kzx + D2.

When x =725m, i.e. when the brakes are applied, v = 18 ms™’, so that
D, =2332m?s™>.
Therefore

1 v?
=—(2332-2).
x k2< 33 2)

The distance travelled when the car comes to rest is given by setting v = 0,
ie. x=22=77Tm.

The reader should again verify that this result could have been obtained from
eqn (vi) by integrating with respect to time over the interval 20 to 26s.

The total time required to stop the car from its maximum speed is therefore
26 s, and the minimum length of track for a safe stop is 777 m.

1.4 Angular motion

The angular position of a line can be defined by the angle made by the line
with some reference direction, e.g. OX, in Fig. 1.10. Since only one coordinate
is required, e.g. 6, the angular motion of a line is directly analogous to the
straight line motion of a point.

Y}
Y Y
Pix,y)

40
r v~ P(r6)

FiG. 1.10 Fic. 1.11
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If @ is defined positive in an anticlockwise direction from OX, and the line
makes an angle § with OX at time ¢, and an angle 0 + 66 at ¢ + 81, then the
angular velocity of the line is defined as

86 do .
=lim—=—=286. 1.14
©=at 8t dt (1.14)

The angular velocity, o, of the line is the rate of change of the angular
position of the line, and mathematically, eqn (1.14) is the same as eqn (1.1).

Similarly the angular acceleration, a, of the line is defined as

a= ;Lmo o dr @ =6 (1.15)
Angular displacement is measured in radians (rad) or degrees (°), which are
dimensionless. Therefore angular velocity and acceleration have units of rad s~
and rad s™? respectively. As in the case of the motion of a point in a straight
line, the sign of the quantities is sufficient to indicate their directions. It is
usual to consider the anticlockwise direction as positive.

The equations for angular motion may be manipulated in the same way as
those for straight line motion to give expressions such as

t
w = J a dt + @, (1.16)
to

which is the equivalent of eqn (1.8), or if a = f(8),

8

%w2=f £(6) d8 + 305,
8o

the equivalent of eqn (1.13).

It is important to understand that, since a point is of zero size, it is impossible
to draw a line in a point. We cannot therefore define its angular orientation
so that it is not meaningful to refer to its angular velocity or angular acceler-
ation. Points therefore have only linear velocities and accelerations.

1.5 Motion of a point in a plane

Two coordinates are necessary to specify the position of a point in the OXY
plane, e.g. the Cartesian co-ordinates x, y of Fig. 1.11{a), or the polar coordin-
ates r, 6 of Fig. 1.11(b). If the point is moving freely in the plane, changes in
both of the co-ordinates used, i.e. dx, 8y or 8r, 80 are necessary to specify its
displacement.

A point moving freely in a plane therefore has two degrees of freedom.

Cartesian co-ordinates

If we consider first the motion of the point in terms of Cartesian co-ordinates,
the position vector, r, may be expressed in terms of its components x along
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OX and y along OY, i.e.
r=x+y. (1.17)

Let us now give the point displacements 8x, 8y in some small time &t By
considerations similar to those of Section 1.3 the velocity and acceleration
components of the point in the directions OX, OY are

v, = X, v,=y and a, =X, a, =y.

The actual velocity v and acceleration a of the point are obtained by vector
addition of the components, i.e.

v=o.tuv, a=a.ta,

as in Figs. 1.12(a) and 1.12(b).

a
v ay
Vy
14
Vy ax

(@) (b)
Fic. 1.12

The magnitude v of the velocity vector is given in terms of the component
magnitudes by

v=voi+vl. (1.18)

The inclination, v, of v to the axis OX is given by

y= tan“(&). (1.19)

X

Similar results may be obtained for acceleration.

Polar co-ordinates

Corresponding expressions for the velocity and acceleration of a point may
be obtained in polar co-ordinates by considering the point at P(r, 8) to have
moved to P'(r + 8r, 6 + 56) in time ¢, as shown in Fig. 1.13. Note that ¢
defines the angular position of the line OP.

The radial component of the displacement vector PP’ along the direction OP

SR, =(r+8r)cos 0 —r.
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The radial component of the velocity is therefore

C (r+8r)cosd0—r dr
= lim = — =

I 1.20
510 8t  851>0 St dt " ( )

and is positive along OP.
Similarly the velocity of the point in the tangential direction, i.e. perpen-

dicular to OP, is given by
8R, .. (r+dr)sinédé de
m————=r—

v,=lim—=1h

lim == = lim o ar = ré. (1.21)

The component v, is positive in the direction the point P would move when
the line OP is given a positive (anticlockwise) change in 6.

Vector addition of the radial and tangential components will give the
resultant velocity of the point, i.e.

v=ov+1uv.

Let the velocity of the point have radial and tangential components 7 and ré

at time t, and (7 + 8F), (r + 5r)(0 + 86) at time 8t later as shown in Fig. 1.14.
The absolute change in velocity of the point in the radial direction OP is

obtained by resolving the velocity vector at P’ along OP and subtracting 7,

ie. 80, = (F + 6F) cos 88 — (r + 6r)(6 + 86) sin 86 — F.

The radial component of the acceleration of the point is therefore

. bu L
a, = §}%§= F—ro?, (1.22)

since as 8t - 0, sin 68 - 86 and cos 86 - 1.

Similarly, the absolute change in the tangential component of velocity
(perpendicular to OP) is given by

8v, = (r + 8r)(6 + 86) cos 88 + (¢ + 8F) sin 50 — rf,
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and

= li L 6 + 276 (1.23)
a,—S}rj})&—-r Fé. .

The acceleration of the point is then given by adding the two components
a. and a, vectorially, i.e.

=a,ta,.

These results can also be obtained by a co-ordinate transformation from
Cartesian to polar co-ordinates. From egn (1.11),

x=rcosf,y=rsind and r=Vxi+y>

Consider, for example, the radial component of the velocity of the point. If
we resolve X and y into components along the radial and tangential directions,
we obtain, from Fig. 1.15,

v,=Xcos@+ysiné
[d( c 0)]c 0+[d( in 8) | sin 6
= { — (7 cos 0s — (rsin i
dr ar'® s
= (Fcos @ — rf sin 8) cos 8 + (F sin 6 + rf cos 6) sin 0
=7
Corresponding expressions may be obtained for v,, a, and a,. The reader
is recommended to check that this is so.

It is useful to remember these expressions for v,, v,, and a,, a,, as they are
used frequently in kinematics and dynamics.

")
e an.
AT

)
Vx
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Example 1.5 Motion in a circle A point P moves on a circular path of radius
R such that the magnitude of its velocity, v, remains constant. Let us find the
acceleration of the point.
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In polar co-ordinates (eqn 1.20) v, = dr/dt. For this case r = R and is
constant so that v, = 0. From eqn (1.21), v, = R, where 6 is the angular
velocity of the line OP in Fig. 1.16. The velocity of the particle has a constant
magnitude, v, in the tangential direction so that § = v/R, and is constant.

From egns (1.22) and (1.23),

2

a,=¥7—rg*=—RO* = R since ¥ = 0,

and a,=rf+2/6 = 0, since 6 = F = 0.

Hence we can see that the acceleration of a point moving on a circular path
at constant speed is given by a, = —R6” = —v?/R and is radially inwards, as
shown by the minus sign.

We should note that even though the magnitude of its velocity is constant,
the point has an acceleration. This acceleration arises because the direction of
the velocity vector is constantly changing. The change in velocity is dv = v 86,
as shown in Fig. 1.17 and is radially inwards. Hence the acceleration, a of the
point has magnitude

8v vé0 . V7

=T “—=. —— = = —_-— = ‘2
a_g%st als,"f}) &t v6 R Reé

and is in the direction of 8v which is radially inwards.

FiG. 1.17

It is also important to note that whilst a point moving freely in a plane has
two degrees of freedom, a point moving on a circular path has only one degree
of freedom. Since R is not a variable, the displacement of the point can be
expressed in terms of the single coordinate 6. The displacement of a point
moving along any prescribed path can always be expressed in terms of a single
variable. A point moving along a prescribed path has, therefore, only one
degree of freedom.

Example 1.6 Motion under gravity An approximation to the free motion of
a projectile may be obtained by assuming it to behave as a point which has a
constant acceleration towards the earth. This neglects the effect of air resistance,
which would cause the vertical acceleration to vary with the speed of the
projectile and which would also produce an acceleration component in the
horizontal direction.
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Consider a shell fired from a ship’s gun at a floating target 7.5 km from the
ship, both ship and target being stationary. If the velocity of the shell as it
leaves the gun is 400 ms™', calculate the gun elevation a necessary for the
shot to hit the target.

Let the gun be at the origin of axes OXY, with OX horizontal, and let the
initial velocity of the shell be v. The target T will lie on OX 7.5km from O
as shown in Fig. 1.18.

Y
1o
q c
o P a T
L 7500 ] X
i §
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The acceleration of the shell will be constant and due to gravity only. It
will be negative since we have chosen OY to be positive in the upward direction.
Hence the acceleration of the shell has components

X=0 (i)
and y=-g (ii)

Consider the horizontal metion. Integrating eqn (i) gives X = A, which is a
constant. We know that at ¢ = 0, the velocity component of the shell along
OX is v cos a. Hence,

. dx
X = a = p Ccos a. (iii)

Integrating eqn (iii) gives
x=(vcosa)t+ B

The constant B can be found from the initial conditions. At t =0, x =0, so
that B = 0.

Thus x = (v cos alt, (iv)

and the displacement along OX increases linearly with time.
For motion in the vertical direction the integration of eqn (ii) gives

y=-gt+C
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Again, from the initial conditions, i.e. at t = 0, y = v sin a, we find that the
constant of integration C = v sin a, so that
y=vsina —~ gt (v)
Integrating eqn (v) gives
y = (vsin a)t - 3gt* + D.
The condition y = 0 at ¢t = 0 gives D = 0, so that
y = (vsin a)t —3gt’. (vi)

When the target is hit, the shell will have co-ordinates x = 7500 m, y = 0.
Hence, from eqn (vi),

0 = (400 sin a)t — 1gt*.

There are two values of ¢t which satisfy this equation, i.e. t=0 and ¢ =
800/ g sin a. These correspond to the times at which the shell léaves the gun
and hits the target. :

We need the second value to substitute into eqn (iv) for the horizontal
component. Hence

800 320000
7500 = (400 cos a)(; sin a) = p sin a cos a.

Now sin a cos a = 5sin 2a, so that

. 758
20 =8 _ 046
SN2 = 1600 ’

and 2a = 28° or (180 — 28) = 152°.

Thus there are two possible values of a, i.e. 14° and 76°. These correspond to
a low or high trajectory for the shell.

Example 1.7 A missile is launched from a stationary ship and follows some
trajectory in a vertical plane. The path of the missile is observed by a radar
scanner which is located at the launching point. The radar gives the position
of the missile in polar coordinates r, 8, where r is the distance of the missile
from its launcher and 6 is the angle made by r from the horizontal as shown
in Fig. 1.19(a). Test firings show that r and 6 may be expressed as functions
of time in the form
=2 e 6° = 1600 —
r=2 20 = t,
where the units of r and 6 are km and degrees, and ¢ is the time, in seconds,
after firing. What is the velocity and acceleration of the missile 30s after
launching? '
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(Note that the constants in these equations are not dimensionless, e.g. the
constant 2 will have units of kms™' and —1 will have units of deg’s %)

To calculate the velocity and acceleration of the missile at 1 = 30 s we have
to calculate the values of r, ¥ 7 6, 6 and 6 for use in eqns (1.20), (1.21), (1.22)
and (1.23).

t2
Now r=2t—E, 1)
therefore at t = 30s
ry = 37.5 km.

By differentiating eqn (i) with respect to time, the radial component of velocity

F=2—1/20

so that 73, = 0.5kms”

and F=—3; sothat ;o = —0.05kms™".
Also, 62 = 1600 — 1> giving 85, = 26.5°.
Differentiating with respect to time gives

266 = =21, sothat 65 = —ssdegs™ = —0.02rads™".

1

Differentiating again we obtain

6>+ 66 = —1,
.. 1+ 63
sothat 6;, = —S—Ti) = —0.086 deg s>
30

= —0.0015 rad s~~.
The velocity of the missile is the vector sum of its radial and tangential
componernts, v, = 7 and v, = ré.
Thus o,=05kms™", and », = 37.5 x (~0.02) = —0.750 km s~ .
The radial velocity v, is positive and is therefore in the direction of increasing

r. The tangential component v, is negative and is therefore in the direction the
shell would move if r were constant and 6 were decreasing.

Y{[

vr ar

o] X
(a) {b)
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The velocity of the shell is determined by vector addition as shown in Fig.
1.19(b), and its magnitude ~
v=voi+ 02 =09kms".
Similarly the acceleration of the missile is the sum of the components
a, =i —ré? = —0.5 — 37.5(=0.02)> = —0.065 km s>,
and
a, = rf + 276 = 37.5(—0.0015) + 2 x 0.5(—0.02) = —0.076 km s .

The minus signs indicate that a, is in the direction of r decreasing, and a,
in the direction of 6 decreasing. The magnitude of a is

a =/0.065> + 0,076
=0.1kms >
The directions of the velocity and acceleration vectors are as shown in Fig.
1.19(b).
Relative motion of two peints

Let us consider two points, A and B, moving in the OXY plane, and let their
position vectors be r, and rz. From Fig. 1.20 these vectors may be related by
the vector equation

rg = ra+ rga. (1.24)
Y
B
feb
A
Ta e

0 "X
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The vector rg, is the position vector of B relative to A. Equation (1.24) may
also be expressed in terms of components,

Xg = Xzt xga, and yg =y, -+ ypa.
By differentiating eqn (1.24) with respect to time, we obtain

Vg = U5 Tt Dga, (1.25)
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where vy, is the velocity of B relative to A. If A and B are moving on parallel
paths with velocities of equal magnitude, vg, = 0.
Similarly, by differentiating eqn (1.25) with respect to time we obtain

dp = A, + aga. (1.26)

Example 1.8 A ship steams due north at a speed of 12 ms™". A second ship,
1000 m due east of the first ship, has a speed of 16 ms™' in a north easterly
direction. What is the velocity of the second ship relative to the first?

Let us choose axes OXY such that the axis OY poinis due north and the
origin coincides with the position of the first ship, A, at the instant considered.
The second ship B will be 1000 m along OX from O as shown in Fig. 1.21.
Now
Vg = Up + Uga. @)

Equation (i) can be solved graphically since v, and vy are known. vy is first
drawn to some suitable scale as shown in Fig. 1.22. The vectors on the right-hand
side of eqn (i) must add together to equal vy so we now draw v, starting from
the tail of vg. The line joining the tips of the two vectors represents vp, and
for eqn (i) to be satisfied its direction must be as shown. From the diagram
vpa = 11 ms™', 3° south of east.

Y 4 *30
) Vea f
VAI Va
Ve Vg
45°
O.A B X
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Alternatively, in components,
Xp = Xa + Xga, Y8 =YaT ¥ma.

From Fig. 1.21, % = 0, so that Xz, = X3 = 16 cos 45 = 11.4ms™".

Similarly,

1

Vea=Vp—Ya=114-12=-06ms .

Hence

vpa = VA2a+ Yia=V11.42+0.6° = 11.4ms"",

at an angle which is tan™'(0.6/11.4) = 3° south of east.
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1.6 Plane motion of a rigid body

When studying the gross motion of bodies it is generally permissible to assume
that the bodies themselves are rigid, i.e. that the distance between any two
points on a body remains constant. Engineering materials do deform under
load, but this deformation is usually only a very small percentage of the body
dimensions and in service a body would normally break before significant
deformation occurred. For a great many engineering situations the rigid body
assumption is adequate but nevertheless cases do arise where the deflection
of the body itself can be significant and must be taken into account, e.g. in
vibrating systems and high precision machinery.

To define the position of a rigid body in a plane we need to specify both
the location of a point in the body and the orientation of a line fixed in the
body. The position of the point is specified by two co-ordinates. These, together
with a co-ordinate associated with the orientation of the chosen line, uniquely
define the position of the body.

The displacement of the body can be expressed in terms of changes in these
three co-ordinates so that a body moving freely in a plane has three degrees
of freedom. In Fig. 1.23 the position of the body is specified by the coordinates
Xa, ¥a, of point A, and the angle, 6, made with OX, by a line joining point
A with a second point B in the body. The anticlockwise direction is usually
taken as positive for 6.

The position of any other point on the body can be expressed in terms of
these co-ordinates. The point B in Fig. 1.23, distant / from A, will have
co-ordinates

xp=Xxat1cos8, yg=ys+Isiné. (1.27)

A point not on AB, e.g. point C on Fig. 1.23, where AC makes a constant
angle @ with AB, will have co-ordinates
xc=xa+hLcos(8+a), and yc=ys+ Lsin(0 + a).

Other combinations of three co-ordinates may be used to specify the position
of a body in a plane. For example x,, y4 and yg could be used, as in Fig.
1.24. Note that x., ya, Xg, Vs cannot be specified independently, since the

Yi
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fourth co-ordinate can always be expressed in terms of the other three, i.e.
Xp = Xa JIE - (ys — )’A)z,

where [/ is the constant length AB. The alternative negative sign means that in
Fig. 1.24, B could lie to the left of A for the same value of yj.

Pure translation

A body moving with pure translation does not rotate. All points in the body
will therefore move along equal parallel paths. If the points move along straight
paths the motion is said to be rectilinear, Fig. 1.25(a), and if the paths are not
straight the motion is said to be curvilinear, Fig. 1.25(b).

Y
— | &
5) X %) X
a) Rectilinear translation b} Curvilinear translation
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Since all points in the body move through the same distance in the same
time interval, they will all have identical velocities and accelerations so that
vA = v and a, = ag.

Since 6 is maintained at a fixed value, changes in only two co-ordinates,
i.e. x4 and y,, are needed to specify the displacement of the body. A body
moving freely in pure translation has therefore only two degrees of freedom.

Pure rotation

A body in pure rotation rotates about an axis which passes through a fixed
point. All points on the body therefore move in circular paths, as shown in
Fig. 1.26.

The motion of the body may be specified by considering the motion of a
straight line in the body which passes through the fixed point O. The position
of the body is therefore defined by 6, the angle made by the line with some
fixed direction OX, as in Fig. 1.26.

The angular velocity of the line OA will be

de .
w=-—=08,
dr



1.6 Plane motion of a rigid body 25

vl
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and its angular acceleration
e .
= 0.

a:—.—
dr’

Since the body is assumed to be rigid, all lines in the body will have the
same angular velocity and angular acceleration. We can therefore refer to
and a as the angular velocity and angular acceleration of the body.

The velocity of a point in the body will depend upon its distance from O. For
example in Fig. 1.26 a typical point A, distant [ from O, is moving on a circular
path of radius /. )

From eqn (1.21), its velocity v, = 16, and is perpendicular to OA.

The acceleration of a point moving on a circular path has two components, one
tangential to the path and the other radially inwards towards O. These

components are given by eqns (1.22) and (1.23) with r given the constant value
1

Therefore

ar=a.+a, (1.28)

where a, = 167 along AO and a, = I§ perpendicular to AO as shown in Fig.
1.27. If the body were rotating at a constant angular velocity, i.e. § = 0, the
acceleration of the point would be /6* towards O. (Remember that points on
a body which is rotating at constant angular velocity about a fixed axis move
on a circular path and do have a linear acceleration—see p. 16).

In pure rotation the displacement of the body can be specified in terms of
changes in the single co-ordinate 8 since the position of O is fixed. A body
in pure rotation has therefore only one degree of freedom.

We can see that all points in the body have different velocities and acceler-
ations. It is therefore not meaningful to refer to the velocity or acceleration
of a body which is rotating about a fixed point. Ony the angular velocity and
angular acceleration of the body have any meaning, and from these two
quantities we can obtain the velocity and acceleration of any point in the body.
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General motion in a plane

If a body moving in a plane has both translational and rotational motion it
is said to move with general plane motion. Let us consider the body in Fig.
1.28 and assume that it is in position 1 at time ¢, and will reach position 2 a
short time 8¢ later. The motion of the body may be considered by choosing
any point A and a line AB of length ! in the body. Let the displacements of
A and B in the time interval be given by the vectors 8r4 and ryz. The motion
from 1 to 2 may be considered in two stages:

(i) pure translation from A,B; to A,B’ in which both A and B have the same
displacement 8r, and

(ii) pure rotation about A, from A,B’ to A,B, during which the line AB
rotates through a small angle 86 and B moves along the arc of a circle
of radius AB from B’ to B,.

Y
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Since point A has been chosen arbitrarily we should note that this angular
motion is not about a fixed point. During the rotation &6, the point B is
displaced B'B, relative to point A. Let this relative displacement be given by
Srga.

Now, from the vector triangle of Fig. 1.28,

Sry = Orp + Orga. (1.29)
Dividing by 8¢ and taking the limit as 7 - 0,
Ug = Up + Ugpa - (1.30)

The vector vy, is the velocity of point B relative to point A and its direction
is the same as that of the displacement 8rg,, i.e. perpendicular to AB. It is
also the velocity point B would have if the body were rotating with its actual
angular velocity 6 about A as a fixed point; i.e. relative to A, B always moves
on a circular path. From our earlier consideration of the motion of a point
on a circular path (example 1.5), we see that the direction of v, must be
perpendicular to AB, and vga = 6, as shown in Fig. 1.29(a). (Note that any
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(a)

(c}) (d)
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component of vy, along AB would mean that AB would change its length
with time. This is not possible for a rigid body.) If the vectors v, and v, are
known, eqn (1.30) can be solved graphically, as shown in Fig. 1.29(c), to give
the magnitude and direction of the velocity of point B.

If we now differentiate eqn (1.30) with respect to time we obtain an expression
which relates the acceleration of point B to that of point A, i.e.

aB:aA+aBA. (1.31)

The acceleration of point B relative to A, ag,, may be found by again
considering point B to move on a circular path relative to A. By setting r =/
in eqns (1.22) and (1.23) it can be seen that ag, will have two components,

aga = (@pa); + (apa):, (1.32)
where (apa), = 16% and is along BA,
and (aga). = 16 and is perpendicular to AB, as shown in Fig. 1.29(b).
Hence ag = a,+ (aga),+ (aga);. (1.33)

If a,, 6 and 6 are known then all of the vectors on the right-hand side of
eqn (1.33) are known in both magnitude and direction. We can then solve eqn
(1.33) graphically, as shown in Fig. 1.29(d), to give the magnitude and direction
of the acceleration of point B.

Instantaneous centre (IC)

If the point A in eqn (1.30) were chosen such that at a particular instant v, = 0,
then vy = vga.
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This point A, which instantaneously has zero velocity, is called the instan-
taneous centre of rotation, or the velocity pole of the body. The velocity of
any point in the body at that instant may be found by considering the body
to be in pure rotation about the instantaneous centre.

If the direction of the velocities of two points in a body are known, then it
is possible to locate the instantaneous centre. Let vy, v be the velocities of
points B and C on the body shown in Fig. 1.30. The direction of vy must be
perpendicular to a line joining B to the instantaneous centre (see pure rotation,
p. 24).
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The same applies to point C, so that if lines are constructed through points
B and C perpendicular to vz and ovc, the instantaneous centre will be located
at their intersection.

Since the body may be considered to be rotating about the instantaneous
centre vy = rgw and ve = recw. If vg and ry are known, the angular velocity,
w, of the body can be found. Having found w, the magnitude of vc can be
calculated and the magnitude and direction of the velocity of any other point
in the body found directly. For example in Fig. 1.30 the velocity of point D
is vp = rpw, and is perpendicular to rp.

We should note that the instantaneous centre need not be within the body.
If vz in Fig. 1.30 were parallel to vc, their perpendiculars would also be
parallel. For this case the instantaneous centre would lie at infinity and the
body would be in pure translation.

For bodies moving with general plane motion the instantaneous centre does
not have zero acceleration and this method cannot be extended to find acceler-
ations.

Connected bodies: degrees of freedom

We have seen that a single rigid body moving freely in a plane has three
degrees of freedom. A system made up of two such bodies which aré not
connected in any way would therefore have six degrees of freedom. Now let
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us consider the case where the two bodies are connected together by a simple
pin joint, i.e. a bearing, with negligible clearance. In Fig. 1.31 bodies 1 and 2
are connected by a pin joint with centre B. Since point B is common to both
bodies, the displacement of B on body 1 is the same as the displacement of
B on body 2. Let this be the only constraint on independent free motion of
the bodies.

The displacement of point A on body 1 can be defined in terms of changes
in the components x,, ya. The displacement of point B, relative to A, is a
function of the change in the co-ordinate 6,, which defines the angular position
of the line AB, and the fixed length [,. Relative to B, the displacement of a
point C on body 2 can be expressed as a function of the change in 6,, which
defines the angular position of the line BC, and the fixed length ;. Thus four
variables are necessary to specify the displacement of C, i.e. if 8x,, 6ya, 86,
86, are known, the displacement of C can be found. Two bodies connected
by a simple pin joint therefore have four degrees of freedom. Consequently a
simple pin joint removes two degrees of freedom. If we now consider n bodies
joined together by p pin joints, the connected system would have (3n —2p)
degrees of freedom (each unconnected body has three degrees of freedom and
each pin joint removes two of these).

However, connected systems of this type are seldom allowed to move without
further constraint. One of the bodies is normally fixed to earth, e.g. the frame
of a machine. This fixed body will therefore have zero degrees of freedom, so
that a system of n bodies, one of which is fixed, connected by p pin joints
would have [3(n — 1) — 2p] degrees of freedom.

Two bodies may be connected by a sliding connection which prevents relative
rotation, but allows relative transiation along some line. This connection will
also remove two degrees of freedom. A typical example is the piston cylinder
connection in a reciprocating engine, where the displacement of the piston
relative to the cylinder can be expressed in terms of the single variable, x in
Fig. 1.32. In this case the guide, i.e. the cylinder, would be a part of the engine
frame.

A sliding connection need not prevent relative rotation between the con-
nected bodies. For example, consider the connection shown in Fig. 1.33. A
pin fixed in body 2 at C moves in a slot in body 1. We can see that relative

o5
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motion at the point C is prevented only in a direction perpendicular to the
slot. Relative rotation of the two bodies can still occur, as can motion of the
pin along the slot. This type of connection therefore removes only one degree
of freedom.

We may now express the number of degrees of freedom, f, of a system of
n connected bodies, one of which is fixed, as

f=3n-1)-2p—q, (1.34)

where p is the number of connections which remove 2 degrees of freedom,
and g the number of connections removing one degree of freedom.

It is of course possible to connect two bodies in such a way that three
degrees of freedom are removed, e.g. by welding. The two bodies together
would now have only three degrees of freedom since no relative motion can
occur. They therefore behave as a single rigid body and would be counted as
such when using eqn (1.34).

Let us find the number of degrees of freedom of the following systems.

(i) Consider two bodies, one of which is fixed, connected by a single pin
joint, as shown in Fig. 1.34. In eqn (1.34), n =2, p =1, and q = 0, so that
f=3-2=1. This represents a rigid body rotating about a fixed point (see
p- 24). Practical examples are rotating machines such as electric motors, steam
or gas turbines, in which the frame of the machine is fixed and the rotating
body is the armature, or turbine shaft and discs. The connection between the
two bodies is via the shaft bearings, which are located at the geometric centre
of the shaft. The type of bearing, e.g. ball, roller, plain, does not affect the
kinematic behaviour, and since they all allow only relative rotation (neglecting
clearances and deformation) they can be considered as pin joints.

(ii) Now let us add an extra body and two pin joints, giving three bodies
connected by three pin joints, as shown in Fig. 1.35.

[ o~y
Fixed

1
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In this case n=3, p=3, g=0, so that f=(3x2)—-(2x3)=0. This
arrangement therefore has no degrees of freedom and represents a structure
which cannot move.

(iii) If a fourth body and pin joint are added, as in Fig. 1.36, f=
(3 x3) ~ (2 x4) = 1. Since this arrangement has one degree of freedom, the
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changes in the angular position of the bodies, and the displacements of all
points in the bodies can be expressed in terms of one variable e.g. 9, in Fig.
1.36. Four bodies connected in this way constitute a four bar linkage mechan-
ism. If the pin joint between links 4 and 1 is replaced by a sliding connection
which prevents rotation, as shown in Fig. 1.37, the arrangement becomes a
slider crank mechanism which also has one degree of freedom.
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(iv) With five bodies, one of which is fixed, and five pin joints, as in Fig.
1.38, f = (3 x 4) — (2 x 5) = 2. A system with two degrees of freedom requires
two variables, e.g. 6, and the angular position of any other link such as 6;,
to define the displacement of all points in the bodies.

(v) If we now add another pin joint to our five link arrangement, as in Fig.
1.39, f = (3 x4) — (2 x 6) = 0, and we again have a structure.

Note that if the extra pin joint had been added between two of the links
already connected in Fig. 1.38, e.g. between 2 and 3 as shown in Fig. 1.40, no
relative rotation of the two links would now be possible. These two links would
now behave as a single rigid body. The resulting system is therefore effectively,
as in Fig. 1.36, a four bar linkage with one degree of freedom. Equation (1.34)
would yield an incorrect result of —1 degrees of freedom in this case. This
apparent inconsistency arises because the second pin joint could have been
replaced by a joint which removes only one degree of freedom such as that
shown in Fig. 1.41 (cf. Fig. 1.33) without altering the behaviour of the system.
If we now substitute into eqn (1.34) p = 5 and g = 1, then f = 1, which is the
correct result for this case.

e ,:ma
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Thus where a joint which removes two degrees of freedom can be replaced
by a joint which removes one degree of freedom without altering the constraint
of the system, it must be considered as such in eqn (1.34).

(vi) The addition of a further link with pin joints to links 3 and 4, as in Fig.
1.42, gives f = (3 x 5) — (2 x 8) = —1. The connection between links 3 and 6
is shown coincident with that between links 3 and 5, but is counted as two
separate connections because, kinematically, the connection behaves as if links
5 and 6 are individually connected to link 3. This again represents a structure,
but since it has fewer than zero degrees of freedom it is a redundant structure.
Redundancy is discussed more fully on p. 69
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(vii) Different arrangements of six links, with seven pinned connections, can
produce mechanisms with one degree of freedom, e.g. as shown in Fig. 1.43.
For this case, f=(3x5)—(2x7)=1. This represents a six bar linkage
mechanism.

The kinematics of some common mechanisms which have one degree of
freedom will be considered in some detail later.

Engineering Applications

It is possible to determine the velocities and accelerations of machine com-
ponents in connected systems by successive application of eqns (1.30) and
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(1.31) to each rigid body in turn. A graphical solution of these vector equations,
involving drawing to scale or sketching the vector diagrams representing these
equations, is usually convenient. Alternatively, velocities may be determined
using the instantaneous centre of the body.

A more general approach is to work from first principles, remembering that
velocity and acceleration are the first and second derivatives, with respect to
time, of position. Hence by writing down an expression for the position of a
point on a body, or the angular position of a line in a body, analytical
expressions for linear or angular velocities and accelerations may be derived.
However, the algebra involved, even in physically simple systems, can be very
complex.

As examples of the application of these general principles we will now
consider the motion of a number of engineering systems. In some cases both
graphical and analytical approaches will be used to show their relative advan-
tages.

1.1 Rolling wheel

Consider a wheel of radius 7 rolling along the horizontal line OX in Fig. 1.44
such that its centre C has a velocity v.. The whee!l has both translational and
rotational motion and may be considered as a rigid body in general plane
motion. This assumes that the deformation which would normally occur at
the contact point is ignored. We will also assume pure rolling, i.e. that no slip
occurs at the contact point.

Yy
(
A
o
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Let P be the point on the wheel instantaneously in contact with OX. We
can apply eqn (1.30) to the points C and P, i.e.

Uc = Up + Ucp. i)

Now if there is no slip at P there is no relative motion between point P on
the wheel and a coincident point on OX. Thus v, = 0, so that

Uc = Ucp.
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The direction of the velocity of C relative to P is therefore along OX and its
magnitude can be expressed in terms of the angular velocity # of the wheel as

Ucp = ré.

Hence the angular velocity of the wheel,

By inspection of Fig. 1.44, 6 is in a clockwise direction.

The velocity of any point on the wheel can now be found. Let us consider
the point A on the rim of the wheel.

Equation (1.30) gives

Up = Uc + Uac- (11)

The vector vac has magnitude ré and is perpendicular to AC as shown on
Fig. 1.45(a). The velocity of point A is obtained by a graphical solution of
eqn (ii). The magnitudes and directions of v and v, are known and can be
drawn to scale, as shown in Fig. 1.45(b). The vector v, is then equal to their
vector sum as shown. We should also note that v, is perpendicular to the line
AP. This is because P has zero velocity and is an instantaneous centre, so that
the magnitude of v, may also be expressed as

Up = 0(AP).
Q
Vac
C»-—-—-‘:E Va Vac
A 0
Ve
P
(a) (b)
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The result could also be obtained in components by resolving v, along OX
and OY, i.e.

(@a)x = v + (Uac)x = vc—rf cos 6 = ro(1— cos 6),
(UA)y = (UAC)y = ré sin 6.
If we now consider the uppermost point, Q, on the wheel,
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The vector voc has magnitude ré and is perpendicular to QC as shown in Fig.
1.46(a). It is also parallel to vc. The vector vg is found from eqn (iii) and its
graphical solution is shown in Fig. 1.46(b). In component form,

(vg)x = Uc + rf = 2rf = 2vc,

and  (vg), =0.

Q Voc
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It is of interest to note that the point Q at the top of the wheel has a velocity
which is twice that of the centre, so that when driving along a motorway at
100 kmh™' the tops of the tyres have a velocity of approximately 200 kmh ™.

The acceleration of point A may be found in a similar manner since, for a
rigid body in general plane motion,

s = ac+aAc. (IV)

If the centre of the wheel has a constant velocity, ac = 0, and 6 is constant.
a,c has therefore only a radial component of magnitude ré” along AC.

Substituting these values into eqn (iv) we see that the direction of a, is
along AC and

The components of a, are
(aa)x = rf*sin 0, and (a,), = ré” cos 6.

We should note that at the point P, 8 = 0, so that
(ap), = 0and (ap), = ré>.

Hence while P has zero velocity and may be considered as an instantaneous
centre of rotation, it does not have zero acceleration.

Since P is an instantaneous centre, the velocities v, and vg, but not the
accelerations, could have been obtained by considering the wheel to be in
pure rotation about P.
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The velocity and acceleration of point A can also be obtained from first
principles by noting that the position of A has components given by
Xp =X, —rsin @
and ya=r—rcosé. (v)
Differentiation of these expressions with respect to time yields
XA=xc—r(§cost9: vc—récose
and Y. = résin 6. (vi)
Since (va), = X4, (V4), = Ya and v, = ré we have
(va)x = ré(1 — cos 6)
and (va), = ré sin 6,

which agrees with the expressions given above.
By differentiating eqn (vi) with respect to time the reader should verify the
expressions given for the acceleration of A.

1.2 Belt and chain drives

A belt or chain drive may be considered kinematically as two cylinders, which
can rotate about their centres, connected by an inextensible string, as shown
in Fig. 1.47. In this case all points on the string must have velocities of equal
magnitude.

Fic. 1.47

If we also assume that no slip occurs between the string and the pulleys,
then the magnitude of the velocities of points on the surfaces of the pulleys
must be equal to that of the belt. The pulleys are rigid bodies rotating about fixed
points, so that if their angular velocities are @, and w, respectively, the
magnitude v of the velocity of points on their surfaces is given by

V= @ = w0y,
ie. w, = w /1,

and the two pulleys rotate in the same sense.
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The velocity ratio, w,/ @, of a real belt drive will deviate very slightly from
this value because of creep between the belt and pulleys.

This velocity error is not usually significant but can lead to long term
positional errors. In camshaft and distributor drives in internal combustion
engines such errors cannot be tolerated. Chains or toothed belts, which by
eliminating slip give accurate positioning, must be used in such applications.

1.3 Toothed gearing

The geometry of gear teeth is a subject beyond the scope of this text and for
our purposes it is sufficient to observe that correctly designed gear wheels
behave kinematically as cylinders in rolling contact. Gear teeth allow the
transmission of much greater loads than would be possible by relying on
friction alone. The diameters of the kinematically equivalent cylinders are
equal to the pitch circle diameters of the gears.

The simplest form of gear train consists of two gear wheels, as shown in
Fig. 1.48. Let the gears have pitch circle diameters d;, d,, with centres Oy,
O,, and let C be their point of contact.

dq dj
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Each gear wheel may be considered as a rigid body rotating about a fixed
point. Since there can be no slip at C, the velocity of point C on gear 1 must
be equal to that of point C on gear 2.

If gear 1 is rotating with an angular velocity w, in the anticlockwise direction,
vc, will be in the direction shown in Fig. 1.49 and will have magnitude w,d,/2.

Velocity v, must be equal to vc, (the teeth prevent any slip), so that by
inspection of Fig. 1.49, gear 2 will rotate in a clockwise direction. Thus

S w,d, = v = wyd, ()
Cy 2 C,; 2 >
Wy dz.

w, is proportional to the gear ratio d,/d, and is in the opposite direction
from w,.
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The tangential components of the acceleration of points C must be the same
on both gears, so that the ratio of their angular accelerations is also d,/d-,
and o, will be in the opposite direction from «,. Similarly, their angular
displacements 8,, 6, will be in opposite directions and in the same ratio.

A gear train may consist of more than two gears, e.g. three are shown in
Fig. 1.50. Let gear 1 rotate in the anticlockwise direction with angular velocity
w,. From eqn (i),

ws> =:i-2'w1. (ii)
d d, d d ..
Also w3=‘—1§w2=-d—§;;w, :c_liwl (iii)
C
\

£
oy
dq

d dy d3 ——
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and is in the same direction as ,. The ratio between w; and w, is therefore
independent of the diameter of the intermediate gear, and the direction of w;
is the same as that of @,. Any number of intermediate wheels may be introduced
without altering the overall gear ratio, but the direction of rotation of the
output gear will depend upon whether an odd or even number of gears is used.

The simple gears considered above have been solid cylinders with teeth on the
outside, i.e. externally meshing gears. Another common type of gear wheel
consists of a hollow cylinder with teeth on the inside, which is often referred to as
a ring gear or an internally toothed gear.

Consider a ring gear of pitch circle diameter d, rotating about its centre O,
and meshing with a simple gear of diameter d,, centre O,, as shown in Fig. 1.51.

As above, the point of mesh C must have the same velocity on both gears.
If gear 1 rotates with an angular velocity w, in the anticlockwise direction,
then vc, = w,d,/2 in the direction shown in Fig. 1.52(a).

vc, must be in the same direction as v¢,, and therefore gear 2 will rotate in
an anticlockwise direction, as shown in Fig. 1.52(b).

Now

w,d;
ve, = =

: 2

wldl
2

so that w, = w,d,/d, and is in the same direction as w,.
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A pair of internally meshing gears will therefore both rotate in the same
direction, whereas a pair of externally meshing gears rotate in opposite direc-
tions.

1.4 Epicyclic gear trains

Epicyclic gear trains are characterised by having at least one gear wheel whose
centre moves on a circular path.

A typical epicyclic gear train is shown diagrammatically in Fig. 1.53. The
gear S rotates about a fixed axis through O,, and meshes with gear P. Gear
P rotates about an axis O, which can move around axis O,. Gear P is also in
mesh with an internally toothed gear R which has centre O, and is fixed so
that it cannot rotate. If gear S is rotated, gear P will move around the annulus
between R and S. Gear S is normally referred to as a sun gear, P as a planet
gear and R as a ring gear. The planet axis O, is carried on a rigid body which
rotates about the axis O,. This body, referred to as a planet carrier, is shown
in Fig. 1.53, and may be used as an output shaft.

Suppose that the sun is given an angular velocity o, in the positive anticlock-
wise sense. Let us find the angular velocity of the planet carrier and hence the
overall gear ratio of the epicyclic gear. Assume that the pitch circle radii of
the sun, planet and ring gears are r, r, and rg, respectively.

/ 71 _-Planet

L -Planet
Oot. i ~Carrier

Sun

Ring gear
™~(Fixed)

FiG. 1.53
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The sun may be considered as a rigid body rotating about a fixed point O,.
The velocity of C, the point of contact between sun and planet, is

Uc = wqls, (1)

in the direction shown in Fig. 1.54(a).
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Now the planet has both rotation and translation, and is therefore in general
plane motion. However, since the ring gear is fixed, we know that point D
must have zero velocity, and may therefore be considered as an instantaneous
centre of rotation. The planet may therefore be considered to be instantaneously
in pure rotation about D. The velocity of C is known, and from Fig. 1.54(b)

Ve = wp2ry, (ii)

where w, is the angular velocity of the planet gear and will be in the clockwise

direction as shown.
The velocity of point O, can now be found by considering the planet to
rotate about its instantaneous centre D, i.e.

Uoz = wprp.
Substitution from eqns (i) and (ii) gives

Yo _ &l (iif)

in the direction shown in Fig. 1.54(b).
We may now consider O, as a point on the planet carrier which is a rigid

body rotating about the fixed point O;.
From Fig. 1.54(c),
vo, = w(r,+r,) (iv)

where w is the angular velocity of the planet carrier. Thus from eqns (iii) and

(iv),

Wl

@ 2r,+ry)

and is in the positive anticlockwise sense.
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The gear ratio is given by

® r,
n=—=——————
w, 2r,try)

or alternatively, since rg = r; + 2r,,

Ts

ro+re’

The input and output shafts will rotate in the same direction.

Other configurations are possible, e.g. the sun may be fixed, and the ring
gear given an angular velocity wgy. The output would again be taken from the
planet carrier. If the planet carrier is fixed, all the gears will rotate about fixed
centres so that the gear will no longer be epicyclic.

One advantage of epicyclic gear trains is that they have coaxial input and
output shafts. They are widely used, a common application being in vehicle
automatic gearboxes.

1.5 Eccentric cam mechanism

The simple eccentric cam mechanism, shown in Fig. 1.55, consists of two bodies,
a circular cam of radius R, which rotates about a fixed point O distant
e from its geometric centre G, and a follower which is constrained to move
along a straight line whilst remaining in contact with the cam. The surface of
the follower is normally flat and perpendicular to its direction of motion.

Follower

Fic. 1.55

The cam may be considered as a rigid body rotating about the fixed point
O, and the follower is in pure translation along the axis OY in Fig. 1.55.
Normally the cam would rotate at a constant angular velocity w. Let us find
the velocity and acceleration of the follower.
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The geometry of the mechanism is very simple and an analytical method is
convenient. First we write an expression for the displacement of the follower
with the cam in a general position defined by 6 in Fig. 1.55, i.e.

y=esinf+ R (i)

Differentiating both sides of this equation with respect to time gives the velocity
of the follower as

y = ef cos 6,
and its acceleration as
7 = e cos 6§ — e6” sin 6.
Now if the cam rotates at constant angular velocity o,
6=w, and 6 = 0.
Thus y = ew cos 6, and j = —ew” sin 6. (ii)

The follower will therefore move with simple harmonic motion (see p. 50).
The velocity and acceleration of the point of contact C across the face of
the follower may be found in a similar manner. From the geometry of the system

Xc = e cos 0,
and by successive differentiation with respect to time,
Xec=—ewsin® and Xc= —ew’cos 6.

The eccentric cam with flat follower is the simplest of a family of cam
mechanisms. Usually the cam profile will not be circular, and the follower
may be of the translating type, or the pivoted type which rotates about a fixed
point, as shown in Fig. 1.56(a) and (b). If a part of the cam profile is a circular
arc with centre at the axis of rotation, the follower will remain stationary when
in contact with this part of the profile. A well known application of cam
mechanisms is in the operation of the inlet and exhaust valves in piston engines.
They are also widely used in a variety of forms to produce complex motions
in machinery used in the food processing, packaging and textile industries.

—

Circular arc
with centre O (a) (b)
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1.6 Slider crank mechanism

The best known application of the slider crank mechanism is in internal
combustion engines. It consists of a crank OR rotating about a fixed point O,
connected to a piston S by a connecting rod RS. The piston is constrained to
slide along the cylinder axis. There are many other applications of the basic
slider crank mechanism, e.g. in electrical switchgear where the slider is a
moving contact driven towards, or away from, a fixed contact by rotating the
crank. In this case the crank would operate only over a limited arc, whereas
in the engine mechanism the crank rotates over a full revolution. Other
applications arise in packaging and textile machinery.

Let us suppose that the crank in Fig. 1.57(a) rotates at some constant angular
velocity w, and that we wish to find the velocity and acceleration of the piston
and the angular velocity and acceleration of the connecting rod.
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We must first examine each rigid body in the mechanism and identify its
type of motion, i.e. pure translation, pure rotation, or general plane motion.
Crank OR is rotating about fixed point O and is therefore in pure rotation.
Since slider S moves along a straight line and does not rotate, it is in rectilinear
translation. The connecting rod RS has both translation and rotation and is
therefore in general plane motion. If we assume that each body is rigid, and
neglect any clearances at the bearings, the mechanism may be represented by
the kinematically equivalent line diagram in Fig. 1.57(b) where the links are
replaced by lines joining the bearing centres and the point S is constrained to
slide along OX.
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Graphical method

By drawing Fig. 1.57(b) to scale, for a given value of 6, x5 can be found. Next
the velocity of S can be determined by considering each body in the mechanism
in turn, starting with the input link. Link OR is rotating about a fixed point O.
The velocity of point R therefore has magnitude

Ur = rw )

and has direction perpendicular to OR (see p. 25) as shown in Fig. 1.58.
Link RS is in general plane motion. For such a body, eqn (1.30) gives

Vs = Ug t+ Ugg. (ii)

In this equation we know vy in both magnitude and direction. We also know
that the direction of vs must lie along the axis OX, and that vsr, since RS is
a rigid body, must be perpendicular to RS (see p. 26). Equation (ii) can now
be solved graphically. We start with the vector vg on the right-hand side of
eqn (ii) which we know in both magnitude and direction. This vector can be
drawn to scale in the correct direction as shown in Fig. 1.59. To this vector a
second vector vsg must be added. The line of vsg is known to be perpendicular
to RS so that we can now draw a line through the tip of vy along the line of
s . At this stage there are two possibilities for vgg, one towards the top and
the other towards the bottom of Fig. 1.59.

line of vgg
rw
Vsr &
R
- line of vg
- v
o) r / S
Fic. 1.58 Fic. 1.59

We now consider the right-hand side of eqn (ii) and note that the line of
v lies along OX. The vector vs must equal the sum of the other two vectors.
Thus we start from the tail of vy and draw a line along the line of vs. The
intersection of this line with the line representing vsg locates the tips of the
vectors vgg and vg. Arrows showing their directions can now be added such
that v becomes the sum of vy and vsg, as in eqn (ii). The magnitudes of vg
and vsg can be measured from the vector diagram, which is often referred to
as a velocity diagram.

The angular velocity of the link RS can now be found. Link RS is sketched,
as in Fig. 1.60, and the direction of the vector vsg, is obtained from Fig. 1.59.
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: 4
S
Vsr
Fi1G. 1.60
Since
vsr = I, we obtain ¢ = Pﬁ. (ii)

!

By inspection of Fig. 1.60, ¢ is seen to be in a clockwise direction.

The piston is in pure translation so that all points on the piston have the
same velocity. Point S on the connecting rod has the same velocity as the
coincident point S on the piston. Hence the velocity of the piston is vs. For
the crank position considered, the vector diagram of Fig. 1.59 shows that the
piston is moving to the left.

The accelerations of the system can be found in a similar manner. Crank
OR rotates about a fixed point so that

ag = (ar); + (agr):,

where (agr), = w’r along RO and (ag), = ér perpendicular to RO. In this case
o = 0 (constant angular velocity) so that (ag), = 0. The acceleration of R is
therefore radially inwards along RO and has magnitude ag = o’r.
The link RS is in general plane motion, and we now know the acceleration
“of end R of this link.
Using eqn (1.31) we have

as = ag + asg .

In this vector equation we know the magnitude and direction of ag. The
line of as must lie along OX, and asy has two components, (asg), = ¢! along
SR, and (agg), = q§1 perpendicular to RS. Since ¢ has been found from the
velocity diagram, the component (asg), is known in both magnitude and
direction. Only the line of (asgr), is known. Thus, in the vector equation for
link RS,

as = ag + (asr); + (asp):, (i)

only the magnitudes of as and (agg), are unknown and it is possible to obtain
a graphical solution. First we draw ay to scale as in Fig. 1.61(a) and then add
the vector (asg), = ¢°I along the direction SR, i.e. draw in (asg), to scale
starting from the tip of ag. The vector (agy), will be perpendicular to (asg),
and its line can be drawn in as shown. The sum of these three vectors, ag,
must lie along OX so that the line of a5 can now be drawn in through the tail
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of ag. The intersection of the lines in the directions of (agr), and ag defines
the tips of the vectors as and (asg),. Arrows showing the directions of the
vectors can now be added such that the vector diagram satisfies eqn (iii). The
magnitudes of the unknown accelerations are obtained by measurement of the
vectors.

Since (asg), = I, the angular acceleration é of the connecting rod can be
found, and by inspection of Fig. 1.61(b) can be seen to be in an anticlockwise
direction.

All points on the piston have acceleration ag since it is in pure translation.
For the position given in Fig. 1.57, the vector diagram of Fig. 1.61(a) shows
that the acceleration of the piston is towards O.

The vector diagram of Fig. 1.61(a) is often referred to as an acceleration
diagram.

A complete picture of the variation in velocity and acceleration of the
components of the mechanism can be obtained by drawing a series of vector
diagrams at increments of the crank angle 6.

As an alternative to the above method the velocities of the components could
have been obtained using the instantaneous centre method. Link RS is a rigid
body on which the directions of the velocities of two points, R and S, are
known. By drawing perpendiculars to these directions through R and S, as in
Fig. 1.62, the instantaneous centre can be located (see p. 28). Let the distances

‘f’@.c.
1

direction of vg
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R(IC) and S(IC) be p and q respectively. The magnitude of vy is known from
the motion of point R on the crank OR, so that the angular velocity ¢, of the
link RS, is clockwise and is given by

The velocity of point S, therefore, is vs = ¢q along XO. The instantaneous
centre approach applies only to velocities and the accelerations must now be
found as before.

Analytical method

Let the crank OR make an angle 8 with OX, as shown in Fig. 1.57(b). It is
now possible to write an expression for the position, x5, of point S, in terms
of 6, ¢, rand L

From Fig. 1.57(b),

xg = rcos 8+ lcos(m — @) =rcos 8~ Ilcos ¢. (iv)

By differentiating both sides of eqn (iv) with respect to time, the velocity of
the slider is given by

d
vs=d—xt——r05m9+l¢sm¢ v)

d de d
Note: — 0)=—— =
[ ote: (rcos ) 4 de(rcos@) o(— rsme)]

Similarly, differentiation of eqn (v) with respect to time gives the acceleration

dv . , .. .
as = ﬁ = —rf sin § — r6? cos 8 + I sin ¢ + > cos ¢. (vi)

d .. . d . . .
[Note: E;(rﬁ sin ) = r(o sin 6 + Ba sin 0) = r[6sin 6 + 6(6 cos 0)]].

Now the crank speed 6§ = w and is constant, so that 6 = 0. Therefore
as = —rw’cos 0 + I¢ sin ¢ + I$* cos ¢.

From Fig. 1.57 we see that ¢ is not independent of 6 since the vertical position
of point S is

ys=rsin @ —lIsin(w ~¢)=rsin6 - Isind =0. (vii)
Differentiating this equation with respect to time gives

rw cos 6 — I cos ¢ =0 (viii)
and then

—rw?sin 0 — Ip cos ¢ + Ip>sin ¢ = 0. (ix)
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Also from eqn (vii)

2
cos¢=~/1—sin2¢=\/1-—(§) sin® 6. (x)

By substituting ¢, ¢ and ¢ from eqns (vii), (ix), (x) into eqns (iv), (v) and
(vi), expressions for x5, vs and as may be obtained in terms of the position,
6, of the crank and its angular velocity, w. Even for this very simple mechanism
the analytical solution is complex. A numerical solution would be most suitable.
For a given mechanism geometry and speed, i.e. for known values of r, [ and
w, values of x5, vs and ag could be calculated for a series of values of 6, by
using a computer or a calculator.

1.7 Four bar linkage

A typical four bar linkage is shown in Fig. 1.63. It consists of three moving
links, O,A, AB, O,B, and a fixed link O,0,. The links O,A and O,B are rigid
bodies which rotate about the fixed points O, and O,. The link AB—called
the coupler—has both translational and rotational motion and is therefore in
general plane motion. It is of interest to note that if link O,B were very long,
the point B would move along an almost straight line so that the mechanism
would be equivalent to the slider crank mechanism.

F1G. 1.63

With the geometry of Fig. 1.63 the crank O;A can turn through a fuli
revolution during which time the link O,B would have oscillated through some
angle a as indicated. This type of mechanism is called a crank-rocker four
bar linkage and is very common in a wide variety of machinery used in the
weaving, sewing, packaging, and other manufacturing industries. By changing
the geometry such that the shortest link becomes the fixed link, both O,A and
0,B can turn through complete revolutions, as shown in Fig. 1.64(a). If O,A
rotates at a constant angular velocity, O,B will rotate at a non constant angular
velocity. In Fig. 1.64{a), as A moves from A to A’, B moves from B to B". It
can be seen that B will take the same time to move from B to B’ as from B’
back to B, and therefore the angular velocity of O,B will be non-uniform.



1.7 Four bar linkage 49

A further variation is obtained by fixing the link opposite the shortest link,
as shown in Fig. 1.64(b), in which case neither O,A nor O,B can turn through
a complete revolution. This variation is called a rocker-rocker four bar linkage.

The kinematic analysis of the four bar linkage, or of any other mechanism,
follows the same procedure as for the slider crank mechanism and may be
either analytical or graphical.

B
A
01 | 02
| \
i \
! \
o\
AT~y
B’
_ (a) {(b)
FiG. 1.64

Let us consider the mechanism of Fig. 1.65 in which the kinematically
equivalent line diagram of an actual four bar linkage is shown. O,A is the
input link and rotates at a constant angular velocity 6, = w. Let us find the
angular velocity and acceleration of links AB and O,B when the angle 6,
between the input link and the fixed link is 60°. The link lengths are /;, =
(1+2V3)a, I, = 2a, I, = 4a, and 1, = (2 + v3)a, and points A and B are both
on the same side of 0,0,.

Fic. 1.65

We will obtain solutions using both the direct analytical and graphical
methods.

Analytical method

The links of the mechanism must form a closed loop. Therefore the projection
of links 2 and 3 along OX must equal the projections of links 1 and 4 along
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OX, i.e.
lLbcos 8,4+ l;cos 85 =1, + 1, cos 8,. (i)
Similarly the projections along OY give
l,sin 6, + I;sin 65 = I, sin 6,. (ii)

The general solution of these simultaneous, non-linear, algebraic equations
to yield 685 and 8, as functions of the input angle 6, is not easy. However, for
the special case of 8 = 60° and the link lengths given, 6; = 30° and 6, = 90°,
as shown in Fig. 1.66. We should note that the alternative closure, shown in
broken line of Fig. 1.66, is also a possible solution to eqns (i) and (ii). For
this case A and B are on opposite sides of 0,0,.

FiG. 1.66

Equations (i) and (ii) can now be differentiated with respect to time to give
equations for the angular velocities 6, and 6,, i.e.

_120.2 sin 02 - 1363 sin 03 = _“140.4 sin 04, (iii)
and lzéz Cos 82 + 13 é3 Cos 03 = 140.4 [0} 04. (iv)

If the angles 6,, 6, and 6, are known, the solution of these equations is
straightforward since they are simple linear simultaneous equations in 6,
and 6,.

Substituting for 8,, 8; and 8, and with 6, = w we obtain

\/glzw + 130.3

2 2 L6
and LL + ﬁb_ﬁg = 0.
2 2
These equations give
6, = —-2 and 6, =~—gw——.
2V3 2V3+3

For this position, the angular velocity 6, is negative. The minus sign means
that link AB is rotating in the clockwise direction. Since 6, is positive, link
O,B is rotating in the anticlockwise direction.
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The angular accelerations 6,, 6, and @, are obtained by differentiating eqns
(iii) and (iv) with respect to time giving

1,6, sin 6, + 1,62 cos 6, + 1,6, sin 65 + ;63 cos 6,
= 1464 sin 04 + 140.3 Cos 04 (v)

and 1,8, cos 8, — 1,62 sin 8, + 1,6, cos 85 — 1563 sin 6,

= 1,8, cos 8, — 1,62 sin 6,. (vi)

These equations are linear simultaneous equations in angular acceleration
and, if the angles and angular velocities are known, 6; and 6, can be found
as functions of the input angular acceleration 6,. In the particular case under
consideration 6, = w, which is constant, and therefore 8, = 0.

Substituting values for 6,, 6, and 6, and the corresponding angular velocities
into eqns (v) and (vi) gives

12(1)2 1303 \/§

—+ — I3w = 1404,

2 2 24
Vi, o, V3 . Le® 4l,0°
—— +—1 —_—=—
and 2 ho 2 = (2v3 +3)

Hence 6; = 0.45 0’

and  6,=058 0

Since these expressions are positive, the angular acceleration of links AB and
O,B are in the anticlockwise direction.

The above results are independent of the link parameter a so that, for a
given input angular velocity, the angular velocity and acceleration of each link
are independent of the scale of the mechanism; i.e. if the link lengths are all
multiplied by the same factor, there will be no change in angular velocity or
acceleration. Also, the angular velocities of the links are directly proportional
to w, and their angular accelerations to w”. These statements apply to all single
degree of freedom mechanisms, i.e. if the input speed is doubled, the angular
velocities of the links are doubled and their angular accelerations are increased
by a factor of four.

The linear velocity and acceleration of any point on the mechanism may
now be calculated. For example, take a point P on AB where P is distant b
from A.

From the geometry of Fig. 1.65, the position of P is given by the co-ordinates

xp = l,cos 6,+ b cos 05,

yp = b sin 6, + b sin 6;.
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Hence by differentiating the foregoing displacement equation with respect to
time, the velocity and acceleration components of P are

*p = —lLw, sin 6, — b6, sin 65,
¥p = Lw, cos 0, + b, cos 65,
and
%p = —Lw? cos 6, — b, sin 6; — b6? cos 6,
$» = —Lw?sin @, + b, cos 6; — b63sin 6.

The most difficult part of the solution is calculating the angles 6; and 6,.
Once these are available the remainder of the calculation is concerned only
with the solution of simultaneous algebraic equations.

Graphical method

As in the case of the slider crank mechanism, a graphical method may be used
to solve the vector equations for the bodies which comprise the linkage.
Following the steps taken in the slider crank example, we first draw to scale
the kinematically equivalent diagram of the mechanism. This is shown in Fig.
1.67, with a = 1 unit. In this particular case the geometry is so simple that a
sketch will suffice, but in general an accurate scale drawing will be necessary.
We now consider the input link O,A which is rotating at a constant angular
velocity about a fixed point. The velocity of point A which is moving on a
circular path is therefore known in both magnitude and direction, i.e. vy = wl,
perpendicular to O,A as shown in Fig. 1.68(a).

B
A 30°
@) 60°
04 (.)2
FiG. 1.67

Since link AB is a rigid body in general plane motion, the velocity of point
B on AB is given by

Up = Up + Uga- (Vll)

In this equation v, is known in magnitude and direction. The line of vg, must
be perpendicular to AB (see p.26) but its magnitude is unknown. If we now
consider B as a point on the link O,B, which rotates about the fixed point O,,
we see that the line of vy must be perpendicular to O,B, as in Fig. 1.68(c),
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line of vga
YA B line of vg
A
B
04 A

0y
{a) (b} {c)

FiG. 1.68

but the magnitude is unknown. We now have enough information to solve
eqn (vii).
First draw v, to scale, as shown in the vector diagram of Fig. 1.69, where

va = ol, = 2a0.

line of vVBA

line of vg

Fic. 1.69

The right hand side of eqn (vii) requires that the vector vga be added to v,,
so that we now draw a line through the tip of v, perpendicular to the link
AB. The sum of v, and vy, is vg which is perpendicular to O,B. Therefore
starting from the tail of v, we draw a line along the line of vy. The intersection
of this line with that of vy, is at the tips of these two vectors and the arrows
are drawn so that the resulting triangle represents the vector equation (vii).

The magnitudes of vy and vg, can be measured directly from the scale
drawing. Alternatively we can calculate the values from the geometry of the
vector triangle. In this case

vpa Sin 60 = v, sin 30 = 2wa sin 30

2wa
so that vgs = —\/?



54 Kinematics

2
Also vy = v, €08 30 — v, cOs 60 = 2wa cos 30 — cva cos 60

V3

2wa

so that v = —\/?

Note that vy and vg, are linear velocities of points in the mechanism, and if
a and o have units of m and rad s™" respectively, vy and vgs would be inms™".
The directions of vp, and vy are obtained from Fig. 1.69 and are shown

again in Fig. 1.70.

i{:] B

63

(a

Fic. 1.70

—
—

o
-~

From Fig. 1.70(a) it can be seen that the angular velocity of link AB is in
the clockwise direction and

6. =2BA_ @
T 2v3
Similarly, referring to Fig. 1.70(b), the angular velocity of link O,B is
g Vs 2w
UL 2343

and is in the anticlockwise direction. These values agree with values obtained
from the analytical method.

The angular accelerations of the links may be found in a similar manner.
Again starting with point A as a point on link O, A, we know that its acceleration
is

ap = 0)212 = 2aw2
radially inwards along AO,. There is no tangential component of a, since @

is constant.
For link AB, which is in general plane motion,

ap = Ap + aga . (Viii)

Consider the right-hand side of this equation. The vector a, is known in both
magnitude and direction. The acceleration ag, of B relative to A has two
components, (@g,), along BA and (ag,), perpendicular to BA. The magnitude
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and direction of the radial component are known, i.e.
(aga), = 631, = 0.33 aw?,

and its direction is along BA.
The magnitude of (aga), is unknown.
We shall now examine the left-hand side of eqn (viii) and consider B as a
point on the link O,B. Now
ap = (ag), + (ag),
where (ag), is the radial component along BO, and
(ap), is the tangential component perpendicular to O,B.
The magnitude of the component (ag), is known and is
(ap), = 621, = 0.357 aw’.

Thus in eqn (viii) the lines and directions of all the vectors are known, and
only the magnitudes of (@gs). and (ap), are unknown. Equation (viii) can
therefore be solved graphically.

Taking the right side of the equation first, we can draw a, to scale as shown

in Fig. 1.71.

(ag),

line of (ap);

line of (@agp);

Fic. 1.71

To this vector we add {aga).. Since the line of the tangential component is
known, we can draw in the line of (aga), through the tip of (aga),. Remember
that the line of (ag,), is perpendicular to the line of (aga),. We now consider
the left-hand side of eqn (viii) and draw in (ag), starting from the tail of a,.
The line of (ag),, which is perpendicular to (ag),, is now constructed through
the tip of (ag),. The intersection of {ag), and (aga), is at the tips of these two
vectors and the arrows can be drawn in so that Fig. 1.71 represents eqn (viii)
completely.

Vectors representing ag and ag, can now be drawn in if required. The
magnitude of each vector can be obtained by measurement from the scale
drawing or from the geometry of the vector diagram.
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From Fig. 1.71,
(aga). €08 30 = a, cos 30 + (aga), cos 60 — (ag),,
so that (agy), = 1.77 aw™.
Also  (ag), = a,sin 30 + (aga), sin 60 + (aga), sin 30,
giving (ag), = 2.17 aw’.

The angular accelerations of the links can now be obtained from these
tangential components of linear acceleration.

. 1.77 ©°
Thus 6, = (@pa) 17707 0.45 w?,
and 6, = @f = 0.58 .
4

The directions of 6, and 6, can be found by considering the directions of
(aga): and (ag),. From Fig. 1.71 it can be seen that both 6, and 6, will be in
the positive anticlockwise direction.

The velocity and acceleration of any point such as P (Fig. 1.65) can now
be obtained since

Vp =04+ Ups, and ap=a,+ apa.

Since both the angular velocity and acceleration of the link AB are now
known, the vectors on the right-hand side of these equations are known both
in magnitude and direction. Taking P as, for example, the mid point of AB,
the reader is recommended to construct the vector diagrams from which vp
and ap can be obtained.

Exercises

1 A vehicle which is travelling in a straight line has its position defined by
its distance x from some origin O. If it starts from rest at a position xo
and has a constant acceleration g, obtain, from first principles, expressions
for its velocity and position as functions of time. Also obtain an expression
for the velocity of the vehicle as a function of its position x.

2 A particle moves along a straight line such that its displacement x =
at’ + bsin wt, where a, b and w are constants.

Ifat t=0, x=8ms ' and at t=n2w, X =3ms ’ find a and b in
terms of w. What are the units of @, b and w.

3 A rotor has an angular acceleration which is given by

®=Ke “,
where K and c¢ are constants.
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If the rotor starts from rest at ¢ = 0, obtain expressions for
(i) the maximum speed of the rotor,
(ii) the time taken to reach 90% of the maximum speed,
(ili) the angle turned through when the speed reaches 90% of its
maximum value.

A vehicle P travelling in a horizontal plane OXY carries two
accelerometers which measure accurately its component accelerations a,
and a, in the fixed directions OX and OY. The vehicle starts from rest
at O.

2

For0<t<10s a,=2ms °, a,=0,
forl0<t<30s a,=0, L, =4ms™’
andfor30s < ¢ a, =0, , = 0.

By determining the equations for the position of the vehicle sketch its
track over the plane. Find also the magnitude and direction of its final
velocity.

Two projectiles P and Q are fired simultaneously, their paths being such
that they collide during flight. P has initial velocity V, and is fired at an
angle a from the horizontal. Q is fired from a point which is & vertically
above the launching point of P and has velocity V/2 at an angle 8 from
the horizontal.

If cos B = 2/+/5, show that tan o = 2 and that collision will occur when

t = (2v5/3)(h/ V).

A straight rod AB of length 2 m rotates about a fixed pivot at end A.

(a) Find the magnitude and direction of the acceleration of end B when
the rod rotates at a constant angular velocity of 4 rad/s.

(b) If the rod has an instantaneous angular velocity of 4 rad/s and the
acceleration vector of end B makes an angle of 30° with the rod,
what is the angular acceleration of the rod?

(c) If the rod were at rest but had an angular acceleration of 20 rad/ s
what would be the acceleration of end B?

A cylindrical roller of radius R is in rolling contact with two parallel
plates A and B as shown in Fig. 1.72. If the plates have velocities v, and
vp wWhose vectors are parallel as shown, find the velocity of the centre O
of the roller, and the angular velocity of the roller. Assume that there is
no slip between the roller and the plates.

The point A on link AB in which AB = 2 m moves with constant acceler-
ation of 10 ms ? in the direction shown in Fig. 1.73. The link is initially
at rest with AB horizontal as shown but it has a constant angular
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ap = 10m/s?

~a = 7/2 rad/s? .
A Q ) rD B
i__/ 2m

T 1

Fic. 1.73

acceleration of 77/2 rad s? in the anticlockwise sense. Find the magnitude
and direction of the acceleration of end B after 2s.

A toothed belt drive has pulleys of pitch circle diameter 100 mm and
225 mm. If the smaller pulley rotates at 400 rev/min in an anticlockwise
direction, what is the angular velocity of the larger pulley?

A simple gear train consists of two gears having 28 and 48 teeth respec-
tively. If the smaller gear rotates at 1200 rev/min in a clockwise direction,
what is the angular velocity of the larger gear? How would the output
angular velocity be affected if an idler gear with 52 teeth were interposed
between the two gears?

A simple tracked vehicle is shown in Fig. 1.74. If the vehicle speed is v
and the radius of the driving sprocket is r, what is the angular velocity
of the sprocket and the velocity of the top run of the track?

Driving
sprocket
Fic. 1.74
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A geared electrical driven winch is shown diagrammatically in Fig. 1.75.
The pitch circle diameter of the motor pinion is 150 mm, that of the gear
fixed to the winch barrel is 900 mm and the barrel itself has a diameter
of 400 mm. Find the velocity of the load when the motor runs at
500 rev/min.

| ¢ 900 9150

¢ 400

O

Fig. 1.75

An epicyclic gear train is shown in Fig. 1.76 in which the arm OA rotates
in a clockwise direction at angular velocity @ as shown. The ring gear G,
is fixed. What is the angular velocity of the sun gear G,?

G,
{fixed)

Fic. 1.76

A bevel epicyclic gear arrangement is shown in Fig. 1.77. Determine the
angular velocities of gear G, and of the arm AB if gear G, is fixed and
G, rotates with angular velocity w,.
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A compound epicyclic gear arrangement is shown in Fig. 1.78. Arm A is
driven by the input shaft and carries a compound gear BC. C meshes
with a fixed gear E and B meshes with a gear D. Gear D is attached to
the output shaft which passes through the centre of the fixed gear E. Find
the ratio of the speed of the output shaft to that of the input shaft. Gears
B, C and D have pitch circle diameters 2b, 2c¢, 2d.

w1

NSO

Fic. 1.77

B
Ar.\ - D (output}
1 //4/ ////]ﬂl//////////
% - < ]
e /
. % ;
174 1 BN < 4
YIS, || oo
l; E Input
Fic. 1.78 Fic. 1.79

An epicyclic gearbox is shown in Fig. 1.79. Gear C (16 teeth) meshes with
wheel B (32 teeth) of the compound planet wheel. Wheel A of the
compound planet wheel has 12 teeth and meshes with the fixed ring gear
E and runs on a shaft fixed to the output shaft D as shown. The teeth on
A and E have the same pitch as those on B and C. Calculate the speed
of the output shaft D when the input shaft C has a speed of 1000 rev/min.



Exercises 61

17 The cam mechanism shown in Fig. 1.80 consists of an eccentrically

18

19

20

mounted disc of radius R and a flat faced follower. The eccentricity of
the disc is ¢ and the face of the follower is inclined to the horizontal at
a constant angle a.

i

.,

LY

~J

%

<

Fig. 1.80 Fic. 1.81

Obtain expressions for the velocity and acceleration of the follower as
functions of the cam angle 6 if the cam rotates at a constant angular
velocity . Assume that the cam and follower are always in contract.

The pins P and Q in the link shown in Fig. 1.81 are constrained to move
along OX, OY respectively. Obtain analytical expressions for the angular
velocity § and angular acceleration 6 of the link as functions of x when
P moves along OX with a constant velocity v.

Fig. 1.82 shows a simple robot arm. Write down the equations from which
you could calculate the velocity and acceleration of point P in terms of
8,, 6, and their derivatives.

Fig. 1.83 shows a line diagram of a simple robot arm ABC. Point A is
fixed and the links AB and BC are driven by torque motors at A and B.

When the arm is in the position shown the velocity and acceleration
of C are specified as shown.

Determine the required angular velocities and angular accelerations of
the links AB and BC.
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21

22

AB = 200mm
BC = 400mm B
60°\
a, = 25mis?

90°

ve = 5m/s

Fic. 1.82 FiG. 1.83

A four-bar linkage is shown in Fig. 1.84. For the position shown determine
the angular velocity and angular acceleration of the output link O,B when
the input link O,A has a constant angular velocity of 100 rad/s anti-
clockwise.

A reciprocating roller-mechanism (Fig. 1.85) consists of a cylindrical roller
of centre A which rolls without slip on a horizontal plane. It is driven by
a slider B which moves in a vertical straight line and which is connected
to the roller by a straight rod AB freely pinned at its ends to the roller
and to the slider respectively. The radius of the roller is 25 mm and the

100mm

100 rad/s|

lZOmm‘ 7777777777777

Fic. 1.84 Fic. 1.85
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length AB is 200 mm. In the position shown, the slider has a downward
velocity of 600 mm/s and zero acceleration. Find for the given position
(i) the angular acceleration of the roller, and (ii) the resultant linear
acceleration of C, the mid-point of AB.

A four bar linkage ABCD is shown in Fig. 1.86, in which the crank AB
rotates at a constant angular velocity of 10 rad/s.

Find the angular velocities of links BC and CD when the crank AB is
at 60°.

Also determine the angular accelerations of BC and CD.

B AB = 30mm BC = 75mm
CD = 36mm AD = 80mm
60°
w = 10 rad/s D
(o1
FiG. 1.86

A four bar linkage ABCD is shown in Fig. 1.87 in which the coupler is
the triangular link BCE.

Find the velocity and acceleration of point E when the input crank AB
makes an angle of 60° with the horizontal. At this instant AB has angular
velocity and acceleration of 50 rad/s and 1600 rad/s” respectively in the
clockwise direction.

Fic. 1.87
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Newton’s laws of motion

2.1 Laws of Motion

Having studied the geometric properties of motion we now need to consider
the forces necessary to produce motion, and the behaviour of bodies when
forces are applied to them. The relationship between force and motion was
formulated by Sir Isaac Newton (1642-1727). His results were first published
in his Principia (1687).

Newton’s laws of motion may be expressed as follows.

Law 1 The absolute velocity v of a particle* remains constant if there is no
net external force applied to the particle. Note that v is a vector so
that both magnitude and direction will be constant.

Law 2 When a force F acts on a particle the absolute acceleration of the
particle is directly proportional to the magnitude of the force and is
in the direction of the force.

Law3 When two particles A and B are in contact the force applied to particle
A by particle B, at the contact point, is equal in magnitude but opposite
in direction from the force applied to particle B by particle A.

It should be noted that the First Law is a special case of the Second Law
since it represents the condition when the acceleration of the particle is zero.
The Second Law may be formulated mathematically as

F = kma, (2.1)

where F is the force applied to the particle, m is the mass of the particle, and
a is the acceleration of the particle. k is a constant of proportionality. If more
than one force acts on the particle, F is equal to the vector sum of all of the
individual forces. The acceleration vector will always be in the same direction
as the resultant force vector.

Laws 1 and 2 apply only to motion relative to frames of reference which
are either stationary or translating with constant velocity. Such frames are
called inertial frames of reference and the acceleration measured in such a
frame is always the absolute acceleration of the particle. However, the errors

* A body with mass but negligible dimensions.
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introduced by neglecting the accelerations due to rotation of the Earth are
insignificant in most engineering applications, and the accelerations measured
relative to the Earth may be considered as absolute.

From the Second Law we also see that when the acceleration of a particle
is zero the sum of the forces acting upon it is zero. The particle is then said
to be in equilibrium under the action of the applied forces and F = 0. If the
particle also has zero velocity it is in static equilibrium.

2.2 Units

If we choose a set of units such that one unit of mass multiplied by one unit
of acceleration gives one unit of force, k will have a value of one. Under these
conditions we may express the Second Law as

F=ma (2.2)

A system of units in which the product of any two unit quantities is the unit
of the resultant quantity is called a coherent system of units. The SI system
(Systéme International d’Unites), which will be used throughout this text, is
a coherent system of metric units. It is now becoming established in many
countries as the only legal system of units.

We have already come across two basic units in our study of kinematics,
the metre, which is the basic unit of length, and the second, the basic unit of
time. All the other units in kinematics, i.e. those of velocity and acceleration,
are expressed in terms of these two basic units. In dynamics we need to
introduce the basic unit of mass, the kilogram. These three units, the kilogram
(kg), the metre (m), and the second (s) are the only basic units required in
the study of dynamics. All other units can be expressed in terms of the basic
units and are therefore derived units. For example, the unit of velocity is the
ms~', and may be considered as that uniform velocity which a point would
have if it were to travel a distance of 1 metre in a time of 1 second. Similarly,
the unit of force may be defined as that force which when acting on a particle
of mass 1kg causes it to accelerate at 1 ms™>. From Newton’s Second Law,

2 2

1 unit of force =1kgX1ms™“=1lkgms "

The unit of force is therefore the kg ms™>. This unit of force is called the
Newton. The Newton (N) is therefore a derived unit and can always be
expressed in terms of the three basic units since 1 N = 1kgms™>. As will be
seen later, other groups of basic units used in dynamics have been given names,
although some, such as the units of velocity and acceleration, are always
referred to in terms of the basic units.
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Statics

Basic Theory

3.1 Introduction

The study of the special case of Newton’s Second Law in which the acceleration
of the particle is zero is referred to as Statics. In these circumstances the
resultant force acting on the particle must be zero so that, from eqn (2.1),

YF=0. (3.1)

Usually statics is concerned with systems which are at rest, although the results
do apply to systems which are moving with constant velocity. (Remember that
velocity is a vector quantity and for it to remain constant neither its direction
nor its magnitude must change.)

We will first consider the case of a particle, to which Newton’s Laws apply
directly, and then consider the statics of rigid bodies.

3.2 Equilibrium of a particle in a plane

Consider a particle P in the XY plane of Fig. 3.1 with forces Fy--- F;- - - F,
applied to it as shown. For the particle to be in a state of equilibrium, i.e. to

F;

F

(@]
<Y
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have zero acceleration, eqn (3.1) gives
YF,=0. (3.2)

Each of the forces F; may be expressed in components along OX and OY
as

F,=F,+F,. (3.3)
Hence eqn (3.2) may be rewritten in component form as
Z in = 0, and Z Fyi =0. (3.4)

It has been shown in Chapter 1 that a particle moving in a plane has two
degrees of freedom. Equations (3.4) show that the motion of the particle along
the two co-ordinate directions corresponding to these two degrees of freedom
is suppressed. Its equilibrium is therefore defined by two equations, one
corresponding to each of the degrees of freedom.

If a particle P is in equilibrium under the action of the four forces shown
in Fig. 3.2(a), the resultant of these forces must be zero, i.e.

F,+F,+F,+F,=0. (3.5)
Fa Fy
Fa
F3
P F;
£
F
1 £
(a) )
FiG. 3.2

These forces can be added together using the rules of vector addition given
in Chapter 1 (p. 2). The polygon of Fig. 3.2(b) represents a graphical solution
of eqn (3.5). If the particle is in equilibrium, the polygon will close as shown.
If the polygon does not close, there will be a resuitant force acting on the
particle and the particle will accelerate in the direction of the resultant force.
The forces F, - - - F, may alternatively be given in component form along
axes OX and OY, and eqn (3.5) rewritten as
Fxl+Fx2+Fx3+Fx4=Os
(3.6)
F,+F,+F,;+F,=0,

where F,;, F,; are the components of F; along OX and OY respectively.
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Thus the sums of the components of F,, F,, F, and F, along OX and OY
must also be zero.

Example 3.1 Consider the arrangement shown in Fig. 3.3 in which a particle
P, of mass m, is supported by the two wires AP and BP. Let us obtain expressions
for the tensions in the two wires caused by the weight of the particle.

The particle P is in equilibrium under the action of the forces applied to it
and these forces must add vectorially to zero. Let us identify these forces by
drawing the free body diagram of the particle. To do this we imagine the
particle to be separated from the two wires. We first draw the particle as a
point, and then draw in the forces which act upon it. In this case only three
forces act:

(i) the weight, W of the particle acting vertically downwards,
(i1) the force in the wire PA,
(iii) the force in the wire PB.

Figure 3.4 shows the free body diagram of the particle in which T, and T, are
the forces which are applied to the particle by the wires AP and BP.

Since the particle is in equilibrium the sum of the forces acting on it must
be zero, i.e.

T, +T,+ W =0, ()

where W = mg.
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In eqn (i) W will be known in both magnitude and direction. The lines of
action of T, and T, are known, i.e. along PA and PB, but their magnitudes
are not. Equation (i) can therefore be solved graphically as shown in Fig. 3.5.
The weight vector W is first drawn to some convenient scale with an arrow
showing its direction. From its tip a line parallel to AP, which is the line of
action of T, is drawn. The third vector representing T, must close the vector
diagram if eqn (i) is to be satisfied. It must therefore pass through the tail end
of the vector W.
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A line parallel to PB, which is the line of action of T,, can now be drawn
passing through the tail end of W as shown. These two lines of action intersect
and, with the vector W, form a closed polygon, in this case a triangle. Arrows
can now be added to the vector diagram as shown so that it satisfies eqn (i).
The magnitudes of T, and T, can now be obtained by direct measurement of
the vectors.

Alternatively we may consider the horizontal and vertical equilibrium of
the particle using eqn (3.4). Again using the free body diagram of Fig. 3.4 and
resolving the three forces horizontally and vertically, we have

> TsinB—Tysina =0,
and t Ticosa+ T,cos B— W =0, (i)

The arrows at the beginning of the equations are used to define the positive
directions used. The magnitudes of T, and T, can then be obtained from eqns
(ii) as

W sin W sin
T,=—2SB g - Ysine (iif)
sin(a + 8) sin(a + B)
Note that if @ and B both approach 90°, « + B - 7, so that T, and T, » o0,
It is therefore impossible to support any vertical load on a horizontal wire.

Overconstrained systems

We have demonstrated that a particle moving in a plane has two degrees of
freedom. To maintain the particle in a fixed position we must remove these
two degrees of freedom. In Fig. 3.3 the constraints provided by the two wires
AP and BP achieve this result by applying the two forces T, and T, to the
particle. Let us now consider the effect of adding an additional constraint, e.g.
the wire CP, as shown in Fig. 3.6(a).

T3
T1 T2

{a) (b)

FiG. 3.6

The corresponding free body diagram is shown in Fig. 3.6(b) where the
force T, is the tension in the additional wire CP. Using eqn (3.4) to describe
the equilibrium of the particle, we can obtain only fwo equations of equilibrium,
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ie.
>TsinB —T;sina — Tysiny =0
and Pt Tycosa+ T,cos B+ Trcosy— W=0. 3.7)

These two equations contain three unknown forces. Thus, although the
particle is in equilibrium the magnitudes of the forces T,, T, and T; cannot
be found from equilibrium considerations alone. The wire CP could be installed
so that it is just taut and therefore carries very little load, or it could be installed
so that it carries a large proportion of the load.

This problem can only be solved by considering the extensions of the wires
produced by the displacement of P due to the load W. Equations (3.7) still
apply, but an additional equation relating the extensions of the wires to the
displacement of P s also necessary. This third equation is called the compatibil-
ity equation. Systems of this type, in which the number of unknown forces
exceeds the number of equilibrium equations, are said to be overconstrained
or statically indeterminate.

In this book we will only consider systems which are statically determinate,
i.e. those in which the number of equations of equilibrium is equal to the
number of unknown quantities in the equations.

3.3 Equilibrium of rigid bodies

A rigid body moving in a plane has three degrees of freedom and its displace-
ment in the plane is specified by three independent co-ordinates. It is convenient
to choose our three co-ordinates as the x and y co-ordinates of a point in the
body and the angular position, relative to the axis OX, of a line in the body.
For the body to be in equilibrium these three degrees of freedom must be
eliminated.

The form in which Newton’s Laws of motion are presented in Chapter 2
applies only to particles. A rigid body is made up of a large number of
individual particles held together by internal forces. By applying Newton’s
Laws to each of the particles in the body we can obtain equations of motion
for the complete body, or for the static equilibrium of the body.

The assumption that the body is rigid means that the relative positions of
the particles making up the body do not change when loads are applied. We
are therefore neglecting any strains which occur in the material of the body.

Let us consider a rigid body with external forces F,, F,, F;---F,---F,
applied to it as shown in Fig. 3.7(a). The resultant external force F on the
body will be the vector sum of the individual applied forces, i.e.

F=3YF. (3.8)

The body will be assumed to be composed of a large number of particles
P, P,, - - P, - -P,. Internal stresses in the body hold these particles together
and cause internal forces to act on the particles. Consider a typical particle
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P; as shown in Fig. 3.8 in contact with a number of other particles. The particle
P; will exert a force F}; on the particle P;, and the particle P;, from Newton’s
Third Law, will exert an equal and opposite force Fj; on particle P;, i.e.
F}; = —F};. The other particles in contact will also exert forces on particle P;.
Let the sum of all of these internal forces on particle P; be Fi. If we now add
together the individual internal forces over the whole body we see that, since

Fj; = —F};, they will cancel out in pairs, so that the sum of the internal forces
over the whole of the body
LFi =0 (3.9)

FiG. 3.8

For the typical particle P; with net external force F,, and net internal force
F as shown in Fig. 3.7(c), the total force acting on the particle will be F, + F.
For the particle P; to be in equilibrium, eqn (3.2) gives

F+F =0

This must apply to all particles in the body, so that by summing over all of
the particles we obtain

YF+Y F =0. (3.10)
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Now we have seen from eqn (3.9) that the internal forces cancel out when
summed over the whole body, so that eqn (3.10) can be rewritten as

YF =0, (3.11)

i.e. the vector sum of all of the external forces acting on the body must be zero.

This equation is identical with that for a single particle. However, there is
a major physical difference. In the case of a single particle, all of the forces
must act at the same point since the particle has no dimensions, but the forces
on a rigid body can act at different points on the body and their lines of action
need not intersect at a common point.

Let us consider the case of two equal and parallel forces acting in opposite
directions on a body, as shown in Fig. 3.9. Since the forces are equal and
opposite, eqn (3.11) is satisfied. However, from our everyday experience we
know that the body would not be in equilibrium, but would rotate in an
anticlockwise direction. The condition given by eqn (3.11) is therefore not
sufficient on its own to define the equilibrium of the rigid body. A further
condition, associated with the rotational degree of freedom of the body, must
be introduced.

;
LN,
o

F1G. 3.9 FiG. 3.10

Moment of a force

Consider the force F acting at a point P as shown in Fig. 3.10. We define the
moment Mg, of the force F about any point Q, as

M, =rF, (3.12)

where r is the perpendicular distance from Q to the line of action of F. Moments
are vector quantities and have both magnitude and direction. For the two
dimensional case shown in Fig. 3.10, it is sufficient to define the direction of
the moment by considering the direction in which the line PQ would rotate if
P moved in the direction of F. In Fig. 3.10, PQ would rotate in an anticlockwise
direction and the direction of the moment would therefore be anticlockwise.
We will use a sign convention in which anticlockwise moments are positive
and clockwise moments are negative.

When we consider the total moment about Q produced by a number of
forces, such as shown in Fig. 3.11, then the total moment is determined by
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n
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the addition of the individual moments about Q; i.e.
Mg =rF, + nF, - ;F;.

Note that by the above convention r,F; and r,F, are positive and r;F; is
negative.

If two parallel forces of equal magnitude but opposite directions are applied
to a body as shown in Fig. 3.12, such that the perpendicular distance between
the force vectors is h, then their total moment about any point Q is given by

My = (r+h)F — rF
= hF. (3.13)

For this case the resulting moment is positive and therefore anticlockwise.
Note that the magnitude of the moment is independent of the position of Q.
This type of force system with equal and opposite parallel, but non-coincident
forces is sometimes referred to as a couple.

Let us now return to our original rigid body and again consider the body
to be made up of a large number of individual particles. The external force
F; and internal force F; are assumed to act on the typical particle P;, as shown
in Fig. 3.13. We can now take the moments of these forces about any point
Q. If the perpendicular distances from Q to the lines of action of F, and F}

ed

(o
FiG. 3.13
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are r; and r; as shown, then their moment M, about Q is given by
Mg, = 1.F, + rF.. (3.14)

The total moment My, of all the external and internal forces acting on the
body is therefore

Mg =Y Mgy, =Y rF,+} riFi (3.15)

Since at each contact point between adjacent particles the internal forces are
equal and opposite, their moments about Q will cancel. Hence the summation
of the moments of the internal forces over the whole body must be zero, i.e.

Y rF=0. (3.16)

Thus from eqn (3.15) the total moment about Q is determined only by the
moments of the external forces about Q, i.e.

MQ = Z r,'F;'.

For the body to be in equilibrium the total moment about Q of these external
forces must be zero, i.e.

Y rF, =0, (3.17)
or

Mg =0. (3.18)

The condition given by eqn (3.18) eliminates the third (rotational) degree
of freedom of the body.

Equation (3.18) has not here been obtained in a rigorous manner. For a full
derivation we need to consider the angular motion of the body under the
action of external forces and then to set its angular acceleration to zero. A
rigorous treatment of rigid body motion is given in Chapter 4. Equation (4.39)
describes the rotational motion of the body and the static case is obtained by
setting the accelerations Xq, yo and 6 to zero. For this special case the
summation of the moments of the external forces about any point Q must be
Zero.

Using eqn (3.11), the conditions for static equilibrium of a rigid body may
be written as

LFE=0,
and Y My=0, (3.19)

i.e. the vector sum of all the external forces acting on the body must be zero,
and the sum of their moments about any arbitrary point Q must also be
Zero.
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In component form these equations may be expressed as

Z in = O,
z Fyi = 0,
and Y Mg=0, (3.20)

where ¥ F,; and ¥, F,; are the sums of the components of the external forces
in two perpendicular directions and Y M, is the sum of the moments of the
external forces about any point Q.

3.4 Alternative formulations of equilibrium conditions

The three equations (3.20), which describe the equilibrium of a rigid body in
a plane, may be formulated in different ways. In certain applications, these
alternatives can provide a more elegant solution to a problem.

Let us consider the rigid body shown in Fig. 3.14(a) with a number of
external forces F, - -+ F;- -+ F, applied to it.

Fy
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If the body is in equilibrium then the sum of the moments of these forces
about any point Q must be zero. It is convenient to consider the forces F; in
components F,;, F,; along OX and OY as shown in Fig. 3.14(b). Taking
moments about point Q, which has coordinates xq, yq,

My =% Fi(x; — xq) =X Fu(yi — yq) ‘ (3.21)

where x;, y; are the coordinates of the point of application of F.
If we now take the moments of the external forces about two other points
S and T with coordinates (xs, ys) and (x, yr) we obtain

Mg=}% Fyi(xi —xs) — X Fa(yi — ys),
and Mr=% Fyi(xi = x1) — % Fulyi — y1)- (3.22)
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Subtracting eqn (3.21) from eqn (3.22) gives
Ms= Mg+ (xq—xs) X Fi = (yo — ¥s) ¥ Fu,
and My = Mg+ (xqg—x1) 2 Fi = (yo — y1) ¥ Fu. (3.23)

If we consider the proposition that My, Mg and M; are all zero, then from
eqn (3.23)

(XQ - X)X Fyi = (YQ - YS) 2 F.,

and (xQ - X)X E, = (J’Q - y1) Y Fa. (3.24)
By rearranging eqn (3.24) we obtain
LE = (222) 1k - (222) 3k, (325)
xQ — Xs XQ - XT
For eqn (3.25) to be satisfied either
(}’Q - )’s> _ (}’Q — yT>’ (3.26)
XQ - xS xO - xT
or YF.=YF,,=0. (3.27)

The left-hand side of eqn (3.26) is the gradient of the line QS and its righthand
side is the gradient of line QT. Thus eqn (3.26) is true only if the three points
Q, S and T lie on the same straight line. If the points, Q, S and T are not on
the same straight line then eqn (3.27) must apply, i.e. the sum of the external
forces on the body must be zero.

This gives us an alternative formulation of the equilibrium condition which
can now be expressed as

MQ = 0,
MS = 0’
and Mr=0, (3.28)

provided that the points Q, S and T do not lie on the same straight line.

To obtain a second alternative formulation, let us again consider the body
in Fig. 3.14(b) and take the moments of the external forces about the points
Q and S.

Thus, as before,

M = Mg+ (xq— x5) X Fli = (yo = ¥s) X Fu. (3.29)

Now let us resolve each external force along the direction of a line which
makes an angle o with OX, as shown in Fig. 3.15. The total force F, in this
direction will be given by

F,=Y F.=cosaY F,+sinay F,. (3.30)
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If we now consider the proposition that Mg, Mg and F, are all zero, then
from eqns (3.29) and (3.30),

ZFyi=<u)zin=_cosazin- (3'31)

Xq — Xs sin a

For eqn (3.31) to be satisfied either

- 1
Yoo X5 — (3.32)
Xq — Xs tan «
or YF,=YF;=0. (3.33)
If tan @ = —(xq ~ Xs/¥q — ¥s), our chosen direction would be perpendicular

to the line joining points Q and S. For all other values of « the condition of
eqn (3.33) must apply.

This gives the second alternative formulation of the conditions of equilibrium
of a body in a plane as

MQ = 0,
MS = 0,
and F,=0, (3.34)

where the direction chosen for F, must not be perpendicular to the line joining
points Q and S.

It must be remembered that there are only three independent equations which
describe the equilibrium of a body in a plane. We can use eqns (3.20) or
(3.28), or eqns (3.34). If we decide to solve a problem using one of the
formulations discussed above, any attempt to derive additional equilibrium
equations for the body, based on the other formulations, will only yield
equations which could have been derived from the original three. The solution
of these additional equations will produce the result that 0 = 0 which, although
correct, is not very helpful.
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Example 3.2 A weightless beam ABC is suspended horizontally from three

wires as shown in Fig. 3.16. Find the tension in each of the wires when the
beam carries a load W at its mid-point.
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The first step in any problem is to draw a free body diagram of the body,
in this case of the beam. Only when this diagram has been drawn can we
decide which formulation of the equilibrium conditions is the most convenient.

The free body diagram shows only the beam itself, completely detached
from the supporting wires. All external forces which act on the beam are drawn
in, together with the forces applied to the beam by the wires.

There are four forces acting on our beam, the tensions T;, T, and T; in the
wires, and the externally applied force W, as shown in Fig. 3.17.

T
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If we apply eqn (3.20) to the beam we obtain, by resolving forces horizontally
and vertically, ’

> ~T,cos60+ T;cos30=0 (1)

and 1 Tsin60+ T+ T;3sin30—- W =0. (ii)
Taking moments about point A gives

@A) 3aT, + 4aT;sin 30 — 2aW = 0. (iii)

These are the three equations which must be satisfied for the beam to be in
equilibrium. They contain three unknown quantities T;, T, and T3 and can
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be solved to give

T1=?W, T2=%’ and T3=%V. (iv)

Let us now reconsider the problem using eqn (3.34), by taking moments
about two points Q and R and summing the components of the forces in a
direction not perpendicular to the line joining Q and R.

Since Q and R can be chosen arbitrarily it is convenient to locate them at
the intersections of the lines of action of forces, thereby reducing the number
of terms in the moment equations. For example, in this case, if we choose Q
at the intersection of the lines of action of T; and T, and R at the intersection
of the lines of action of W and T, as shown in Fig. 3.18, then the moment
equations become

@ —aW + 2aT2 = 0.

a
and T,————T,=0. \'
B aT: cos 30 ' ©
T, 2
T3
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We must now choose the direction in which to sum the components of the
external forces, noting that it must not be perpendicular to QR. In this case
the horizontal direction is a convenient choice as W and T, have no components
in this direction. The third of eqn (3.22) now gives

- T5c08 30— T; cos 60 = 0. (vi)

Equations (v) and (vi) will yield the same results as given in eqn (iv).

The third method, using eqn (3.28), requires us to take moments about three
points which are not co-linear. We have already selected two convenient points,
Q and R above, and the point of intersection S of lines of action of T, and
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W represents a third convenient point. For this case eqn (3.28) may be written
as

Q aW +2aT, =0,

aT,
T —_ =
B aT; cos30
and &) aT, —2aT; = 0. (vii)

This again gives the results of eqn (iv).

Comparison of the three methods shows that by performing some simple
geometrical constructions the three simultaneous equations (i), (ii) and (iii)
have been reduced to three equations, (v) and (vi), or (vii), which can be
solved consecutively. In this case the second and third methods offer advantages
compared with the first method. This is not always the case. Each problem
has to be approached individually and an appropriate choice of method made.
However, the reader should not spend too much time worrying about which
approach to use. If there is no obvious advantage it is usual to employ eqn
(3.20).

3.5 Special cases

Two cases of particular interest are the equilibrium of a rigid body under the
action of two forces or of three forces.

Two forces

Consider the rigid body shown in Fig. 3.19(a) with forces F, and F, applied
to it at points A and B as shown. For equilibrium, we require that

F,+F,=0, (3.35)

and, by taking moments about O, that

@—’1FI_T2F2=O- (3.36)

Y Y Y
A Fi
B
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Fic. 3.19
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For the two vectors F,, F, to satisfy eqn (3.35) they must have the same
magnitude. Also their lines of action must be parallel to one another, and the
forces must act in opposite directions as shown in Fig. 3.19(b). The moment
equilibrium now gives

(rl - r2)F1 =90.

Since F, # 0 it therefore follows that r; must equal r,, i.e. the forces must
have the same line of action.

Thus when a body is in equilibrium under the action of only two forces the
forces must be equal in magnitude, opposite in direction and have the same
line of action as shown in Fig. 3.19(c).

Three non-parallel forces

Consider the body shown in Fig. 3.20 with forces F,, F,, F; applied at points
A, B, C as shown. If the body is in equilibrium the moments of these three
forces about any point must be zero. Let us choose the intersection I of the
lines of action of F; and F, as the point about which we take moments. Since,
by definition, F; and F, produce no moment about I, equilibrium can only be
achieved if F; also exerts zero moment about I. This is possible only if F; also
has a line of action which passes through I. Hence for equilibrium the lines
of action of the three forces must all intersect at a single point.

F
F3 ¢
F ‘ F
F3
(a) {b)
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If the points of application A, B, C are specified and if the lines of action
of two of the three forces are known, then the line of action of the third force
can be found immediately by locating I. This satisfies eqn (3.19),i.e. ), My = 0.
If the magnitude of one of the forces is known, the magnitudes of the others
may then be obtained by solving the force equilibrium equation

Fl + F2 + F3 = O,
graphically as shown in Fig. 3.20(b).
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A systematic application of eqns (3.19) or (3.20) would, of course, yield a
solution in the above cases but the use of these special conditions for the
equilibrium of bodies subjected to two or three forces can often provide a
quicker solution.

Example 3.3 The light rod AB of length 4a carries a load W as shown in
Fig. 3.21(a) and has to be supported by two wires AP and BQ such that it lies
in a horizontal position a distance a below a horizontal surface. If the position
of the end B of the rod has to be located relative to the support point Q as
shown, how far from Q must the point of attachment P be positioned?
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To solve the problem we must first draw the free body diagram of the rod.
The only forces acting on the rod are the tensions T; and T, in the wires and
the load W as shown in Fig. 3.21(b). We see therefore that there are only
three forces acting on the body AB. In this case we know the directions of
two of these forces W and T, but not that of T,. However, the lines of action
of all three must pass through the same point I. Using the free body diagram
we can find I immediately from the intersection of the lines of action of W
and T,. The direction of the line of action of T; can thus be found by
construction, as shown in Fig. 3.21(c). The geometry of Fig. 3.21(c) is very
simple and it can be seen that P must be a distance 8a from Q. Use of eqns
(3.20) would yield the same result but their solution would involve much more
algebra.

We have not needed to find the magnitudes of T, and T,, but they can be
found if required, from our basic vector equation, eqn (3.19), i.e.

W+T,+T,=0. {®

The solution of eqn (i) is shown in Fig. 3.21(d) from which T, and T, may
be found by drawing the figure to scale, or by calculation.
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3.6 Distributed forces

So far we have considered only forces which act at a particular point on a
body. Some forces are, however, distributed across the surface of a body, e.g.
wind loads, hydrostatic pressure due to liquids, gas forces, and the weight of
the body itself.

Let us consider a force distributed from O to a along the axis OX and
acting in the QY direction, as shown in Fig. 3.22(a). Over some elemental
length 8x of the axis OX the force in the direction OY can be expressed as

8F, = f, 8x, (3.37)
14
fy = fy (x)
fy
0 X o
(a)
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where f, is the force/unit length at the element. The magnitude of f, will be
a function of x and the curve f, = f,(x) of Fig. 3.22(b) shows how f, varies
along OX.

The total force, F,, due to the distributed force f,(x) will now be given by
summing the values of 8F,, i.e.

F, = Y. 8F,,
or F, = jafy(x) dx. (3.38)

This integral is equal to the area enclosed by the curve f,(x).

We can now replace the distributed force f,(x) by a single equivalent force
F,, whose magnitude is given by eqn (3.38), provided that we position the
force F, such that its moment about any point Q is the same as the moment
of the distributed force about Q.

Let the equivalent force F, be positioned a distance xr from the origin as
shown in Fig. 3.23. Its moment about any point Q is given by

Mg = (xp — xQ)F,. (3.39)

The moment about Q of the distributed force f,(x) has to be found by first
considering the moment of the elemental force 8F,, shown in Fig. 3.22, about
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Q, i.e.

6Mg = (x — xg) 8F,,

or M, = (x — xg)f,(x) 6x.

The total moment about Q of the distributed force is therefore

Mg =% (x — xg)f,(x) &x.

Taking the limit as 8x - 0 and integrating from x = 0 to x = a gives

Mg = J (x — xo)f,(x) dx

0

= j xf,(x) dx — xq I S (x)dx. (3.40)
4] V]

The position at which F, must be placed in order to produce a moment
about Q equal to that of the distributed force is obtained by equating the
expressions for My given by eqns (3.39) and (3.40), i.e.

(xg — xQ)F, = Ja xf,(x) dx — xq Jafy(x) dx.
Now from eqn (3.38)
F, = Jafy(x) dx,

3 fo xf,(x) dx '
= —L‘jfy(x) o (3.41)

This expression is the same as that for the position of the centroid of the area
enclosed by the curve f,(x) and OX. Thus the distributed force represented
by f,(x) per unit length can be replaced by a single equivalent force F,, given
by eqn (3.39), positioned at x, given by eqn (3.41). We can therefore say that
the magnitude of the equivalent force is equal to the area enclosed by the
curve f,(x), and that the line of action of the equivalent force must pass
through the centroid of that area.

so that xg
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Example 3.4 Let us consider a uniformly distributed load as drawn in Fig.
3.24(a). This distributed load is represented by

f;)(x) = =W,
and can be replaced by an equivalent force F, given, from eqn (3.38), by

F, = J —wdx.

]
Y Y
- it th
"L basns Fy = -wa
1 _—

o] a X (0] a2 a X

(a) (b)
Fic. 3.24

Since w is a constant, eqn (i) may be rewritten as

F, = ~wJ dx = —wa.

4]

The position at which F, must act is given by eqn (3.41) as

xZ]a
3 —ngwdx_ W[Z o

P fewdx T ow[x]e

a
=7 (iii)

The equivalent force F, must therefore be placed at the mid-point of the
uniformly distributed load, and will act in the direction shown in Fig. 3.24(b).

Example 3.5 Now let us consider the case in which the magnitude of the

load/unit length increases linearly from zero at x = 0 to w at x = a, as shown
in Fig. 3.25(a).

Y Y

- F, = —wa
w wa
ly |
2a X
3

(a) (b)

FiG. 3.25
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Using eqn (3.38) the equivalent force

F, = rfy(x) dx.

In this case the linear increase in load can be written as

f(x) = (i)
Thus J —dx_——[—x—z]a
0 2 Jo

a '

=W (ii)

From eqn (3.41)

a wx
L
a
Xg =

a WX
=Jo—dx
a

_2a
=3 .
The equivalent force F, must therefore be placed a distance 2a/3 from O
as shown in Fig. 3.25(b).
Note that in both of the cases considered the magnitude of the equivalent

force is equal to the area enclosed by the curve f,(x) and that its line of action
passes through the centroid of that area.

3.7 Centres of mass

Each particle in a rigid body is subject to a vertically downward gravitational
force. A general particle P; of mass m; will therefore experience a downward
force of m,g, referred to as the weight of m;. These forces will be distributed
throughout the body and, as in Section 3.6, the distributed load may be replaced
by a single equivalent force acting through some particular point. The point
through which this equivalent force acts is called the centre of mass (sometimes
centre of gravity) and is usually denoted by G.

Let us consider the rigid body of Fig. 3.26. The general particle P; of mass
m;, will experience a downward gravitational force m;g. Let the position of P,
in the body be defined by coordinates x;, y; relative to an arbitrary set of axes
OXY in which OY makes an arbitrary angle o with the vertical as shown.

The component of the force m;g along OX is given by

8F, = mg sin a.

This can be summed for all the particles in the body to give the total force in
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Fic. 3.26

the direction OX as
F,. =) mgsin ¢,
or F. = mgsin a, (3.42)

I

where m is the total mass of the body.
Similarly along the direction OY the total force is given by

F, = —mg cos a. (3.43)

If we add F, and F, vectorially, the total resultant force mg is equal to the
total weight of the body and acts vertically downwards as shown in Fig. 3.27.
Thus we can replace the distributed mass of the body by an equivalent single
particle of mass m. The position of the equivalent particle must be chosen,
such that the moment, about any point, of the gravitational force on the
equivalent particle is the same as the sum of the moments about the same
point, of the gravitational forces acting on the individual particles in the body.

Let the equivalent particle be located at point G which is assumed to have
coordinates xg, yg, as shown in Fig. 3.28.

The moment M, of the gravitational force mg on the equivalent particle
about some point Q is given by

Q) M, = mgcos a(xq — xg) + mg sin a(yq — yo)- (3.44)

mg sin a

mg
mg cosa

FiG. 3.27 FiG. 3.28
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Particle P; will experience a gravitational force m;g which will exert about Q
a moment

Q Mgy =mgcosalxg—x;)+ mgsin a(yg — ). (3.45)
Summing eqn (3.45) for all the particles in the body
QO Mgo=gcosa) mixq—x)+gsinay m(yg—y) (3.46)

For equations (3.44) and (3.46) to be identical the coefficients of the terms in
sin & and cos a, for arbitrary values of o, must be the same in both equations.
Thus

Xq X m; — Y mix; = m(xq — Xg),
and  yoX m; — Y my; = m(yq — yg)-

Since ¥, m; = m these equations give

xg = BN g g = 2 (3.47)
m m

If Q were chosen to be coincident with G, substitution of eqn (3.47) into
eqn (3.46) would give Mg = 0, i.e. the sum of the moments about G caused
by the gravitational forces on the individual particles in the body is zero.

The point G, at which the equivalent particle of mass m must be located,
is called the centre of mass of the body. Its position is given by eqn (3.47) and
depends upon how the mass is distributed within the body.

[Note that the result of eqn (3.47) is independent of g. It is therefore
preferable to refer to centre of mass rather than centre of gravity, as its
position is a property solely of the body and is independent of the forces
acting on the body or of its position in space.]

The position of the centre of mass is an important property of the body
when considering the statics of systems in which gravitational effects are not
negligible.

We will also see, in Chapters 4, 5 and 6, that it is always necessary to know
the position of a body’s centre of mass when considering its motion.

In statics problems it is usual to represent the gravitational forces acting on
a rigid body by a single concentrated force W = mg acting vertically down-
wards at the centre of mass of the body.

Example 3.5. Uniform rectangular plate Let us find the position of the centre
of mass of the uniform rectangular plate, ABCD, of thickness &, shown in Fig.
3.29. It is convenient to choose the origin O of our reference frame OXY at A,

All of the particles contained in the elemental strip of width 8x are distant
x from OY. We may therefore, instead of considering individual particles in
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the body, take an elemental strip of mass m; where
m; = phb 8x, (1)

in which p is the density of the material of the plate.
From eqn (3.47), the x coordinate of the position of the centre of mass is
given by
Y. phbx8x phbY x6x
XGg = = >
m phba
since the parameters p, h and b are constants and can be taken outside the
summation. Expressing the summation as a definite integral from x =0 to
x = a gives

_phbfixdx a .
xXg = ———phba =7 (i)

Similarly, by taking an elemental strip of width 8y and integrating from y = 0
to y = b eqn (3.47) gives
yo=b/2. (iii)

Thus the centre of mass of a uniform rectangular plate coincides with its
geometric centre.

Example 3.6. Uniform triangular plate Now let us consider a triangular plate
ABC of uniform thickness h, as shown in Fig. 3.30, in which CAB is 90°. It
is convenient to choose our reference frame OXY such that its origin O is at
A. We again consider an elemental strip of width éx distant x from OY. The
mass of this strip, which has length y, is

m; = phy 6x. (i)

From eqn (3.47) the x coordinate of the centre of mass of the plate is given
by

2 phyx éx
I

G

(if)
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The total mass m of the plate is given by
m = 3phab.

Substituting for m in eqn (ii) and expressing the summation as a definite
integral from x = 0 to x = a gives

fo yx dx
0
== iii
G %ab ( )
Before we can evaluate the integral in eqn (iii) y must be expressed as a
function of x. From simple geometry

y _b
a-x a
b .
so that y =;(a - Xx). (iv)

Substituting eqn (iv) into eqn (iii) gives

=2 V)

(vi)
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Again we find that the centre of mass of the uniform plate is at its centroid.
Although we have only considered two simple examples, this result is true for
all shapes of uniform plate.

This is confirmed by substituting into eqn (3.47) the condition that the body
is of uniform thickness and density. In this case

m; = A;,ph and m = Aph,

where A, is an elemental area corresponding to particle P;, and A is the total
area of the plate.

Thus
_ ph ¥ Aix; _ LAX
Y6 = phA A
Similarly
- > Ay
Yo A

These equations define the position of the centroid of an area.

Example 3.7. Semicircular plate As a further example let us take the semi-
circular plate shown in Fig. 3.31. Again let the plate have uniform thickness
h and be of material with density p.

FiG. 3.31

With axes OXY as shown we can consider an elemental strip of length 2x
and width 8y. The strip is parallel to, and distant y from, OX. Its mass

m; = ph2x 8y. (i)
Using eqn (3.47) the y coordinate of the centre of mass of the plate is given by
Y. ph2xy 8y ..
c= . (")
m

The total mass of the plate is

phwR?
m=———,
2
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and expressing the summation in eqn (ii) as a definite integral, we obtain

g xydy
o= T - (iii)

To integrate eqn (iii) we must express x in terms of y using the geometry
of the plate. In this case, evaluation of the integral is more convenient if we
express x and y in terms of the polar coordinates R and 6.

Thus from the geometry of Fig. 3.31,

x = R cos 6, (iv)
and y = Rsin 6. (v)
By differentiation,

dy = R cos 6 dé.

The integration limits for 6, corresponding to y = 0 and y = R, are, from
eqn. (v), 6 =0and 6 = /2.
Substitution into eqn (iii) gives

7/% cos® § sin 6 4O

|
=4R?
= «R?

4R (™2
-— J cos” 6 d(cos 6)
o

0

B _4_13[0053 (9]"/32 _4R

T 3 ° 3

Thus ys = 4R/3m, and since the plate is symmetric about OY, x5 = 0. The
reader should verify this latter result.

Example 3.8. Composite shapes The positions of the centres of mass of plates
with more complex shapes can be considered by breaking them up into simple
shapes. First we determine the positions of the centres of mass of each simple
shape from a convenient origin, and then combine them to give the position
of the centre of mass of the whole body.

Let us, as an example, consider the trapezoidal plate ABCD shown in Fig.
3.32 and choose axes OXY with origin O at A. The plate may be broken down
into two simple shapes, a rectangle and a triangle, as shown by the broken
line. We have already obtained, in example 3.5, the position of the centre of
mass of the rectangular portion as

Xgr = a/2, Yor = b/2. (1)

Using the result of example 3.6 the coordinates of the centre of mass of the
triangular portion will be

xgr=a/3 and ygr=c¢/3+b. (ii)
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We can treat the rectangular portion of the plate as a particle of mass mg
at its centre of mass, and the triangular portion as a second particle of mass
my at its centre of mass. The complete plate can now be considered as a single
rigid body consisting of these two particles alone, and eqn (3.47) will give the
position of the centre of mass of the whole plate as

a, 4
mg—+ mp—
Z m;X; " 2 B 3
Xg = = . (iit)
m mg + my
Now mg = phab, and my = 3phac so that
. (3b + c) (
S 3\2b+¢/) iv)
Similarly
b c
) MRE + my §+ b
Yo = mg + my ’
which on substitution for my and mr gives
b*+c (§ + b)
R TE I )

Other complex shapes can be treated in a similar manner. For example, to
find the position of the centre of mass of a plate with a hole we could:

(i) find the mass and position of the centre of mass of the plate without
the hole;
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(ii) find the mass and position of the centre of mass of a plate the same size
as the hole;

and then

(iii) use eqn (3.47) to find the position of the centre of mass of the plate
with the hole.

In this case the term which refers to the particle representing the hole would
be negative.

3.8 Internal forces

The fundamental equations, (3.19), which describe the static equilibrium of a
rigid body may also be applied to a part of a rigid body. Consider the rigid
body shown in Fig. 3.33 which is in equilibrium under the action of forces
F,,F,---F,-F, From eqn (3.19)

LF =0,
and YM =0,

where ¥, M is the sum of the moments of the forces F; about any point. Now

F; F,

F3 F;
FiG. 3.33

imagine the body cut into two parts as shown in Fig. 3.34(a). Each part of the
body will be in equilibrium under the action of the external forces F applied
to that part plus the action of the internal forces distributed over the boundary
at the cut. In general these internal forces have tangential and normal com-
ponents which will vary from point to point across the cut.

Fq Fy
. 5
A . X
= M

F3 Fy4 F3 Fa

FiG. 3.34
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In accordance with Newton’s Third Law, the internal forces on the right-hand
section will be equal and opposite to those on the left-hand section as shown
in the free body diagrams of Fig. 3.34(a). Using the results given in Section
3.6 these distributed forces can be replaced by their resultant equivalent forces
F,, F,, and a moment M acting at a defined point on the boundary. The free
body diagrams can therefore be redrawn as shown in Fig. 3.34(b).

If we know the magnitudes, directions and the points of application of the
external loads eqn (3.19), for static equilibrium, applied to either portion of
the divided body, will yield values for F,, F, and M. In some special cases
the resultant of the normal forces may be zero, and yet, because of their
distribution across the surface, there could still be a resultant moment.

For example, if the part of the body in Fig. 3.35(a) were of uniform thickness
and the distributed normal force f,, varied linearly across the section as shown,
the resultant F, would be zero. The distributed force would, however, exert
an anticlockwise moment on that part of the body. Equations (3.19) would not
be able to show how f,, is distributed across the section, but they would enable
the total moment M exerted by the distributed forces to be obtained.

Fq F

fn Ff

FiG. 3.35

Example 3.9 Consider a light rectangular bar resting horizontally on knife-
edge supports at A and B, as shown in Fig. 3.36(a), carrying a vertical load
W at each end. Let us find out how the internal forces vary along the length
of the bar.

First we must draw a free body diagram of the bar and determine the
magnitudes and directions of the external forces acting on the bar. In addition

Y4
WA 8" w w
i ” - -
a # b i a 1 1
o Aa R
(a) (b)
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to the two loads W there will be forces applied to the bar by its supports. Let
these be R, and Rp and we will assume that they act as shown in the free
body diagram of Fig. 3.36(b). For the bar to be in equilibrium under the action
of these forces, eqns (3.20), i.e.

YF,=0, YF,=0, and Y M =0,

must be satisfied.
No forces act on the bar along OX. Along OY we have the condition that

R4+ Ry —2W = 0. ()

It is convenient to take moments about one of the supports, so eliminating
the unknown force applied at that point from the moment equation. Taking
moments about A

A aW+bRy — (a+ b)W =0, (ii)
so that

Ry =W. (iii)
Since Ry is positive it is in the direction shown in Fig. 3.36(b). Substituting
for Ry in eqn (i) gives

Ry=W, (iv)
which is also in the direction shown in Fig. 3.36(b).

We now know the magnitudes and directions of all of the external forces

acting on the bar. To find the internal forces at any section through the bar
we must draw the free body diagrams of the bar when cut at that section. Let

us consider a section through the bar between the left-hand end and support
A, distant x from the end, as shown in Fig. 3.37.

w

Fa M M W

t

b

F
X Jgnr Fe

Ra Rg

Fic. 3.37

At the mid point of the section at x we shall assume that there will be
tangential internal force F, in the vertical direction, a horizontal normal internal
force F, and an internal moment M, as shown in Fig. 3.37. The assumed
directions of these forces and the moment do not matter, as long as they are
equal and opposite on both parts of the bar. We can now apply the equations
of static equilibrium egn (3.20) to each section of the bar to find the internal
forces.
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Taking the left-hand part of the bar we obtain, for the horizontal direction
> F, =0, (v)

so that the resultant normal force at the section is zero. This does not mean
that there is no normal force distributed across the section, only that its resultant
is zero.

In the vertical direction the equation of equilibrium for the left-hand part
of the bar gives

1—WH+F, =0,
so that F, = W. (vi)

Thus, since F, is positive, the internal force on the left-hand part of the bar
at the chosen section is in the direction shown. We can also see from eqn vi
that F, is independent of x, and so will be constant for any value of x for
which our free body diagram of Fig. 3.37 applies.

Note that if x > a the free body diagram of Fig. 3.37 does not apply.

We can take moments, about any point, of the forces on the left-hand part
of the bar to give the third equation of equilibrium. Choosing the mid point
in the plane of the section at x we obtain

O xW+M=0,
so that
M = —xW. (vii)

The negative sign in equation (vii) shows that the moment will physically
act in the opposite sense from that shown in Fig. 3.37 and that its magnitude
will increase linearly with x, for values of x for which the free body diagram
is appropriate. Since F, =0, the distribution of internal forces across the
section will be as in Fig. 3.35(a).

Values of F, and M could also have been obtained from the free body
diagram of the right-hand part of the bar. The reader should check that the
results obtained are the same as given by eqns (vi) and (vii).

Let us now consider the internal forces at sections of the bar between A
and B. We have seen above that we only require to consider the equilibrium
of one part of the beam and so we will draw the free body diagram for the
left-hand part only.

The free body diagram is shown in Fig. 3.38. Since no horizontal external
forces act on the bar we have seen in eqn (v) that there will be no resultant
horizontal force at the section so only the moment and the tangential force
are shown at the section in Fig. 3.38. We now have two external forces, W
and R,, acting on the part of the bar under consideration.

For vertical equilibrium

T_W+RA+F‘I=0,
so that F, = W — R,.
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Substituting for R, from eqn (iv) gives
F,=0. (viti)

The internal tangential force at the section is therefore zero for all values of
x for which the free body diagram of Fig. 3.48 applies, i.e. for all sections
between the supports A and B. Taking moments about a point in the section,

O xW—-(x—a)R,+M=0.
Substituting from eqn. (iv) for R, gives
M=-Wa. (ix)

The moment M is again in the opposite sense from that shown in the free
body diagram, but is now independent of x for a < x <a + b.
If we now consider the internal forces between B and the right-hand end
of the bar we obtain the free body diagram of Fig. 3.39.
For vertical equilibrium,
1-W+RA+Rg+ F, =0,
sothat F,= W — R, — Rg.
Substituting for R, Rp from eqns (iii) and (iv) gives
Fo=-W, (x)

which shows that F, acts in the opposite direction from that shown in Fig.
3.39, and is again independent of x.
Taking moments about a point in the section gives

O xW-Ru(x—a)—Rg(x—(a+b))+M=0.
Substituting for R, and Rj yields
M = W(x — (2a + b)). (xi)

Since (2a + b) > x, M will be negative and will also vary with x, becoming
zero at the end of the bar when x = 2a + b.

Identical results could have been obtained by considering the equilibrium
of the right-hand part of the bar.
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We now have developed expressions which show how the internal tangential
force and moment acting at a section vary along the length of the bar. Graphs
showing the variation of F, and M along the bar are plotted in Fig. 3.40.

F, Ra Re

|

Thus by drawing a free body diagram of part of the bar and applying the
conditions of static equilibrium (eqns 3.10 or 3.20) we can obtain a full picture
of how the resultant internal forces and moments vary along its length.

”////

%
~Wa—t—
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3.9 Connected systems

So far we have considered only the static equilibrium of single bodies. Engineers
are, however, normally concerned with structures or machines which consist
of a number of bodies connected together in some manner. The individual
bodies may be shafts, links, beams, gear wheels, pistons, or any other engineer-
ing component. When designing a machine or structure the engineer needs to
know how the external forces are transmitted through the system, and the
forces acting on the individual elements. The force transmission through the
system depends upon the types of connection used. We will now consider
mathematical models of the connections used in planar systems.

Frictionless contact at a point

The body A shown in Fig. 3.41 is connected to a fixed body B. The connection
is provided by the contact between the two frictionless surfaces, S, and Sg,
of the bodies. Contact will occur at some point P (point contact) or along a
line through P perpendicular to the plane of Fig. 3.41 (line contact) depending
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upon the shape of the surfaces at P. The contact between gear teeth is an
example of line contact between two surfaces.

Let the body A be in equilibrium under the action of some external force
F. If body A is to remain in contact with surface Sg, the point at P on the
body must have zero displacement in a direction normal to the common tangent
at the point of contact. Any displacement of the point along the normal
direction would either cause separation of the bodies, or penetration of the
surfaces S. A force will therefore be generated at the contact point. This force
must be compressive as a surface contact cannot sustain a tensile load. If we
consider the force in terms of its components along the common normal and
along the common tangent at P we find that the tangential component of the
force must be zero since we have assumed frictionless conditions. The force
R at the contact must therefore be along the normal direction as shown in the
free body diagram of Fig. 3.42.

FiG. 3.42
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For the body A to be in equilibrium the vector sum of the forces acting on
it and the sum of the moments of these forces about any point Q must be zero.
Thus if a single external force F is applied to the body it must also act along
the normal at P as shown in Fig. 3.42 so that

F+R=0,
and Y} My=0.

If more than one external force acts on the body, the resultant representing
the sum of these external forces must also act along the normal.

Surface contact with friction

If the contact surface is not frictionless the contact force will have both
tangential and normal components. As the body attempts to slide over the
surface S along the line of the common tangent, the friction force on the body
will always oppose the incipient motion.

In the free body diagram of Fig. 3.43 the normal force is denoted by Ry
and the friction force tangential to the surfaces at the point of contact by Rp.
The forces on surface Sy are equal in magnitude but opposite in direction
from those on the body A. Here we have assumed that the point of contact
on body A is about to move in the opposite direction from that of R on A.

F
Sa

FiG. 3.43

Usually Rp is limited in magnitude by the nature of the contacting surfaces
and the value of the normal force Ry. If the equilibrium calculation yields a
value for Ry greater than the limiting value the assumption that the system is
in equilibrium would then be invalid. The limiting value of Ry will be greater
for rough surfaces than for surfaces which have good surface finish.

The limiting value of Ry is related to the magnitude of Ry by the coefficient
of friction, u, of the contacting surfaces, i.e.

Ry < uRy. (3.48)
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It must be remembered that Ry reaches a value equal to wRy only as slip is
about to occur. When slip does not occur Ry could have any value between
zero and the limiting value, and would be independent of the nature of the
surfaces and the value of Ry.

If we combine Rr and Ry vectorially into a single contact force R such that

R =R, +Ryp,

it can be seen in Fig. 3.44 that R will make an angle A with the normal

direction. In the limiting case when R¢ = R, the angle A reaches a maximum
value and

tan A = & =
R - (3.49)

v 720010
\Y. NG
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This limiting value of A is called the friction angle, and its tangent is equal
to the coefficient of friction.

For equilibrium of the body the sum of the external forces and the contact
force must be zero, i.e.

YF+R=0.

If only one external force is applied to the body R and F must again be
equal in magnitude, opposite in direction and colinear. In some situations
friction can be neglected and calculations made without much loss of accuracy
whilst in others it would not be sensible to proceed with an analysis which
did not include friction.

Pin joint or bearing

The pin joint is probably the most commonly used method of connecting two
bodies. It is sometimes referred to as a revolute joint and allows only relative
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rotation of the two connected bodies (see Chapter 1 p. 30). A typical example
is shown in Fig. 3.45. The bodies A and B are connected together by a cylindrical
pin P. The pin may, for example, be fixed rigidly to body A. An infinitesimally
small amount of clearance between the pin and its mating hole in body B
allows the bodies to rotate relative to one another about an axis defined by
the centre line of the pin, but prevents any relative translation at the point of
connection.

If we separate the bodies A and B at the connection, we can represent the
forces on each of the bodies as shown in Fig. 3.46, the force on body A being

equal in magnitude and opposite in direction from that on body B. In the
absence of friction the resultant force R is normal to the contacting surfaces
and must therefore pass through the axis of the pin. It is often convenient to
consider the force at a pin a connection in terms of two orthogonal components
R, and R,. A ball or roller bearing has very low friction and can usually be
regarded as equivalent to a frictionless pin joint when considering how forces
are transmitted at the connection.

If friction is present at the connection the normal force will have an
associated friction force at the point of contact. Figure 3.47 shows a pin joint

Ry

FiG. 3.46

FiG. 3.47
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with exaggerated clearance in which the pin is part of body A. (Normally the
clearance would be approximately one thousandth of the bearing’s diameter.)
The forces at the point of contact in the joint will be as shown, where Ry is
the normal component and Ry the tangential frictional component. If the
value of Rg becomes equal to the limiting value of uRy slip will occur,
allowing relative rotation of the bodies. Again Rr is chosen to be in a direction
which would oppose incipient sliding of the pin surface relative to the surface
of the hole. In Fig. 3.47 we have assumed that body A is tending to rotate in
an anticlockwise direction relative to body B. Hence the friction forces Ry on
A and B have directions which would oppose this motion. It can be seen from
Fig. 3.47 that the effect of the frictional component is to alter the direction of
the resultant contact force so that it no longer passes through the centre of
the pin.

For this direction of Ry the resultant force R will exert a moment about
the pin centre line equal to —dRg/2 on body A and dR:/2 on body B. It is
possible to replace the force R shown in Fig. 3.47 by an equivalent system
consisting of a force R passing through the centre of the connection together
with a moment Mz = dR;/2 as shown in Fig. 3.48. This moment will reach
a limiting value of (d/2) uRy just as slip is about to occur. If the direction
of incipient sliding were reversed the direction of R would change and the
direction of Mg would be reversed.

FiG. 3.48

Special case

A commonly encountered situation in many structures and machines is that
of a body whose only connections are two frictionless pin joints. If the weight
of the body itself is negligible, and no external forces are applied to it, we
have the first special case of Section 3.5, i.e. that of a body subject to two forces.
The forces on the body therefore lie along the line joining the centres
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of the two pins as shown in Fig. 3.49. The reader should review Section 3.5
to confirm this resuit.

R

FiG. 3.49

‘Built-in’ connection

A connection which prevents both relative translation and rotation of the
connected bodies is termed ‘built-in’. The most common forms of this type of
connection are welded and bolted joints and the resulting connected pair of
bodies is effectively a new single rigid body. The forces and moments at the
connection can be found as outlined in Section 3.8.

Engineering Applications

When applying the results of this Chapter to engineering problems we first
have to set up a mathematical model of the physical system. The basic
assumptions we will make are that bodies are rigid and that ropes or chains
are flexible but inextensible. In addition we will sometimes neglect the mass
of certain bodies where their weights are much smaller than the forces which
are applied to the system. Friction may be taken into account or neglected
depending upon the circumstances.

In all cases we first draw a free body diagram of the whole, or of part of
the system and then apply our basic equations of equilibrium, egn (3.20), or
one of the alternative formulations eqns (3.28) or (3.34).

3.1 Frameworks

The A frame shown in Fig. 3.50 is made up .of three rigid bodies AC, CE
and BD. It supports a horizontal force, F = 1000 N, at the point P. The
connections at A, B, C and D are pin joints, whilst the ground connection at
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E takes the form of a point contact. It is required to determine the forces at
the connections A, B, C, D and E. We will assume that friction at the pinned
connections, and at E, is negligible. The distance AE is 4a.

We first consider the equilibrium of the structure as a whole. Fig. 3.51(a)
shows the free body diagram for the structure with the ground connections A
and E removed. Since E is a frictionless contact the contact force Rg is normal
to the contacting surfaces. The ground at E is assumed to be horizontal so
that Rg will therefore be in the vertical direction.

The horizontal force F at P is known in both magnitude and direction and
a force R, , whose magnitude and direction are unknown, acts on the structure
at A. Thus we have a rigid structure with three forces acting upon it. The
complete structure may be considered as a rigid body and the result of Section
3.5 applies. The line of action of R, must therefore pass through the intersection
I of the lines of action of F and Rg. By drawing the framework to scale and
locating I the line of action of Rg can be found. We now know the directions
of all of the forces and the magnitude of one of them.

The moment equation for static equilibrium has already been satisfied from
the condition that the lines of action of three forces all pass through one point.
Thus, for the equilibrium eqn (3.19) to be satisfied, we require that

LF =0,
giving, in this case
F+R:+R,=0. (i)

A graphical solution of eqn (i) can be carried out by first drawing F to scale
as in Fig. 3.51(b). A vector representing Rg must then be added to F. This
vector will be in the vertical direction, but its magnitude is unknown. The line
representing the line of action of Rg can therefore be drawn through the tip
of the vector F. The third vector R,, whose direction is known, must close
the vector diagram to give Y. F; = 0. We can therefore draw in the line of action
of R, through the tail of vector F as shown. The intersection of the lines of
action of R, and Ry now defines their magnitudes and arrows can be added
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as shown to ensure that eqn (i) is satisfied. The magnitudes of R, and Rg can
now be obtained from the vector diagram as R, = 1.19F and Rg = 0.65F.

Alternatively, if an analytical approach is used, it is generally convenient
to represent the reaction at A in terms of its horizontal and vertical components,
Ry;a and Ry,, and to use the equilibrium conditions of eqn (3.20). It is not
possible to know beforehand the directions in which Ry and Ry, act. We
will therefore assume directions as shown in the free body diagram, Fig. 3.52.
If, after all the calculations have been performed, Ry, and Ry, turn out to
be positive then the assumed directions are correct. A negative value would
mean that the force acts in the opposite direction from that assumed.

Rya Re

Ria
FiG. 3.52

From eqn (3.20)
> Rys+ F=0,
T Rvat Rg=0, (ii)

and taking moments about point A to exclude Ry;4 and Ry, from our moment
equation,

@ 4aRg -~ (3acos30)F = 0. (iii)
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Thus from eqn (iii)

3V3
RE:T\/_F=O.65F.

Rg is positive and is therefore in the direction shown in Fig. 3.52.
From egns (ii)

3V3
RHA - _F and RVA = _—8_—}:: (iV)

These are both negative and will act in the opposite directions from those
shown in Fig. 3.52.
The magnitude of the force R, is given by
Ra=+vVRis+ R,

=FJ1+Z=119F. (v)

To determine the internal forces at the pins B, C and D, we must break the
structure down into its basic elements and consider the equilibrium of the
links BD and ABC. Since link BD is pinned at B and D, and does not carry
any external load, (see Section 3.5) the forces on BD at B and D must be
equal and opposite and have a line of action defined by the line BD. At this
stage we do not know whether the link is in tension or compression. To
determine the direction of the force in BD and the internal force at C we need
to consider the partially complete free body diagram, Fig. 3.53(a), of link ABC.

line of action
of R
C
line of action
‘ of R \
i 5 . _line of action A
of R,
-1 B Rc
Rp
line of action
RB \Of RB
R (a) (b)

Fi1G. 3.53

The force at pin A has already been found and can be drawn on the free
body diagram. Since the force Ry on link ABC at B must act along BD, a line
representing its line of action can be drawn horizontally through point B. This
line intersects the known line of action of R, at I. The link ABC is in equilibrium
under the action of three non parallel forces (see Section 3.5) so that the line
of action of the force R. at C must also pass through 1. A graphical solution
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of the equilibrium equation for link ABC, i.e.
R+ Ry +R-=0, (vi)

can now be obtained by scale drawing. The magnitude and direction of R,
has already been determined and the lines of action of Ry and R are obtained
by drawing link ABC to scale and locating I. The magnitudes and directions
of the forces Ry and R may be determined by first drawing R, to scale and
then drawing, through the tip and the tail of R,, lines parallel to the lines of
action of Ry and Rc.

The lines of action of Ry and R intersect and define the vector triangle
shown in Fig. 3.53(b). Arrows are added to this diagram so that eqn (vi) is
satisfied. From Fig. 3.53(b) the magnitudes of Ry and R are found to be 1.25
F and 0.7 F.

Alternatively we can obtain Ry and R using eqn (3.20). First we draw the
free body diagram of link ABC as shown in Fig. 3.54. The forces acting on
the link are the unknown force at pin C, the force at B which must act along
the line BD, and the components of the force at pin A which have already
been calculated in eqn (iv).

Fic. 3.54
The forces at A and C are again represented by their horizontal and vertical
components.
The equations of equilibrium for the link can now be written as
> Ryc+ Rg+ Rya =0, (vii)
1 Ryc+ Rya =0, (viii)
and taking moments about point C,
© (24 cos30)Ry + (4a cos 30)Rya — (4a sin 30) Ry, = 0. (ix)
From eqn (ix)
Ry = ZRva _ 2Rya-

V3
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Substituting from eqn (iv) for Ry, and Ry, gives
Rg=3F (x)

Rj is positive and is therefore in the direction shown in Fig. 3.54.
From eqn (viii),
3v3

R\}c = —Rya =TF,

and from eqn (vii)
Ryc=—Rg— Rya
=3F+ F=—F/a.

Ryc is negative and therefore acts in a direction opposite from that assumed
in Fig. 3.54.
The magnitude of R can now be obtained as

— F* 27F?
Rc = R%—lC + R%’C =

—+
16 64

=0.7F.

The forces acting on links ABC, BD and CDE are shown in the free body
diagrams of Fig. 3.55 and we can now see that the link BD is in tension.

Although we have not considered link CDE in the solution of the problem
the link is in equilibrium under the action of the forces shown. The reader is
recommended to verify this result using both graphical and analytical methods.

Rc
c
B
Rp
A
Ra
FiG. 3.55

3.2 Toggle linkage

Figure 3.56 shows the schematic layout of a toggle linkage. It consists of a
special form of slider crank mechanism (see application 1.6). The slider is
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constrained by a guide and is connected back to the frame by two links AB,
BC with pin joints at A, B and C. A force Q, whose direction is perpendicular
to AC, is applied to the pin at B and a horizontal force P is applied to the
slider. The problem is to determine P for given values of Q and a when the
system is in equilibrium. We will neglect friction and the weights of the links.

Let us first consider the equilibrium of pin B. The forces R,, R, in the links
AB and BC have lines of action along AB and BC respectively since, as we
are neglecting the weights of the links, no external load is applied to either
link (see Section 3.5). Therefore, the forces acting on the pin at B can be
drawn as shown in the free body diagram of Fig. 3.56(b). Forces R, and R,
on the pin are assumed positive in the directions shown. For horizontal and
vertical equilibrium of the pin we have

> R,cosa—R,cosa =0, (i)
and T Q—{(R;+R,)sina =0. (ii)
Thus from eqns (i) and (ii)

R, =R, =R, (ii1)
and Q=2Rsina. (iv)

Now let us consider the equilibrium of the slider. The forces acting on the
slider are the external force P, that applied at the bearing C from link BC
and a contact force between the slider and its guide. Since friction is being
neglected the contact force will be normal to the contact surface, i.e. perpen-
dicular to the guide. Now R acts along BC and P along CA so that the resultant
of the distributed force on the slider from the guide will have a line of action
passing through point C (Section 3.5, three forces acting on a rigid body).

The free body diagram of the slider is therefore as shown in Fig. 3.57. It
has been assumed that the slider is in contact with the top surface of the guide.
The force on the slider due to the guide reaction N is therefore assumed
positive in the direction shown.
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Using the free body diagram of Fig. 3.57 the conditions for horizontal and
vertical equilibrium of the slider may be written as

> Rcosa—P =0, )
and * Rsina— N=0. (vi)
Hence, using eqn (iv), we find that

Q=2Ptana and N = Q/2.

The relationship between the magnitudes of P and Q shows that, if the angle
a is small, a large force P at the slider can be produced by the application
of a small force, Q, at B. This type of linkage is often used in presses, crushers
and injection moulding machines, where large forces have to be generated.

We should also note that R;, R, and N are positive. This shows that the
assumed directions are correct. Links AB and BC are therefore in compression
and the slider is in contact with the upper surface of the guide.

3.3 Lifting tongs

A set of symmetrical lifting tongs is shown in Fig. 3.58 lifting a load W. Let
us determine

(i) the forces applied to the arm DEF at the points D, E, and F, and
(ii) the conditions which determine when slip will occur between the block
and the contact points F and G.

Friction will be neglected at all the connections in the tongs assembly except
at the points F and G where the tongs support the load.

The system we are analysing is geometrically symmetrical about the vertical
centre line, and the external loading, W, which acts along the centre line, is
also symmetrical about the vertical centre line. When viewed as in Fig. 2.58
points C and F lie in the left-hand half plane and the corresponding points
D and G lie in the right-hand half plane. Now let us take an imaginary walk
around the tongs and view them from the back. The tongs will look the same
as before and we can introduce letters to define points in the system as before
with C and Fin the new left-hand half plane and D and G in the new right-hand
half plane.
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The physical points that were originally labelled C and F have now become
D and G, but the act of viewing from the other side will not have changed
the forces acting at these points. The force acting at F when viewed from the
front becomes the force acting at G when viewed from the back. This applies
at all points in the system so that the forces in the system must also be
symmetrical about the vertical centre line.

Note that if W were offset from the centre line symmetry would be lost.

To determine the force in the main supporting chain AB we remove the
connection at A and consider the equilibrium of the whole system. The free
body diagram of the whole system is shown in Fig. 3.59 in which V is the
tension in the chain. If it is assumed that the weights of the links are small
compared with W, then, for equilibrium in the vertical direction,

tV-Ww=0o. (i)

The tension in the chain AB is therefore equal to the load W.

The loads in side chains BC and BD may be found by considering the forces
applied to the ring. The free body diagram of the ring is shown in Fig. 3.60.
W represents the load applied by the main chain and T represents the tension
in the side chains. (From symmetry equal loads are applied by BC and BD—the
reader can check that this is so by using T, and T; in the free body diagram
and from horizontal equilibrium showing that T, = T5.)
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For vertical equilibrium of the ring we require that
1T W-2Tsina =0,
so that

_ w
T 2sine’

(i)

Before we can proceed further we need to consider the forces transmitted to
the pin at E. The arms CEG and DEF will apply forces P to the pin. These
forces must again act symmetrically about the vertical centre line as shown in
the free body diagram of Fig. 3.61(a). Horizontal equilibrium of the pin is
assured by the symmetry, and for vertical equilibrium

12Psin 8 =0. (iii)

Thus 6 must be zero so that the line of action of the forces P must be horizontal
as shown in Fig. 3.61(b), but the directions of the forces are not known. We
are now in a position to determine the forces acting on the arms CEG and
DEF. Fig. 3.62 shows arm CEG drawn to scale. The force T at point C is due
to the side chain BC. Its magnitude is known from eqn (ii) and it acts along
CB at an inclination a to the horizontal, as shown. The line of action of the
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FiG. 3.61

force P at the pin connection E is horizontal. This enables us to determine
the point of intersection, I, between the lines of action of the force at C and
the force at E.

Link GEC is under the action of three non-parallel forces (see Section 3.5),
so that the line of action of the force R at G must also pass through I.

For equilibrium

T+P+R=0. (iv)

Since we know the lines of action of all three vectors in egn (iv), and the
magnitude of one, a graphical solution can be obtained by scale drawing. P
and R can then be determined by measurement as shown in Fig. 3.63. The
direction of the arrows in Fig. 3.63 must be such that eqn (iv) is satisfied. The
free body diagrams for the links CEG and DEF, the pin E and the block can
now be constructed using Fig. 3.63, (see Fig. 3.64).

For equilibrium of the block

W+ R(F) + R(G) =0. (V)

line of action
of P

line of action of R

Fic. 3.62 F1G. 3.63
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We should therefore check that the forces on the block at F and G add
vectorially with the weight W to satisfy eqn (v) as shown in Fig. 3.65.

If we decide upon an analytical sc'ation the free body diagram of the link
CEG may be drawn as shown in Fig. 3.66. The forces at C, E and G are now
expressed in component form. Since the directions of the components at E
and G are, as yet, unknown we shall assume the directions shown.

Tsina

-1 T cos o

Rg)

P

Ry

Fic. 3.65 FiG. 3.66

For horizontal and vertical equilibrium we have

> Tcosa+P+Ry=0, , (vi)

4 Tsina — Ry =0, (vii)
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and by taking moments about the point G,

O -(a+b)Tsina—(,+h)Tcosa—LP=0. (viii)

By substituting for T from egn (ii), these equations give
P=—K|:(—(Lb)+(l+ﬁ) cosa], (ix)

2 L I
R _LV[(a%—b) +(ﬁ) cota:l (x)
S AN I, ’
w .

and Ry = 7 (xi)

Since P is negative the force on the link at E from the pin acts in the opposite
sense from that shown on the free body diagram, i.e. it acts to the left. This,
as would be expected, agrees with the result obtained from Fig. 3.63. Ry and
Ry, are positive and therefore act in the directions shown in Fig. 3.66.

Once Ry and Ry have been determined the ability of the tongs to lift the
load W may be assessed by considering the nature of the force transmission
at F and G. The free body diagram of the block is shown in Fig. 3.67.

Ry Ry
t )
RH-——— T _RH
F G

FiG. 3.67

Since the force transmission at F and G is provided by contacting surfaces
with friction, the magnitude of Ry will be limited by the coefficient of friction
p for the surfaces, i.e.

Ry < uRy. . (xii)

If we now substitute for Ry and Ry using eqns (x) and (xi) inequality (xii)
may be written,

a+b I
Isu L >+ -l; cota |. (xiii)

It is important to note that this condition is independent of W. Therefore,
provided that the geometry and frictional properties of the tongs and the block,
as specified by e, I}, I, a, b and u, satisfy inequality (xiii) the tongs will lift
theload W irrespective of its magnitude. Such a system is said to be self-locking.
If inequality (xiii) is not satisfied the tongs will not lift the load.
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However, if the form of the connection between the load and the tongs were
changed to provide a more positive force transmission by, for example, chang-
ing to pin joints as shown in Fig. 3.68, it would not be necessary to satisfy
inequality (xiii). We should note that the loads, as determined by eqns (ii),
(ix), (x) and (xi) would remain unchanged.

FiG. 3.68

3.4 Wall crane

Figure 3.69 shows the details of a wall crane. It consists of a jib PQ along the
horizontal upper surface of which runs a trolley. The jib is connected to the

0.2m

' 20mm
- A
Section at A- A

3m

g
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FiG. 3.69
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wall by a pin joint at P and a tie rod RQ with pin joints at R and Q as shown.
The jib is fabricated from 20 mm thick steel plate of density 8 x 10° kgm™. A
trolley of mass m; = 50 kg is free to run on wheels along the top section of
the jib. If the centre of mass of the trolley lies on its vertical centre line
determine the forces in the pinned support P, and in the tie rod RQ, due to
the weight of the crane when the trolley is 1.5 m from P.

We first need to find the position of the centre of mass of the jib so that we
can replace its distributed mass by a single equivalent particle. The jib can
conveniently be divided into two rectangular elements, A and B, and one
triangular element C, having centres of mass at G5, G and G respectively,
as shown diagrammatically in Fig. 3.70. The mass of each element is given by

ma = 0.02x0.2x3x8x10°=96kg,
mp = 2(0.15x 3 x 0.2 X 8 x 10°) = 144 kg,
me = 2(0.5 % 0.15 x 3 x 0.02 x 8 x 10°) = 72 kg,

Y]

1.5m

Fic. 3.70

so that the total mass of the jib
m = 312 kg.

Ga, Gy and G lie at the geometric centroids of ‘their respective areas as
shown in Fig. 3.70. The position of the centre of mass of the jib may be
obtained from eqn (3.47) (see also example 3.8).

Using the coordinate system OXY with origin at P as shown

Xg =

MpXg, + MpXg, + McXg,. .
ma + my + me ' ()
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Thus

96X 1.5+ 144X 1.5 +72x 1
N 312

b = 1.38 m. (ii)

The y coordinate of G is not required in this case.

We can now consider the loading due to the distributed mass of the jib as
equivalent to that due to a single particle of mass 312 kg at a distance 1.38 m
from P. The forces at the supports can now be determined using the free body
diagram of the jib and trolley in Fig. 3.71. Since the trolley is symmetrical
about its vertical centre line, its centre of mass will also be on this line. The
force at P is shown by the two components Ry and Ry, and, if we neglect
the weight of the tie rod, the force T at Q must be along the line PQ (see
Section 3.5). The only other forces acting on the jib are its weight, which will
act through G, and that of the trolley.

Ry T
P Ry - 30° Q
1
m
Xg g g
X7
FiG. 3.71

From the free body diagram, the three equations of equilibrium can be
written:

> Rx —Tcos30=0,
1 Ry + Tsin30—-mg—mmg =0,
®3Tsin30—mgxc—mrgx7=0

from which Ry = 2.87kN, Ry = 1.89kN and T = 3.32kN.
The forces acting on the wall and on the tie rod are shown in Fig. 3.72.

Rx

F1c. 3.72
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3.5 Power transmission systems

(a) Friction clutch

Many power transmission systems use a friction clutch to connect the prime
mover, e.g. an electric motor or internal combustion engine to the load. The
clutch allows the prime mover to be disengaged from the load so that the load
may come to rest without the prime mover coming to rest. A very common
example is in motor car transmission systems where the engine can be discon-
nected from the road wheels when the car is at rest, or when changing gear.
The clutch is necessary in this case because the internal combustion engine
cannot generate torque at zero speed.

Another reason for using a friction clutch is to protect a prime mover from
overloads which may arise on the driven machine. The torque which can be
transmitted by the clutch is limited by the frictional conditions at its driving
surfaces and slip will occur if the load torque exceeds a set value.

Driving Driven
Plate Plate
///
KNI VAN i NSNS\
\ ——
Prime . _ . Load

| \Qgsgﬁiyuuu_J

7%

FiG. 3.73

The basic layout of a simple single plate clutch is shown in Fig. 3.73. A
circular plate is fixed to the output shaft of the prime mover and is maintained
in contact with a second concentric plate mounted on the input shaft to the
load. The second plate can slide axially on its shaft so that it can be moved
out of contact with the first plate so disengaging the drive. Normally springs
are used to provide the contact force when the clutch is engaged, i.e. trans-
mitting power, and the sliding plate is moved axially against the spring force
by a lever to disengage the clutch. Special materials are used at the contact
surfaces to provide high friction and good wear characteristics. In Fig. 3.73
this material is shown in the form of an annulus attached to the driven plate.

The maximum torque that can be transmitted by the clutch is limited and
occurs at the onset of slip between the plates. At slip, the tangential friction
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forces generated at the contact will depend upon the coeflicient of friction u
and the normal force at the contacting surfaces. We will assume that u is
constant across the contact area, but the normal force will vary. Before we
can calculate the limiting torque for the clutch it is necessary to determine
how the normal force varies, i.e. how the pressure distribution p(r) on the
friction pads varies with r as a result of the force F, applied to the driven
plate by the spring in Fig. 3.73.

Let us assume that all the wear occurs on the friction material attached to
the driven plate. In this case the axial displacement of the driven plate due
to wear will be the same at all radii. Hence the wear will be uniform across
the contact surface, and the rate of removal of material will be the same at
all points.

It has been found experimentally that the rate, dm/d¢, at which material is
removed from a pair of sliding surfaces, is related to the contact pressure p
between the surfaces and their relative sliding velocity v, by a relationship of
the form

(:i—rln = Cpy,, @)
where C is a constant.

If the input shaft has angular velocity w, and the output shaft has angular
velocity w,, the relative velocity v, of the two surfaces at some radius r is

v, = (0)1 - wZ)r' (ii)
Hence from eqns (i) and (ii)
[ dm/dr :Il
p=|———-. (iii)
Clowy—wy) i1
Since dm/dt is the same at all values of r we can express the radial pressure
distribution, for any given value of (w; — w,), as

p(r)=A/r, (iv)

where A is independent of r.

We can now relate the axial force Fo to this pressure distribution by
considering the axial equilibrium of the driven plate.

The free body diagram of this arrangement is shown in Fig. 3.74.

The axial force produced by the pressure p(r) over a small elemental ring
of radius r and width 8r is given by

8F = 2arr 8r p(r).
Integration over the surface of the plate gives the total force due to the contact

pressure, and for axial equilibrium of the driven plate

> J 2arp(r) dr—F5=0. " (v)
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\

C

Substituting for p(r) using eqn (iv) and evaluating the integral, we find that
FO = 27T(r2“r1)A. (Vl)

Substituting for A from eqn (vi) into eqn (iv) we see that the contact pressure
during slip is related to the clamping force by the relationship

Fo

St 7 i

p(r) =

The maximum torque M, which can be transmitted by the clutch can now

be determined by considering the frictional forces acting between the plates
when slip is just about to occur.

Consider an elemental area of surface at radius r. This area has dimensions

8r and r 86 as shown in the free body diagram of Fig. 3.75. The frictional

FiG. 3.75
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force acting on this elemental area is
8F, = up(r)ré6 ér.

The torque 8M, exerted by 8F; about the axis of rotation is therefore
M = up(r)r’ 86 ér.

The friction forces acting on an elemental ring of radius r will therefore
transmit a torque

27

M, = up(r)r’ ér J ds,

0

which on integrating with respect to 8 gives
M, = up(r)2mr’ ér.

The total torque M transmitted by the friction forces acting on whole of
the contact surface can now be obtained by integrating 8M, from r, to r, so that

‘M= J ) wp(r)2mr® dr.

Substituting for p(r) using eqn (vii) and integrating gives

F +
M = uFo(r "2)’
2
or M = uFor,,, (viii)

where r,, is the mean radius of the contact area. This is the maximum frictional
torque that can be applied to the driven plate by the driving plate. If we assume
that the driven shaft runs at constant speed, the equations for static equilibrium
can be applied. For equilibrium of the driven shaft in Fig. 3.75

O M - Mmax = Os
ie. My = pFor, (ix)
Thus if the load torque exceeds this value, which is the torque which would

be exerted by the total friction force uF, acting at the mean radius r,, of the
contact area, slip will occur.

Belt and pulley

Let us consider a thin inextensible belt passing over a pulley of radius R and
subjected to tensions T, and T, as shown in Fig. 3.76(a). To maintain equili-
brium a moment M must be applied to the pulley as shown. For a given value
of T, let us find the values of T, and M at which slip will occur between the
belt and the pulley.
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Let the angle of contact between the belt and pulley be 8 and the coefficient
of friction between belt and pulley be u.

First we will consider the equilibrium of a general elemental length of the
belt situated at some position 6 from the datum line OP and subtending an
angle 84 at the centre of the pulley.

The free body diagram of this element is shown in Fig. 3.76(b). The tension
T in the belt will vary around the circumference of the pulley and it is assumed
that over the elemental length, R 86, the tension increases by an amount 87.
There is also a normal contact pressure between the belt and the pulley. If
this is represented as a force N per unit a length of belt, then the radial force
acting on the element is NR 86. N will vary around the pulley and is therefore
a function of 6. Friction between the belt and pulley causes a tangential friction
force on the pulley which opposes its tendency to slip. Since we are considering
the limiting condition when the pulley is just about to slip relative to the belt
this tangential force will have magnitude uNR 86 in a direction which opposes .
the incipient motion of the pulley.

For radial and tangential equilibrium of the element,

. 50 60
. NR 80——Tsin?—(T+8T) sin-2— =0. (1)
and
66 46
v (T+3T) cos?—Tcos—5-+uNR 50 =0. (i1)

Using the small angle approximations sin 86/2 = 66/2, cos 88/2 =1, and
taking the limit as 86 - 0, eqns (i) and (ii) reduce to

NR-T=0, (iii)
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Substituting eqn (iii) into eqn (iv) gives

dT
—— 4+ uT=0.
qg T H v)

This is a first order differential equation in T and the variables can be separated.
Integrating gives

a7

=—|pdo+C
T- [ uwao+c

where C is a constant of integration. Hence
InT=-ué+C,
or T =e " = De™# (vi)

where D is a constant.
D can be found from the condition thatat § = 0, T = T,,sothat D = T, and

T = Te "

T therefore decreases as 6 increases.
The tension T, at 8 = B i.e. at the point Q where contact between belt and
pulley ceases, is therefore

T, =T, e . (vii)

Equation (vii) relates the tensions T; and T, in the ‘tight’ and ‘slack’ sides
of the belt at the instant when slip is just about to occur between the belt and
the pulley.

If we now consider the free body diagram of the belt and pulley together,
shown in Fig. 3.76(a), we can find the torque M required to maintain the
equilibrium of the pulley.

Thus

M+(T,—T)R =0,
i.e. M = (Tl - Tz)R.

The maximum value of M occurs just before the onset of slip. Substitution
for T, from eqn (vii) gives

Moy = TIR(1—e #B), (viii)

Since e *# < 1, M., will be positive and therefore will be in the direction
shown in Fig. 3.76(a).
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Capstan

A capstan is a device used to produce large tensions in ropes. The most
common application is in mooring ships to docks. The capstan consists of a
rotating drum, usually with a vertical axis, which is driven at a slow speed. A
rope is looped around the drum as shown in Fig. 3.77. When T = 0, or is very
small, slip occurs between the rope and drum. If a small tension is now applied
by hand, so increasing T, the resulting value of T, will depend upon the
coefficient of friction between the rope and the drum and the angle of wrap
of the rope on the drum.

",

Fic. 3.77

Let us consider the effect of the number of turns of rope on the drum.
From eqn (vii)

. —p2mn
T,=Te s

where n is the number of turns of rope on the drum. If we assume that 4 = 0.2
then

T‘/ T2 = eOAmr

at the instant when slip is about to occur.

Table 3.1 shows the values of T,/ T, for different number of turns of rope
on the drum. It can be seen that very large tensions can be generated with
only a small pull T, on the rope.

An interesting illustration is that of the cowboy hitching his horse to the
rail outside a saloon bar as shown in Fig. 3.78. If he wraps the rope five times

Table 3.1 n T/ T,

1 3.5
2 12.4
3 43.8
4 154.0
5 544.0
6 1920.0
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Free length
of rope

FiG. 3.78

round the rail as shown in the figure and leaves a free length of rope hanging,
then T, is equal to the weight of the free length of rope. If, for example, the
length of rope weighs 5 N and p = 0.2, the horse will have to exert a force of
2720 N before the rope will slip.

Toothed gearing

We have already seen in Chapter 1, application 3, that a pair of toothed gears
behaves kinematically like a pair of cylinders in rolling contact. The torque
which can be transmitted by a pair of cylinders is limited by the coeflicient of
friction between the two surfaces and the allowable normal force which can
be applied to force the cylinders together.

The addition of suitably shaped teeth to the cylinders allows a much greater
torque to be transmitted between the cylinders. Before we can analyse the
forces transmitted between a pair of meshing gears, and to their supporting
bearings, we need to have some basic knowledge about the shape of the gear
teeth. There is a vast literature on gears, gear teeth and gear design. Here we
will consider only those properties which affect the force transmission between
two geometrically correct gears.

The simplest and most common form of gear is the spur gear which has
teeth cut parallel to the axis of rotation. An involute curve is used for the
working part of the tooth profile where the teeth of the two gears in mesh
make contact. A meshing pair of teeth is shown in Fig. 3.79. The gears G,
G, have centres O,, O, and pitch circle radii R,, R,. P is the point of contact
of the two pitch circles.

The involute profiles of the teeth are generated relative to two base circles
of radii r; and r, and the pair of teeth we are considering make contact at the
contact point C shown. Note that the actual tooth may undercut the base circle
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as shown in Fig. 3.79; both the pitch and base circles are geometric rather
than physical properties. The properties of the involute profile are such that
if we draw a common tangent, B B,, to the base circles of the gears it will
pass through the pitch point P. Also the point of contact, C, between the teeth
will always lie on the common tangent, and as the gears rotate C will move
along the common tangent in the direction B,B,. A further property of the
involute form is that the common tangent at the point of contact C is normal
to the tooth surfaces for all points C along B;B,.

Thus, even when more than one pair of teeth are in mesh, the points of
contact will all lie on the common tangent. The angle ¢ between the common
tangent B, B, and the common tangent to the pitch circles A A, is called the
pressure angle. For most applications ¢ = 20°. During the contact period, if
G, is driving G, as shown, the point C will move over the tooth flank from
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the tip of the tooth towards the root on gear G, and from root to tip on gear
G,. Relative sliding therefore occurs between the teeth during the contact
period. In our elementary analysis the effects of friction will be neglected since
gears are usually well lubricated. The contact conditions therefore represent
frictionless contact at a point and the direction of the forces on the bodies at
the contact will be along the common normal to the teeth flanks (see Section
3.9).

We can now calculate the forces acting on a simple pair of spur gears
mounted on shafts at O, and O, and having pitch circle radii R; and R, as
shown in Fig. 3.80. The gears are mounted in a gear box which is bolted to
the ground at A and B.

A . | B
IJ-H T 5 |
SIS YN

Ry Ry
L L
5
Fic. 3.80

Let the gears be in equilibrium under the action of external torques M,,
M, applied to the input and output shafts as shown. Remember that the
equilibrium condition applies when a system is not accelerating, i.e. it may be
at rest or moving with constant linear or angular velocity.

We can now separate the two gears and draw free body diagrams for each
as shown in Fig. 3.81.

The forces acting on each gear, in addition to the externally applied torques
M,, M,, are the forces at the support bearings and the tooth contact forces.
At the bearings O, and O, the forces are shown in component form as V;, H,
and V,, H,. _

All that is known about the tooth contact forces is that they have lines of
action along the common normal at the contact points, i.e. along the line of
the common tangent to the base circles which is at an angle ¢ to the common
tangent at the pitch point P. There are two possible common tangents to the
base circles. In Fig. 3.79 the force on gear 1 from gear 2 will act along CB,
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and the force on gear 2 from gear 1 will act along CB,, since only compressive
forces can be transmitted at the contact. If the contact were at C’ on the other
flank of the tooth on gear 2, the contact forces would again be compressive
but would act along the other common tangent to the base circles. For this
case G, would drive G,.

Whichever contact occurs, the force can be resolved into a radial component
and a tangential component along the tangent to the pitch circles.

Figure 3.82 shows the two possible cases with the contact force F resolved
into tangential and radial components F, and F,, where

F.=|F|tan ¢. (i)

FiG. 3.82
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No matter which direction is chosen for F;, the component F, must always
act towards the centre of the gear. The radial component therefore tries to
push the gears apart. If F; acted in the opposite sense it would try to pull the
gears towards each other—obviously this is not physically possible since
contacting surfaces cannot attract one another. The forces F, on each gear and
hence their components F, and F, must, by Newtons Third Law, be equal in
magnitude and opposite in direction. Let us assume that they act as shown in
Fig. 3.81.

We can now write our three equations of static equilibrium for each body.

For gear G,

- H,-F, =0,

+ Vi+F=0,

©) M.+ RF =0, (ii)
and for gear G,

g Fr+H2:07

1T V,—F =0,
@ M, + R,F,=0. (iii)
If the input torque M, is known, then from eqn (ii)
g M
R,

and is therefore in the opposite direction from that shown in Fig. 3.81.
Also

Jo M
1= Rl’
and H, = F,.
Equation (i) now gives the magnitude of F; as
F, = Ftan ¢,
Mt .
i.e. F.= —LM. (iv)
R,

The direction of F, is as shown in Fig. 3.82, since from the geometry of the
contact F, must always force the gears apart for both positive and negative

values of F,.
Thus

M
H, = —I-{ltan &, (v)

1

and is in the direction shown in the free body diagram of Fig. 3.81.
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From eqn (iii),

M,
H,=—-—F,=——tan 8
R,

and is therefore in the opposite sense from that shown in Fig. 3.81. Also

M,

V = F =—-—, vii
2 =F R, (vii)
again in the opposite direction from that shown,
M,R
and M,=-R,F, = 112 2, (viii)

1

Thus, for equilibrium, the torque M, applied at gear G, is equal to the torque
M, applied at gear G, multiplied by the gear ratio R,/R,, and is in the same
sense as M,.

Note that the forces on the gears at their centres O; and O, are equal in
magnitude, but opposite in direction. The forces on the frame, or gearbox, at
0O, and O, are shown in Fig. 3.83, and are equal and opposite to those on the
gears. It can be seen by inspecting Fig. 3.83 that the forces at O, and O, are
equivalent to a couple applied to the gearbox of magnitude M,(1 + R,/R,).

FiG. 3.83

By substituting for R,/ R, using eqn (viii), the couple becomes (M, + M,), i.e.
the sum of the input and output torques. For the gearbox to be in equilibrium
the bolts holding down the gearbox at points A and B must produce forces
F, and F, such that

M, M
-F-F-—+—=0.

Thus
F, = -F,. (ix)



134  Statics

By taking moments about A

A M, + M, - F,L=0. (x)
Thus
£ oMM,
L L E

and is in the direction shown in Fig. 3.84. F,, from eqn (ix) will be in the
opposite direction from that shown.

M,
R

Fic. 3.84

The intermediate steps in dbtaining the moment equation (x) above have
been omitted. If the reader does not see how this equation was derived at he
should work it out from first principles using the free body diagram of Fig. 3.83.

If the gears are mounted symmetrically on shafts, as shown in Fig. 3.84(a),
the forces at each of the support bearings will be half of that on the gear. This
is shown in the free body diagram of the shaft in Fig. 3.84(b).

3.6 Shear forces and bending moments in beams

The stresses which arise in simple machine structures, for example shafts and
pin jointed frameworks, are determined from the values of the internal forces
and moments within the structure. These internal forces and moments are
calculated from basic equilibrium requirements. An important example is the
calculation of stresses in beams. In this text we will only calculate the internal
forces and moments. The use of these in the determination of stresses is dealt
with in texts on stress analysis and strength of materials.

Let us consider the beam shown in Fig. 3.85. Its length is 4a and its weight
is assumed to be negligibly small compared with the loads applied. The beam
is loaded over half its length with a uniformly distributed load w/metre and
also carries a concentrated load W positioned as shown. Simple knife edges,
located at A and B, are used to support the beam. We shall determine how
the internal forces and moment vary along the length of the beam.
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The first step is to draw the free body diagram of the whole beam, Fig. 3.86,
so that the support forces R, and Ry at A and B may be determined. The
surface contact between the beam and the knife edge supports will produce
a contact force along the common normal at the contact point. If the deflection
of the beam is small the slope of the beam at the supports will also be small,
so that the contact forces can be assumed to be vertical. Friction at the supports
is also neglected. From section 3.6 the distributed load can be replaced by a
single equivalent load W, = 2wa. This equivalent force will act at the mid-point
of the distributed load. There are no forces in the horizontal direction, so for

W, w

P O O WS V. W _ N

FiG. 3.86

equilibrium we obtain,

T Ra+Ry— W, — W =0,

and @A) 3aRy—2aW =0. (i)
2
Thus Rp= 3 W,
w .
and R, = 3 + 2wa. (ii)

Now that all the external forces acting on the beam are known we can
determine the internal forces and moments using the results of Section 3.8.
To find the internal forces and moment at a particular section of the beam we
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have to imagine the beam cut at the section. We then draw a free body diagram
of the right or left-hand part of the divided beam. Because the load distribution
is discontinuous, due to the concentrated loads W, R, and Ry, it is convenient
to start from the left-hand end and consider sections which are located between
the points of application of these concentrated loads, so covering the full
length of the beam.

Let us first consider a section between the left-hand end and support A.
The free body diagram of this section is shown in Fig. 3.87(a), where F and
M are the internal force and moment at the section distant x from the end of
the beam. There will be no net horizontal force at the section, but an internal
moment is necessary for equilibrium. Fig. 3.87(a) is valid for 0 < x < a. The
distributed load on this section can now be replaced by an equivalent load
W, = wx a distance x/2 from the end of the beam. For equilibrium

F—-—wx=90,
X
@ &;tp)m
We
X
o ¢ =
W .
X
We

FiG. 3.87
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and taking moments about the right-hand end of our section of beam,
2
5 M+2Z-=o
2
Thus for 0 < x < a,
2
—wx
iii
; (i)

When a < x < 2a the free body diagram of the section of beam is as shown
in Fig. 3.87(b). For equilibrium

1 F+Ryo—wx =0,

2

and OM+£2{-—RA(x—a)=0.

F=wx and M=

Thus for a < x < 2a,
F = w(x —2a)— W/3,

and
w : ;
M=?(x—a)—w(x?—2ax+2a2). (iv)

Fig. 3.87(c) shows the free body diagram of the section of beam when
2a < x <3a.
In the case, for equilibrium,

1t R4+ F—-2wa=0,
and O M+2wa(x—a)—Ru(x—a)=0.

w W
Thus F = —E—,andM =?(x—a). (v)

Over the final section of the beam, 3a < x < 4aq, the free body diagram of Fig.
3.87(d) applies
Now we have

" Ryt F—W—=2wa=0,
and O M+ 2wa(x—a)+ W{x —3a)— R.(x —a) =0.
Upon substitution for R, we obtain
F=2W,and M =% W(4a - x). (vi)

Equations (iii), (iv), (v) and (vi) give a complete analysis of the internal shear
forces and bending moments in the beam.

The variation of F and M along the beam can be plotted as shown in Fig.
3.88. These graphs are referred to as shear force and bending moment diagrams
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and enable the positions at which the maximum values of F and M occur to
be located. With practice shear force and bending moment diagrams can be
drawn fairly quickly without writing down all of the equations given here, but
when the reader is in doubt about the shear force or bending moment at a
particular section he should draw the free body diagram of the appropriate
section of the beam. The equations of equilibrium will then give both the shear
force and bending moment at the section.

Exercises
NOTE Free body diagrams are essential when solving these problems

1 A disc of radius r and weight W is supported by a light rod AB of length
! with pin joints at A and B which may be assumed frictionless. The disc
rests against a vertical wall as shown in Fig. 3.89. If the disc’s position is
such that its centre C lies vertically below A, find the force at pin A.

What would be the equilibrium position of the disc if friction at the
wall were negligible?

2 Determine the force on the ground at pin joint A and on the wall at B
for the structure of Fig. 3.90. Neglect friction and the mass of the structure.

3 A rod ABD is connected to a vertical wall by a pin joint at A and a wire
CB as shown in Fig. 3.91. The weight of the rod may be neglected in
comparison to the vertical load W applied at D. Find the tension in the
wire and the force at pin A.
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A pin jointed structure is shown in Fig. 3.92 in which AC = BF = BC =
CD = 1m. It is pinned to a vertical wall at A and rests against the wall
at D, and supports a load W at F as shown. Neglecting the masses of
the links and friction find the force in link AC, and the force on the wall
at D.

A pulley system used in lifting ships out of the water is shown in Fig.
3.93. The upper fixed pulley block has three pulleys and the lower moving
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block has four pulleys. A tension T is applied to the free end of the rope
as shown. The rope passes first around the end lower pulley, then passes
over the other pulleys as shown. The other end of the rope is clamped at
C. Neglecting friction and the small angles made with the vertical by the
ropes, what is the load W which can be lifted by a tension T in the rope?

6 A light bar AB rests upon a cylinder as shown in Fig. 3.94 and supports
a vertical load P at A. What is the direction of the force on the rod at C
when the system is in equilibrium?

Can the system be in equilibrium if there is no friction at C and D?
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Find the forces on the wall at A and C for the pin jointed structure shown
in Fig. 3.95. Neglect the weight of the structure.

A uniform circular roller of weight W is held in equilibrium in contact
at P with a rough inclined plane by a vertical cable as shown. Show that
the frictional component of the force acting on the roller at P must act
up the plane, and derive an expression for the smallest coefficient of
friction that makes equilibrium possible.

A simple screw clamp is shown in Fig. 3.97. If the required clamping
force is 200 N what are the forces in the screws A and B.

{_ B60mm 80mm

M

1
pat -

Fig. 3.96 FiG. 3.97

Fig. 3.98 shows a device used to limit the tension in a cable. It consists
of a pair of jaws pivoted at B which are maintained in position by pin
A. If the tension T in the cable rises above a value determined by the
shear strength of pin A, the pin shears allowing the jaws to rotate, so
releasing the left-hand cable. Find the maximum allowable tension in the
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cable if the pin A will resist up to 12 kN shear force. Assume that the
cable attachment at the right-hand end does not affect the rotation of the

- jaws. Neglect friction.

Fig. 3.99 shows a heavy roller being lifted up a step of height h. Determine
the angle 9 at which the force F must be applied for its magnitude to be
a minimum. Assume that the roller does not slip on the step.

F

2R

‘TWWW;\ |

/////1’// S

AN

FiG. 3.99

A door closing mechanism is shown in plan view in Fig. 3.100. The door
is maintained in contact with the wall at E by a torsion bar at pin joint
B. If the contact force between the closed door and the wall at E is
required to be 50 N what torque must be provided by the torsion bar?
The angle BCD is 15°.

A simple press mechanism is shown in Fig. 3.101. Determine the forces
at pins A and B and the force on the surface S when a force of 400 N is
applied in a direction perpendicular to the press handle as shown.

Determine the forces in the bars of the truss loaded as shown in Fig. 3.102
where a=2m, F;=2500 N, and F,= 5000 N.
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Fig. 3.103 shows a pair of bolt cutters. Forces F; of 200 N applied
symmetrically to the handles as shown are required to cut a small bolt
held at E between the blades.

Find the magnitude of the forces exerted by each blade on the bolt at
E, and the magnitudes and directions of the forces exerted by the top jaw
1 on the pivots at B and C. Assume joints in Fig. 3.103 are frictionless.
Try using a graphical method initially.

1. 745X

250 !

All dimensions in mm
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Fig. 3.104 shows (to scale) the mechanism of a hand-operated rivetting
press. Arm ABC is pivoted freely at A to the machine frame, and is
operated by the toggle action of link DE and cranked lever BEG as shown,
to exert a vertical force F, on the rivet head at C. For the position shown,
find the force F, generated by a hand pull of F; = 200 N applied as shown.
What is the force in link DE?

A simple lever brake mechanism is shown in Fig. 3.105. Find the force P
on the lever which is necessary to just prevent rotation of the wheel when
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a torque M is applied in the direction shown. What is then the force at
the pin joint A. The coefficient of friction between the block and the wheel

is u.

Fig. 3.106 shows a simple planetary gear box. Determine the ratio M,/ M,
between the output and input torques in terms of r, and r,.
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A concial thrust bearing is shown in Fig. 3.107. It supports a vertical load
P and the coefficient of friction between the rubbing surfaces is u. Obtain

o
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an expression for the moment M required to rotate the shaft against the
friction torque generated on the bearing. [ Assume that the product of the
normal pressure p at any point and the radial distance r of the point from
the axis of rotation is constant, i.e. rp(r) = constant. This is equivalent to
assuming constant wear rate in the bearing.]

A differential band brake is shown in Fig. 3.108. The flexible brake band
passes over the rotating wheel and is connected to a pivoted lever as
shown. If the coefficient of friction between the band and the wheel is p
determine the force P on the lever which is required to just prevent
rotation of the wheel when a clockwise torque M, is applied to it. Discuss
what happens if a,/a, = e *~.

2r

Fi1G. 3.108

Find the coordinates of the centre of mass of the flat uniform sheet shown
in Fig. 3.109.

A uniform wire is bent into a circular arc of radius r which subtends an
angle of 135° at the centre O of the circle. Find the distance of its centre
of mass from O.

A uniform solid body has the shape of a thin wedge with a semicircular
front elevation of radius R as shown in Fig. 3.110. Its thickness ¢ varies
such that t = x/10, where x is the half-width at height y above the base.
Find the coordinates of its centre of mass.

A truck bed with centre of mass G and weighing 10 kN is raised slowly
by a hydraulic actuator, as shown in Fig. 3.111. Determine the actuator
force for the position shown and the force at the rear pivot.
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Fig. 3.112 shows the design of a wind power turbine. The turbine is
mounted at the top of a pivoted column OB which can be rotated about
O by a hydraulic ram AC to allow maintenance of the turbine at ground
level. At maximum design wind speed v,,,,, measurements show that the
wind load on the turbine assembly is F, = 2 kN as shown, and that the
wind load on the column varies linearly from zero at D to w,,,, at B. The
weight of the turbine is 1.5 kN and its centre of mass is at B. Neglect the
mass of the structure.

Find the force exerted by the hydraulic ram and the magnitude and

direction of the force on the structure at O.

Winax = 400 N/m

Y max

10m

FiG. 3.112

Fig. 3.113 shows a crawler tractor at rest on horizontal ground. The
length of ground contact on each side is 2 m as shown, and each track is
0.4 m wide. The ground contact pressure varies approximately linearly as
shown from P,;, at the rear to P,,, at the front.

(a) If the tractor weighs 48 kN with centre of mass G as shown, find
P.i. and P,,,.

(b) Maximum tractive effort is obtained when the pressure under the
tracks is uniformly distributed, in which case the maximum pull that
the tractor can achieve is 0.8 W. What must be the height h of the
drawbar at A to achieve this if the drawbar pull is horizontal?
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A beam carries loads of 200 N at its ends and four loads of 60 N at
distances 2, 2.5, 3.5 and 5m from one end. The beam is 8 m long and
rests on two supports that are 1 m from the ends of the beam. Sketch the
variation in the internal shear force and bending moment along the beam
and find their maximum values.

A cantilever beam of length 2a carries two loads W, one at its mid-point
and the other at its free end. Find the maximum internal shear force in
the beam and the bending moment at its mid-point.

A horizontal beam AB, 9 m long is simply supported at A and C where
C is 6 m from A. A load of 35kN is positioned at B and one of 50 kN
mid-way between A and C. There is also a uniformly distributed load of
5000 N/m between A and C. Sketch diagrams showing the variation in
internal shear force and bending moment along the beam. What is the
maximum value of the shear force and at what point is the bending
moment zero?

A beam of length L carries a uniformly distributed load over its total
length and rests on two symmetrically disposed simple supports. How far
from the ends must the supports be placed if the greatest bending moment
is to be as small as possible?

A simply supported beam of span L carries a distributed load which
increases uniformly from zero at the left hand support to a maximum of
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w/unit length at the right hand support. Find the maximum bending
moment in the beam and the distance from the left hand end of the beam
of the section at which it occurs.

300N

1.5m

Ale ; T J8

ST

FiG. 3.114

32 The angled bracket shown in Fig. 3.114 is welded to the beam AB at C
and supports a load of 300 N. What is the value of the shear force in the
beam at sections D and E, and what is the internal bending moment at E?
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Dynamics

Basic Theory

4.1 Dynamics of particles and rigid bodies

Newton’s Laws refer only to particles. We will therefore consider first the
motion of a particle and later develop methods for dealing with the motion
of rigid bodies. The approach is similar to that used in our study of kinematics
where we started with the motion of a point, and then proceeded to consider
rigid body motion.

4.2 Dynamics of a particle

The motion of a particle under the action of applied forces obeys Newton’s
Second Law. Hence, if we know the magnitudes and directions of the forces
acting on a particle, its acceleration can be found. Conversely, if we know the
acceleration of a particle from kinematic considerations, it is possible to find
the total force acting on the particle.

For a particle moving in a plane the general equation,

F = ma
may be expressed in components which are at right angles, e.g.

F, = ma, = mX,
and F, = ma, = my, (4.1)
where F,, F, and X, j are the components of F and a along the directions

OX, OY of a Cartesian frame of reference.

Example 4.1 Consider a particle P of mass m moving on a smooth horizontal
table. Let the particle be restrained by a string which has one end fixed, so
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that the particle moves in a circular path of radius r, as shown in Fig. 4.1. If
v, the magnitude of the velocity of the particle, is maintained constant, let us
obtain an expression for the force in the string.

In this case we can obtain the acceleration of the particle from kinematic
considerations. A point moving in a circular path has an acceleration (see
p. 16)

a=a.+a

where a,=—6* and a,= ér. (1)

In this case the magnitude of the velocity of the particle is constant so that
¢ = 0. The acceleration of the particle is therefore towards the centre of the
path and its magnitude

a=6*=1vr

We now draw the free body diagram of the particle showing only the forces
acting on the particle. Let us assume that there is a tension T in the string in
the direction shown in Fig. 4.2. In this simple example we know that the string
will be in tension. In most cases we do not know the direction of the forces.
This need not worry us, because if the actual force is in the opposite sense
from that chosen in the free body diagram, its value at the end of the calculation
will be negative.

{ P

; L

Fic. 4.1 Fic. 4.2

There are no other forces acting on the particle in the plane of the motion.
(The particle will be in static equilibrium in the vertical direction with the
force on the particle from the table being equal and opposite to the weight of
the particle.)

Applying Newton’s Second Law to the particle along the line of the string,
we obtain from eqn (2.2)

o T = mé’r = mv*/r. (ii)

Note that the radially inward direction has been taken as positive so that both
the force and the acceleration are positive.
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It is important to realise that the only force acting on the particle in the plane
of motion is the inward force T, since only the string can apply a force to the
particle in this plane.

The point on the table to which the end of the string is fixed will experience
an outward force as shown by the three free body diagrams of Fig. 4.3. As we
have applied Newton’s law to the particle, only the forces acting on the particle
are taken into account in eqn (ii).

s

~
T
.
FiG. 4.3

D’Alembert’s principle

The use of D’Alembert’s principle allows a dynamic problem to be treated as
a problem in statics. In this book we will not normally use D’Alembert’s
approach to dynamic problems as it does not usually offer any great advantages
over the direct application of Newton’s Laws. Most readers will have had
some limited experience of the use of D’ Alembert’s principle, but unfortunately
seldom have a clear understanding of its application. The resulting confusion
is one of the major sources of error in solving simple problems. Even though
the method will not be used in this book the reader is recommended to study
the following section carefully so that he can distinguish clearly between the
direct application of Newton’s Laws and the use of D’Alembert’s principle.
Newton’s Second Law, eqn (2.2), may be rewritten as

F —~ma=0. (4.2)

If we now consider the term (—ma) as an imaginary force (or inertia force)
of magnitude ma, which acts in a sense opposite from that of the acceleration
of the particle, then the particle may be considered to be in static equilibrium
under the action of the applied force F and the imaginary inertia force, (—ma).
The sum of these forces will then be zero. This representation of Newton’s
Second Law is referred to as D’Alembert’s principle and its effect is to convert
the real problem in dynamics into an equivalent problem in statics.

Let us now reconsider example 4.1 using D’Alembert’s principle. We again
draw the free body diagram of the particle, but this time we have to include
the imaginary inertia force {(—ma) which, since the accelerationof the particle
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is radially inwards, will be radially outwards as shown in Fig. 4.4. We now
apply the equation of static equilibrium, i.e. Y F = 0, to the particle in our free
body diagram.

Hence T — mv*/r=0,
or T = mv*/r as before.

It is very important to decide at the outset of the solution which method is
to be used. A common mistake is to include the inertia forces as real applied
forces, and then to apply Newton’s Laws, i.e. to use a mixture of the two
methods. This will obviously give an incorrect result.

Example 4.2 A smooth cone, of half angle 30°, rotates about its vertical axis
with a constant angular velocity w. A small mass, m, which may be considered
as a particle, lies on the surface of the cone and is held by a string fixed to
the apex as shown in Fig. 4.5. The length of the string is 2 m, and the mass
of the particle is 2 kg. We will assume that the cone and particle rotate together.
Let us find the tension in the string and the force between the particle and
the surface of the cone.

ma

7
FiG. 4.4 Fi1G. 4.5

The particle is moving in a circular path of radius r and the angular velocity
of the line from the particle to the axis of rotation of the cone is constant.
Hence, from kinematic considerations, the acceleration of the particle is w’r
towards the centre of rotation. We will, in this case, obtain the solution by
both direct application of Newton’s Law and by using D’Alembert’s principle.
In both cases we first draw the free body diagram.

Let T be the tension in the string and R be the contact force acting on the
particle. The forces acting on the particle will be its weight mg, the tension in
the string, and the contact force R which, since the cone is smooth, will be
perpendicular to the surface of the cone.
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Newton’s Law

T

mg

FiG. 4.6

The free body diagram Fig. 4.6(a)
shows applied forces only.

Now apply Newton’s Second Law
to the particle in the horizontal and
vertical directions.

Thus F = ma,
or, in component form,

- T sin 30 — R cos 30 = mw’r,
(i)a
T Tcos30+ Rcos60— mg =0.
(ii)a

D’ Alembert’s Principle

T

mg

The free body diagram Fig. 4.6(b)
shows the applied forces and the
imaginary inertia force (—~ma).

Now consider the static equilibrium
of the particle in the horizontal and
vertical directions.

Thus Y F =0,
or, in component form,

- T'sin 30 — R cos 30 — me’r = 0,
()b

1 Tcos30+ Rcos60— mg =0.
(ii)b

Equations (i) and (iia) are, of course, the same as eqns (i) and (iib). Solving
the two simultaneous equations and substituting the numerical values gives

3
R =493 —i‘;wz,

and T = 4.93/3 + 0’

(iii)

where the units of R and T are Newtons. Let us now consider how R and T
vary with angular velocity. Both T and R have positive values when w = 0.

Force T

)

FiG. 4.7
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As w increases, T increases continuously as shown in Fig. 4.7. R decreases
with angular velocity until, when 4.93 = V3w"/4, R becomes zero. Beyond this
speed R goes negative. However, if the particle is lying on the surface and
there is no adhesive force between the particle and the surface, R cannot
become negative. At speeds where R is predicted to be negative the particle
would, in a real case, lift off the surface so that R would always be zero.

This means that, for angular velocities, above the limiting value where R
becomes zero, our mathematical model of the system is incorrect. Hence our
eqns (iii) are only applicable when contact is maintained between the cone
and the particle. Care must always be exercised when setting up mathematical
models of systems to ensure that the models are valid for the range of variables
under consideration. It may be necessary to have two, or more different models
of a system to cover the whole range of interest.

As an exercise, the reader should set up the equations to determine T after
contact has been lost. Note that in the above solution, r can be obtained from
the geometry of the cone and R and T are the variables obtained from the
equations of motion. After contact has been lost there is no normal force and
r cannot be obtained from the geometry. The variables in the two equations
will now be T and r, and are given by

T = mlo?,

2 1/2
and r=1<1— g ) .

w'l?

4.3 Application of Newton’s Laws to rigid bodies

Newton’s Laws as stated in Chapter 2 refer only to particles. In engineering
we are concerned with the motion of bodies such as shafts, pistons, rotors and
other machine components which effectively consist of particles held together
by internal cohesive forces. It is therefore necessary to extend the application
of Newton’s Laws to such bodies.

All bodies are elastic to some extent and change their shape under load. In
an engineering analysis we can normally consider the gross motion of a body
separately from the effects of elastic deformation. Elastic motion usually
appears as vibration superimposed upon the gross motion. Vibration is a very
important topic in engineering but, apart from some simple examples, is beyond
the scope of this text.

Let us consider a rigid body with external forces F,, F, - - - F,- - - F,, applied
to it as shown in Fig. 4.8(a). The body itself will consist of a number of
elemental particles P,,P,-- - P,--- P, of mass m;, m, - - - m;- - - m,, as shown
in Fig. 4.8(b), and the total mass m of the body will be equal to the sum of
the masses of the individual particles so that

m=Yy m,. (4.3)
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The resultant external force F on the body will be the vector sum of the
individual applied forces, i.e.

F=YF. (4.4)

Internal stresses in the body will cause internal forces to act on the particles.
Consider a typical particle P; as shown in Fig. 4.9 in contact with a number
of other particles. Thus particle P; will exert a force Fj; on the particle P;, and
from Newton’s Third Law the particle P; will exert an equal and opposite force
F}; on particle P;. Thus Fj; = ~F.

The other particles in contact with P; will also exert forces on it. If we add
together all the individual internal forces acting within the whole body we see
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that, since F}; = —F}, they will cancel out in pairs, so that the sum of the
internal forces over the whole of the body is zero.

The total internal force acting on an individual particle need not, however,
be zero. Let the total internal force on our particle P; be F}. Now if we add
together the internal forces F; for all particles in the body we again have the

total internal force acting on the whole body so that
YF;=0. (4.5)

For the typical particle P; of mass m;, with total external force F; and total
internal force F', as shown in Fig. 4.8(c), the total force acting on the particle
will be F, + F.

Applying Newton’s Second Law to the particle gives,

E + F: = ma;. (4'6)

The directions of a; and (F; + F}) will be the same.
To obtain the equations of motion for the whole body we sum eqn (4.6) for
all the particles in the body, i.e.

LF+YFi =) ma,.

Since each particle is part of a rigid body the accelerations a; are not
independent. The requirement that the distance between any two particles is
constant imposes a kinematic constraint on each a; which must be taken into
account when evaluating the sum Y ma;.

We will follow a similar pattern to that used in the study of the kinematics
of rigid bodies by starting with the case of pure translation and then going on
to consider pure rotation and general plane motion. For each case we have
to consider the appropriate kinematic constraint to which the particles are
subjected.

Pure translation

The kinematic constraint in this case is that all the particles in the body will
have the same acceleration, i.e.

a =a 4.7)

Taking eqn (4.6), and summing the forces over the whole of the body, we
obtain

YF+Y Fi =Y ma, (4.8)

Using eqn (4.7), a; can be extracted from the summation, and the substitution
of eqns (4.3), (4.4) and (4.5), allows eqn (4.8) to be written in terms of the
total mass m of the body, and the total external force F as

F = ma, (4.9)

i.e. the total external force is equal to the total mass of the body multiplied
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by its acceleration. In components along OX, OY, eqn (4.9) may be expressed
as

F. = mx
and F, = my. (4.10)

When the body moves in pure translation no rotation is permitted and the
resultant F of the external forces must act through a particular point in the body.

Let us consider the forces F; + F; acting on the particle P; in the body, and
take the moments about some point Q of these forces. If the coordinates of
P; and Q; are x;, y; and xq, yo respectively, as shown in Fig. 4.10, then, taking
anticlockwise moments to be positive,

MQi = (F,, + F;'i)(xi - xQ) = (Fu+ F)(yi — )’Q)- (4.11)
Y Fyi + Fyi
Fyi + Fxi
Pi(xpyi
g(xo,yo)
0 X
Fic. 4.10

By summing the moments of the forces on every particle in the body we obtain
Mg = ) Mgy, = > (Fyi + F'yi)(xi - xQ) —2(Fu+ Fi)(yi — .VQ)- (4.12)

Since all particles in the body have the same acceleration eqn (4.6) can be
expressed in components as

F,+ Fiy=mX
and F, + F; = my. (4.13)
Equation (4.12) can now be rewritten as

Mg =53 m(x; — xq) = X ¥ mi(y; — yq)

= J(¥ mx; — mxg) — X(T. my; — myg). (4.14)

If x5 and yg define the position of the centre of mass of the body,

Y mx; = mx; and Y my, = myg.
Substituting these expressions into eqn (4.14) gives

Mg = my(xg — xg) — mx(yg — yo). (4.15)



4.3 Application of Newton’s Laws to rigid bodies 161

Using eqn (4.10), eqn (4.15) can be rewritten in terms of the total external
force as

Mg = F(xg — Xq) — Fu(ys — ¥o)- (4.16)

The right-hand side of eqn (4.16) is the moment about Q of the resultant
external force applied to the body.

Let us now return to the right-hand side of eqn (4.12). The terms which
represent the sum of the moments about Q of the internal forces will be zero,
ie.

> F_,vi(xi - xQ) =Y Fuly _)’Q) =0,

since the moments of the internal forces cancel in pairs when summed.
Equation (4.12) therefore reduces to

Mg = b Fyi(xi - XQ) -2 Fyi(yi - J’Q)~ (4.17)

The right-hand side of eqn (4.17) is the sum of the moments about Q of the
external forces acting on the body. If the resultant F of these external forces
has a line of action which passes through some point in the body which has
coordinates xp and yp, the moment Mg may be expressed as

Mg = F,(xp — Xq) — Fi(yp — yo), (4.18)

where F,, F, are the components of F along OX and OY.

We now have two expressions, eqns (4.16) and (4.18), for M. Both can be
satisfied only if xp = x5 and yp = yg, i.e. only if the line of action of the
resultant of the external forces passes through G.

Thus the resultant force on a body moving with pure translation must act
through the centre of mass of the body, and hence the moment of the applied
forces about the centre of mass must be zero.

The equations of motion for a rigid body in pure translation are therefore

F = ma
and Mg =0. (4.19)

Example4.3 Letus considerthe case of abody being moved along a horizontal
straight track by the application of a horizontal force. Fig. 4.11 shows a

s

Ve =\ track
P77V 7SS 777777 7X7
a a

Fic. 4.11
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mathematical model of such a body of mass m, in which the position of the
centre of mass and the height of the point of application of the applied force
F are defined. If we assume that the edges of the body always remain in
contact with the track, the body will move in pure translation in the plane of
the track.

The first step is to draw the free body diagram of the block, Fig. 4.12, in
which it has been assumed that friction between the body and the track is
negligible and that the forces R, and R, on the feet of the body are point
forces at the extreme edges of the body. Since the surface is horizontal these
contact forces will act in the vertical direction. R, and R, to represent the total
forces at these edges. If, for example, the body is rectangular in plan and has
four feet, R, will be the sum of two forces, as will R,.

F

~t——g

R mg R2
FiG. 4.12

Applying eqns (4.10) for a rigid body in pure translation, and taking the
positive directions as indicated by the arrows, we obtain

T R+ R,—-mg=0, (1
and -> F = mx. (ii)

Also, since the moment of the applied forces about the centre of mass must
be zero,

O aR,—aR,— F(h-b)=0. (iii)
From eqn (ii),

X=F/m,
so that the body will continue to accelerate as long as F is applied. If F were
removed so that F = 0, the body would have zero acceleration and would

continue to move with constant velocity. By solving eqns (i) and (iii) we obtain
the contact forces,

_mg_F(h—b) .
Ri=3 2a (iv)
and  R,="E+ Fh=b) )

2a
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From eqns (iv) and (v) it can be seen that if F acts through the centre of
mass of the body, i.e. if h = b, then R, = R, = mg/2. These forces are then
independent of the magnitude of F. Also, from eqn (v), we can see that R,
becomes negative if

F(h—b)>m
a

g.

Thus if (h —b) > mga/F > 0, the rear edge of the body will lift and the
assumed mathematical model will be longer be valid since, physically, R,
cannot be negative.

Similarly, from eqn (v), R, will become negative if

F(h—b) - ﬂg,
a 2
i.e. when (b — h) > mga/ F. In this case the line of action of F must be below
G. The mathematical model is again invalid when R, <0, as shown in Fig.
4.13. The effect of friction at the contact area will, of course, influence the
result. The reader should investigate this effect by drawing a revised free body
diagram with frictional forces uR; and uR, in directions which oppose F.

Ry, Ry
Ry . g
2

Model
invalid

NN

Modei

invalid/
7

¥
|
S

|
K
2
[
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Pure rotation (rotation about a fixed point)

Let us consider the body in Fig. 4.14, which has total mass m and is rotating
about some fixed point O, and let us choose O to be at the origin of a set of
fixed axes OXY. Again let us consider some particle P, in the body with
external and internal forces F, and F; applied as before. Rewriting our equation
of motion for a typical particle, eqn (4.6), in terms of components along OX,
OY, we obtain

F,+ Fy=mx,
and  F,;+ F,; = my, (4.20)
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Y
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When summed for all the particles in the body,
2 Fa =2 mx,
and L Fi=) my, (4.21)
since the internal forces cancel in pairs.
Since the position of the centre of mass of a rigid body is given by
mxg =y mx; and myg=) my;,
where m = ) m; is the total mass of the body, the right-hand sides of eqn
(4.21) can be rewritten
Y mX;, = mXg and Y my;, = myg.
Substituting these expressions into eqn (4.21), and letting ) F,; = F, and
2 F,; = F,, we obtain
F, = mxg
and

y

Combining the two eqns (4.22) gives
F = mag. (4.23)

Thus the resultant force on the body is equal to the mass of the body multiplied
by the acceleration of its centre of mass, and is in the same direction as this
acceleration. The force F must include the force applied to the body by the
pivot at the point O. _

Let us now consider the moments, about the fixed point O, of the forces
acting on the particle P,. If My, is the moment about O of the forces on P,,
then by taking the anti-clockwise direction as positive, we obtain

M, = (F): + F;i)xi = (Fu+ F)y:. (4.24) .
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Summing the values of Mo, for each particle in the body, and noting that the
moments of the internal forces about O will cancel in pairs, we obtain

Mo=Y My, =% (Fvixi = Fayi),

so that M,, is the sum of the moments about O of the external forces acting

on the body.
If we now return to eqn (4.24) and substitute for (F,; + F;) and (F,; + F};)

from eqn (4.20),
Mo =¥ (myx; — mXy,). (4.25)

In this case the kinematic constraints of pure rotation apply. All the particles
have different accelerations because the body is rotating about a fixed point.
However these accelerations can all be expressed in terms of the angular
velocity and angular acceleration of the body.

Y]

FiG. 4.15

Expressing the cartesian coordinates of P; in terms of the polar coordinates
(r;, 6;), we obtain, from Fig. 4.15

X; = ricos 8;,
and
yi = r;sin 6;. (4.26)

Differentiating eqns (4.26) twice with respect to time and noting that, for
each particle, r; is constant, we obtain

i:,' = —r,~0,? COS 0,' - r,ﬂ,- sin 0,’,

—r6%sin 6, + r,, cos 6,. (4.27)

andi Vi
Substituting eqns (4.26) and (4.27) into eqn (4.25) gives
Mo =Y. m{(—r.6%sin 6, + r6, cos 6;)r; cos 6;
+ (r6% cos 6, + r.0, sin 6,)r, sin 6,}

=Y mlrlzel
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Now 6; is the angular acceleration of the line joining the particle P; to the
fixed point O. Since the body is rigid, the angular acceleration of all lines in
the body must be the same, so that §, = 6 and can be taken outside the
summation giving

My =65 mr. (4.28)

The quantity ¥ mr; is called the moment of inertia of the body about an
axis which passes through O and is perpendicular to the plane of the motion.
Letting Y m;r! = I, eqn (4.28) may be rewritten in its usual form,

M, = 1,0. (4.29)

Thus, for a body rotating about a fixed point, the moment of the applied
forces about that point is equal to the moment of inertia of the body about
an axis through the fixed point and perpendicular to the plane of motion,
multiplied by the angular acceleration of the body.

The units of M, will be Nm, from its definition I, will have units of kg m?,
and the units of 6 are rad s 2. Substitution of these units into eqn (4.29) shows
that it is dimensionally correct (remember that a Newton is a derived unit and
can be expressed in terms of the three basic units).

Moments of inertia will be considered in more detail later. The equations
of motion for a rigid body rotating about a fixed point are therefore

F = mag
and M, = I,0. (4.30)

Note that the centre of mass G moves on a circular path so that a5 can be
expressed in terms of 6 and 6.

Example 4.4 Consider the uniform link of mass m and length 2/, shown in
Fig. 4.16, which can rotate about a fixed horizontal axis through O. Let us
release the link from rest in the vertical position, i.e. with 6 = 0, and obtain
expressions for the velocity and acceleration of point P at the end of the link,
and the forces at the pivot, when 8 = 90°.

FiG. 4.16 FiG. 4.17
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We first draw a free body diagram of the link in some general position, as
in Fig. 4.17, showing all forces acting on the link. The only forces acting on
the link are its weight mg and the force at the pivot which we will represent
by its components R, and R,. We can now apply eqns (4.22) and (4.29) for
a body rotating about a fixed point. If the link has a moment of inertia Iop
about O,

- R, = mxg, (i)

1 R, —mg = myg, (ii)
and  Omglsin 6 = I6. (iii)
From eqn (iii)

f= ﬁlog—lsin 0. (iv)

To obtain the angular velocity of the link we write in eqn (iv) 6 = dé/dt,
so that

dé 1
s 7—5 sin 6. (v)

Equation (v) cannot be integrated directly since sin 6 is not an explicit
function of time. We therefore have to change the variable from ¢ to 8 by writing

df déde . dé

= 0—.
dr déds de

Substituting this change of variable into eqn (v), and integrating gives

. 1
J 0d6=£Jsin0d0+A,
Ip
32
1
so that — = —ﬂcos 0+ A (vi)
2 I,

Equations (iv) and (vi) are valid for all values of 6. In our particular case the
constant of integration A is obtained by using the condition that at 6 =0,
6 = 0. (Under these conditions, if exact, the link would remain standing upright
in an unstable equilibrium. We are effectively assuming an infinitesimally small
positive value of 6.)

Substituting these initial values into eqn (vi) gives

. 2mgl
sothat 6° = —ng— (1 - cos 8). (vii)
o :
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At 6 = 90°,
67 = 2mgl
Io ?
and from eqn (iv),
5 =8l
Io

We can now consider the motion of the point P. Knowing 6 and 6 this is
purely a kinematic problem (see kinematics of a rigid body rotating about a
fixed point (p. 24).

From eqn (1.28)

a,=a.+ta,
and  a, =2I6° a, = 216,

as shown in Fig. 4.18.

AN ar
e

/é, é 7%
FiG. 4.18

Thus the magnitude of a, is given by
a, =26+ 87 = 2/5ml’g/ I,

The forces R, and R, can now be ‘fO_l'll'ld from eqns (i) and (ii), noting that
X, Yo are kinematically related to 6, 6.
At 6 = 90°,

iG - _10'2,
and  jg = —16.

Hence, from eqns (i) and (ii)

2m’P?
R - 2mlg
I
12
and R, =mg (1 -m—).
B IO

The negative sign of R, shows that, at 6 = 90°, the direction of the force is
opposite to that shown in the free body diagram. The direction of R, depends
upon the value of ml*/I,.

It is important to note how the solution of the dynamic equations depends
upon the application of the kinematic relationships for the system. In solving
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dynamic problems it is first necessary to write the dynamic equations using
the free body diagrams of the bodies in the system, and then to utilise any
kinematic relationships obtained from the geometry of the system.

Example 4.5 Let us again consider the body in Fig. 4.16 but now we will
introduce a fixed stop, as shown in Fig. 4.19, to bring the body to rest when
it has reached the horizontal position with 8 = 90°. The effects of the position
of the stop on the bearing forces at O will now be investigated.

When the link strikes the stop there will be an impact causing an unknown
contact force F between the stop and the link. The magnitude of F will increase
from zero at the start of the impact to a maximum value and will then decrease
to zero as contact is lost. The free body diagram for the link during the period
of contact with the stop will therefore be as shown in Fig. 4.20. We can now
write the equations of motion for the link as

- R, = mXg, (i)
T R, + F—mg =myg, (ii)
and ) mgl — Fh = I,0. (i)

s g — ”_@_; : )-
7/@7 R, i r/:

mg

FiG. 4.19 Fic. 4.20

If we assume that the contact is very stiff so that 6 remains at 90° during
the impact, these equations will apply throughout the contact period. With
this assumption, and the with directions of 6 and 6 as shown, %g = —16? and
Jo = —16 at 6 = 90°.

Using these expressions in eqns (i), (ii) and (iii) gives

R, = —mié?, (iv)

I? Ih
and Ry=mg<l—m—) +F<m——1). (v)
IO IO

The value of R, will therefore decrease from the previous value in Example
4.4 to zero as the angular velocity reduces to zero. R, is influenced directly
by the magnitude of F which cannot be calculated from the information given
since the magnitude of F will depend upon the stifiness of the contact and
will vary throughout the impact. For example a rubber stop would bring the
link to rest over a longer period of time than would a steel stop, and the
maximum force would therefore be correspondingly lower.
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However, from eqn (v} we can see that no matter what the magnitude of F
may be, the value of R, is unaffected if

mlh I,
—_— = j.e. if h=—.
Is L ted ml

Thus if the stop is positioned such that its distance from the fixed pivot is
equal to the moment of inertia of the body about O divided by the product
of the mass of the body and the distance of its centre of mass from O, the
force at the pivot will be unaffected by the impact. The point on the body for
which this condition is satisfied is called the centre of percussion of the body.

If we consider a stationary pivoted link and wish to give it a sharp blow to
set it in motion, the free body diagram of Fig. 4.20, and eqgns (i), (ii) and (iii),
will still apply. Thus, if the blow is applied at the centre of percussion, the
forces at the pivot will be unaffected by the severity of the blow. It must be
remembered that this is valid only if 8 does not change significantly during
the time over which the force is applied. One application of this result is in
impact testing machines where a swinging link is used to break a specimen of
a material, as shown diagramatically in Fig. 4.21. The specimen is firmly fixed
and is struck and broken by the swinging pendulum. The angular displacement
of the pendulum during the impact is very small and the force is applied
perpendicular to a line passing through the pivot and the centre of mass of
the pendulum.

Thus, if the point on the pendulum at which the impact occurs is at its
centre of percussion, the force at its pivot will not be affected by the impact.

General plane motion

Consider the body in Fig. 4.22 to be moving with general plane motion, i.e.
with combined translational and rotational motion. Using eqn (4.6) in its

x#!

specimen

Fi1G. 4.21 FiG. 4.22
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component form, we have, for a typical particle P;,

F,+ Fy = mx,,
and F,;+ F,; = my,, (4.31)
where Fy;, F,; and F’; and F); are the external and internal forces acting on

the particle.
Summing eqn (4.31) for the whole of the body gives

Y Fu =Y mx
and Z Fy.' = Z mij"i, (4.32)

since ) F; and ), F}, = 0.
Again, since the position of the centre of mass G of the body is defined by
mxg =Y mx; and myg = Y, my; eqns (4.32) reduce to

Fx = m.fG
and F, = myg, {4.33)

where m is the total mass of the body and F,, F, are the components of the
total externally applied force along OX, OY.
Combining eqns (4.33) gives the vector equation

F = mag (4.34)

which is identical to eqn (4.23) for a rigid body rotating about a fixed point.
We should note that this expression also applies to a body in pure translation
(eqn 4.19) where all particles have the same acceleration, i.e. a = ag.

Let us now consider the moments, about some moving point Q fixed in the
body, of the forces acting on the particle P, and let the distance QP; be r;, as
shown in Fig. 4.23. If the coordinates of P; and Q are x;, y; and xq, yo,
respectively, then the moment My about Q of the forces on P;, taking
anticlockwise positive, is

Mg = (F,; + F)(x; — xq) — (Fu + F)(yi = ¥a)- (4.35)

(o]
Fic. 4.23
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Substituting eqns (4.31) into eqn (4.35)
MQi = mi.i;i(xi - XQ) - mX(y, — YQ)~ (4.36)

In eqn (4.36) the coordinates x;, y; can be expressed in terms of xq, yq and
8;, the angle between OX and QP;. From Fig. 4.23

X; = Xg+rcos 6, Yi=yo+rsin 6,
Differentiating these equations with respect to time gives
% = %o —rb;sin @, ¥, =yo+rb cosé,
and
X, = X — r6;sin 6, — r%cos 6;,  J, = yo + rif; cos 6, — rf?sin 6,.

Substituting these expressions into eqn (4.36) and summing My, for all the
particles in the body we obtain

Mg =Y My = Y {m(jq + 1.6; cos 8; — .67 sin 6,)r; cos 6;
- my(Xg — r,-('); sin 6, — r.6? cos 6,)r; sin 6}
=Y {mjqr; cos 6; — mXqr; sin 6;}
+ ¥ mirt6. (4.37)

The angular acceleration of all lines in the body will be the same since the
body is assumed rigid, so that 0, = 6 and can be removed from the summation.
Also ¥ my? = I,, the moment of inertia of the body about Q.

Equation (4.37) may now be expressed as

My = IQé + Jo X mi(x; — xq) — Xq X mi(y;: — yq)- (4.38)

Since ¥ m; is the total mass m of the body and mxg =) myx; and myg =
¥ m;y; define the position of the centre of mass G of the body eqn (4.38) can
be written

Mg = Io6 + mjg(xg — Xg) — mio(ys — yo)- (4.39)

This equation can be greatly simplified by choosing the point Q to be coincident
with the centre of mass. In this case xo = X and yg = yg so that eqn (4.39)
becomes

Mg = I6. (4.40)
If we now reconsider eqn (4.35) we can also write

Mg = Z Mg = Z [(Fyi + F;i)(xi - xG) - (in + F;i)(yi - }’G)]-
(4.41)

Since the moments of the internal forces cancel in pairs when summed

> F’yi(xi -x5) =2 Fui(yi —y3) =0.
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Hence
Mg = Z F\'i(xi - Xxg) — Z in()’i - )’G) (4.42)

and is therefore the sum of the moments of the external forces about G.

Equation (4.40) is applicable to any rigid body, i.e. the total moment of the
external forces about the centre of mass of a body is equal to the moment of
inertia of the body about an axis which passes through the centre of mass and
is perpendicular to the plane of the motion, multiplied by the angular acceler-
ation of the body.

The equations of motion of a rigid body moving with general plane motion
are thus given by

F = mag

and MG = 100 (443)

Example 4.6 Let us consider the motion of a wheel rolling without slip along
a horizontal surface under the action of a horizontal force P applied at the
centre of the wheel, as shown in Fig. 4.24. The mass of the wheel is m, its
moment of inertia about an axis through its centre of mass G is I, and we
will assume that its geometric centre coincides with its centre of mass.

The forces acting on the wheel in addition to P are its weight and the contact
force from the surface. The contact force will be represented by the horizontal
and vertical components shown on the free body diagram of Fig. 4.25.

vl

P

H
0 X 14
Fic. 4.24 FiG. 4.25

Using the free body diagram and eqns (4.33) and (4.40) for a body in general
plane motion, we obtain

> P+ H = mXg;, @)
T V-mg=0, (ii)
and OHr =16, (iii)

where 6 is positive in the anticlockwise direction. (Note that if the contact
were frictionless so that H = 0, the angular acceleration would be zero and
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the wheel would be in pure translation with zero angular velocity, or in general
plane motion with constant angular velocity.)

Since there is no slip at the point of contact x; and 8 are not independent
coordinates. Hence, from the kinematics of a rolling wheel (p. 33)

XG = ‘“ré,
and Xg = —rb. (iv)

From eqns (iii) and (iv),

Is .
= — —(23 xG’ (V)
r
P
sothat Xg = ———. (vi)
I
(m + —2'>
r

We see that H is negative for a positive value of X, and is therefore in the
opposite direction from that shown in Fig. 4.25.

Equation (vi) is only valid when eqns (iv) are valid, i.e. when there is no slip
at the point of contact. If the coefficient of friction between the wheel and
surface is u then the maximum possible value of H for positive Xg is

Hmax = _#'V = —umg.

Substituting into eqn (v), the maximum acceleration possible without slip
occurring will be

. pmgr’
XGmax = .
I

This corresponds to a maximum allowable value of P

mr2
P = umg (1 +—).

Is
At values of P> P,,, slip will occur and the kinematic eqns (iv) will be
invalid. @ and x5 would then become independent coordinates and would
have to be obtained from eqns (i), (ii) and (iii) by assuming that the horizontal
force was some limiting frictional force related to V by the coefficient of friction.

4.4 Moment of inertia

The property of a body which we call its moment of inertia arises naturally
when deriving the dynamic equations for a rigid body. It appears in eqn {4.28)
and eqn (4.37) as ¥ m;r;. When considering plane motion of rigid bodies we
are concerned only with moments of inertia about axes which are perpendicular
to the plane of the motion. It is convenient therefore, when considering motion
in the OXY plane, to introduce a Z-axis perpendicular to the OXY plane
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Y
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and to consider moments of inertia I, about this Z-axis. Thus, the moment
of inertia I, of the single particle of mass m in Fig. 4.26 about the axis OZ
which is perpendicular to OXY is

I, = mr’ = m(x*+y%) (4.44)

where r is the perpendicular distance of the particle from OZ. This result is
independent of the z co-ordinate of the particle.

If we now consider a system of particles, or a rigid body, the moment of
inertia about OZ is given by

Iz =3 mri =T m(xi +y)),
where m; and r; define the mass of a typical particle and its perpendicular
distance from OZ.

The mass of a body tells us how much matter there is in the body and its
moment of inertia about some axis tells us how the matter is distributed about
that axis. If all the mass is situated near the axis, the r, terms will be small
and the moment of inertia will be small, but if the same mass is distributed
well away from the axis, the moment of inertia will be large.

The moment of inertia of a body is sometimes expressed by considering the
total mass m of the body to be concentrated as a particle at some point distant
k from the axis OZ such that

I, =Y mr? = mk®. (4.45)

k is called the radius of gyration of the body about the axis OZ. The mass
properties of a body may therefore be expressed in terms of m and I, or m
and k*.

* Moment of inertia is sometimes confused with the second moment of area of a cross-section
about an axis. Second moment of area is defined as ¥, A;r2, where A, is the area of an infinitesimal
part of the cross-section, and r; is the distance of the infinitesimal area from the axis. This is a
geometric property of a section and tells us how the area of the section is distributed about a
particular axis. The second moment of area is unfortunately sometimes referred to as the moment
of inertia of the section. This can cause confusion and it is important to distinguish clearly between
the mass property of a body, ¥ m;r?, and the geometric property of a section, ¥ A,r?.
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When evaluating the moments of inertia of typical bodies it is convenient
to have available the results of the following two theorems.

Perpendicular axes theorem

Consider a thin flat plate (or lamina) in the plane OXY, as shown in Fig. 4.27,
and let a typical particle P, of mass m; be located a distance r; from O. By
definition, the moment of inertia of the particle about OZ is

_ 2
Lz = mr;,

and the moment of inertia of the whole plate about OZ is obtained by summing
this equation for all the particles in the plate, i.e.

IZ = Z I,-z = Z mir?. (4.46)

Now let us consider the moment of inertia of the plate about the axis OX. If
the plate is thin the distance of all particles P, from OX is y,. The moment
of inertia of P; about OX is therefore

Ix = mi}’%,
sothat Iy =Y my’. (4.47)
Similarly, the moment of inertia of the plate about the axis OY is
Iy =Y mx:. (4.48)
Now if the plate is flat and thin
ri=xl+yi (4.49)

If the plate is not assumed thin, some particles would be outside the plane
OXY and eqns (4.47) and (4.48) would not be true for particles such as that
at P' in Fig. 4.28.

X

@)
=<V

Pz
b4 b4
Fig. 4.27 FiG. 4.28
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Multiplying eqn (4.49) by m; and summing over the whole of the plate gives
) mir? =) ming +2 miyzg:
or IZ = Iy + Ix. (4.50)

This most useful result shows that, for a thin flat plate, the sum of the moments
of inertia about any two perpendicular axes in the plane of the plate which
intersect at some point O, is equal to the moment of inertia about an axis
perpendicular to the plate which also passes through O.

Parallel axes theorem

Consider a particle P; of the rigid body shown in Fig. 4.29. Let the particle
have coordinates x;, y;, z; as shown. Its moment of inertia about the axis OZ
is given by

I; = mi(x? + yxz)

v
Y
"
P
*
o’
1%
z»"1¢ b Yi
a X
o
o ——i

Fic. 4.29

The moment of inertia about OZ of the whole body is therefore
I =% mi(xr? + .V?) (4.51)

Now let us consider a set of parallel axes O'X'Y'Z’ with the plane O'X’Y’
coincident with the plane OXY such that O’ has coordinates a, b as shown
in Fig. 4.29.

The moment of inertia of P; about O'Z’ is given by
Iz = m,-(XZZ + ,V:'Z)
= [mi(x; — a)*+ (3 = b)’1.

Summing each Iz to give the moment of inertia of the whole body about
O'Z’ gives

Iy =Y m(x; - a)2 + (yi — b)z]
=Ym(xI+yD)+(@a*+ b)Y m~2a¥mx;, —2bY my,. (4.52)

Let us consider each term in eqn (4.52) in turn.
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From eqn (4.51),
T m(xi+y7) = L.

Since ) m; is the total mass, m, of the body, and letting the distance OO’ = ¢,
the term

@+ b)Y m; = mc®.
From the definition of the position of the centre of mass G of the body
Y mx; = mxg and Y my; = myg.
Equation (4.52) may therefore be expressed as
I, = I+ mc® = 2m(axg + byg). (4.53)

This is a general statement of the parallel axes theorem, but if we choose
OZ to pass through the centre of mass of the body, x5 = y5 =0, and I, = I.
Substituting these values into eqn (4.53) gives, for this special case only,

I = I+ mc’. (4.54)

Equation (4.54) is the most useful form of the theorem and says that the
moment of inertia of a body about any axis is equal to the moment of inertia
of the body about a parallel axis through the centre of mass plus the total mass
of the body multiplied by the square of the distance separating the axes.

Note that this refers to any body and is not restricted to a lamina or thin
plate as in the case of the perpendicular axes theorem.

From eqn (4.54) it can be seen that I, is always greater than Is.

We will now use these theorems to determine the moments of inertia of
typical bodies.

Example 4.7. Thin ring A uniform thin ring (radial thickness« radius) of
radius r is shown in Fig. 4.30. Let us find its moment of inertia about its polar
axis OZ, and about its diametral axes OX, OY.

Considering first the polar axis OZ, which is perpendicular to the plane of
the ring,

I = Z mir?a

Y

Zz
FiG. 4.30 FiG. 4.31
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where m; is the mass of a typical particle P; in the ring. For all particles in
the ring r; = r and ), m, = m, the total mass of the ring.

Hence I, = mr’. (i)

From considerations of symmetry, Iy = Iy. Since axes OX, OY and OZ
intersect at O and are perpendicular, and OX, OY are in the plane of the
ring, we can apply the perpendicular axes theorem, i.e.

Izzlx+1yzzlx.

mr? .

Thus Ix =1y = —2—, (i)

so that the moment of inertia of a thin ring about its polar axis is equal to

twice that about a diametral axis. In terms of the radius of gyration of the
body we can write Iy = mk%, so that kx = r’/2.

As an alternative it is possible to determine Iy from first principles without

using the perpendicular axes theorem. From Fig. 4.31
Ix =% miyz?-

If we consider our particle P; as an elemental length 8/ of the ring and let p
be the mass/unit length of the ring, the moment of inertia of P; about OX is

81y = p 8l(rsin )* = pr 66(r sin 8)

where the length 8/ subtends an angle 88 at the centre of the ring. Therefore,
in the limit as 86 > d6
dI = pr’sin’® 6 dé. (iii)

If we now sum for the whole ring, i.e. integrate eqn (iii) from 6 = 0 to 2,
we obtain

27 3 2
. r
Iy =pr3J 51n20d0=p—J (1+ cos26)deé
0 2 Jo

= 7pr.

The total mass of the ring, m = 2zrp, so that

mr?

>
The use of the perpendicular axes theorem can be seen to provide a much
more convenient solution than the direct approach from first principles.

Iy =

Example4.8. Thindisc Figure 4.32shows athindisc. Let us find the moments
of inertia of the disc about the axes OX, OY and OZ. It is convenient to work
in terms of the mass/unit area, p, of the disc. a

Let us consider an elemental ring of radius r and radial thickness 8r. From
example 4.7, eqn (i), the moment of inertia 61, of this ring about OZ is given
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by
81, = 2mrp 8r)r°,
sothat dI, = 2mpr’dr.
Integrating this expression over the whole of the disc from r = 0 to R gives

R r4 R
I, =2ap J' rdr=2mp [Z]

0 0

mpR*
-
The total mass of the disc m = wR?p, so that

mR?

> ()

IZ=

As would be expected, this value is smaller than that of a thin ring of equal
mass and radius where all of the mass is distributed at the maximum radius.
From symmetry Ix = Iy, and using the perpendicular axes theorem,

mR?

so that
_ mR?

IX = Iy = 4 . (ii)

We should note that in determining I, we have not had to assume that the
disc is thin. The result for I, would therefore also apply to a long cylinder,
i.e. to a series of discs with total mass m (in example 4.6 the result for I,
would also apply to a long thin cylinder). It is only when using the perpen-
dicular axes theorem to obtain Iy and Iy that we are limited to thin, flat bodies.

Example 4.9. Thinrod Let us consider the uniform thin rod of iength L and
total mass m shown in Fig. 4.33. If we take an element of the rod of length
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5x which has mass 8m, then because the rod is assumed thin, all particles in
this element will be equidistant from OZ. Hence the moment of inertia 81 of
the element about OZ, is given by

58I, = x° dm = L 8x,
L
m
sothat dI, = zxz dx.

For the whole rod

L 2
m mL
I, =— 2dx = . i
z LLx T3 @

In terms of the radius of gyration, I, = mk® where k*> = L?/3.

Knowing this result we can now find the moment of inertia of the rod about
an axis parallel to OZ and passing through its mid-point. Since the centre of
mass of the rod lies at the mid-point, we can use the parallel axes theorem,
eqn (4.54), to give

Ic = I, — mc?

mL* L\ mL? B
“3 T2 T (i)

This is smaller than I, since the mass is distributed nearer to the axis through
G than to the axis through O.

These results would also apply to a thin plate of total mass m where OZ
lies along one edge of the plate.

Example 4.10. Cylinder Consider the uniform cylinder of mass m, length
L, and radius R shown in Fig. 4.34. Let us find its moment of inertia about
the axes OX, OY, OZ, where O is located at the geometric centre of the
cylinder. About the axis OZ,
mR?
2

as shown in example 4.8.

IZ=
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In this case we cannot apply the perpendicular axis theorem which is for
flat, thin bodies, to the whole cylinder to obtain I and I,. We can, however,
apply the theorem to an elemental disc of thickness 8z.

For the elemental disc shown in Fig. 4.34, the results of example 4.8 give

8, = e )

where p is the density of the material of the cylinder. Using the perpendicular
axes theorem, and noting that from symmetry 81 x. = 81,
wR*p 8z
2

The axis O'X’ in Fig. 4.34 passes through the centre of mass of the elemental
disc and so, using the parallel axes theorem, eqn (4.54), we can write

R%p 5
8l = ﬂ—4p—z+ wR?p 6z 2°. (iii)

8y = (ii)

In the limit when 6z - dz,
R2
dIy = 7TR2p<T + 22> dz. (iv)

Integrating eqn (iv) over the whole length of the cylinder we obtain

s L/2 R2 R
Iy = 7R°p T+Z dz

—-L/2

. [R22+ 23] L/2
aRp|—+—
4 3 —L/2

— RZ L<£+R_2>
TTRPE\2 T 4

R? I?
m (—+ —)
4 12



4.4 Moment of inertia 183

By expressing Ix in terms of the radius of gyration, i.e. Ix = mk?, eqn (v)
gives the radius of gyration of the cylinder about the axis OX as

R* L?
kK> =—+—.

4 12
We should note that if the cylinder were of very small diameter so that R « L,
then

.5
X - 12’

which agrees with the result of example 4.9 for the thin rod.

Example 4.11. Complex shapes Complex shapes can be considered as the
sums or differences of simple geometric shapes. Consider for example the thin
rectangular plate with a circular hole cut in it as shown in Fig. 4.35. Let us
calculate its moment of inertia about the axes OX, OY, OZ as shown.

Y
v
[l
(0] ©
0’/ x
V4
a a 2a
-
Fic. 4.35

In this case it is convenient to consider first the moment of inertia of a
complete rectangle about an axis, and then to subtract from it the moment of
inertia of a disc of radius r about that axis.

Consider the moment of inertia Iry of the rectangle about OY. The rec-
tangular plate is equivalent to a series of the thin rods of length 4a and, from
example 4.9, its moment of inertia about OY will be

4 2
,Ryzm_x(_ﬂ_,

3

where mpg is the mass of the rectangular plate.
If p is the mass/unit area of the plate, mg = p8a?, so that

IRY = 128pa4/3- (i)
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The moment of inertia of a circular disc of mass mp, about a diameter O'Y’
(see example 4.7) is

mpr’ _ mprt (i)
4 4 u

Iny =

Since O'Y’ passes through the centre of mass of the disc, we can use the
parallel axes theorem to give

2
r
Iny = Iny-+ mpa® = mpr’? (Z-’- az). (iii)

The moment of inertia of the plate about QY is therefore

Iy = Ipy — Iny

128pa* 2
= —:‘1- — 77-pr2 <% + az). (iv)

The moment of inertia of the plate about OX can be found in a similar
manner, and shown to be

_ p8a’Q2a)*  mpr*

12 4

Ix

s mpr'
4

(v)

Since the plate is assumed thin and the three axes intersect at O we can
now use the perpendicular axes theorem to find I, i.e.

IZ =Ix+[y.

From eqns (iv) and (v)

(r* +2a%). (vi)

Engineering Applications

When considering the dynamic behaviour of a body, or of an assembly of
bodies in a machine, the first step is to reduce the actual system to an idealised
mathematical model. It is often possible, without introducing large errors, to
assume that certain bodies in a system are rigid and that others are non-rigid
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but of negligible mass. Bodies in which both mass and flexibility are important
are more difficult to deal with and are beyond the scope of this book.

A typical idealisation would be to consider that ropes are massless, rigid
under tensile loading and unable to sustain any compressive or bending loads.
Springs can usually be assumed to be massless. These simplifications to a real
system are in addition to any assumptions made about the kinematic behaviour
of the system, e.g. that clearances at bearings, and flexibility, do not influence
the geometric properties of the system. It is very important to bear in mind
the assumptions made in setting up a mathematical model of a system when
interpreting the results of an analysis. If the assumptions are invalid, then the
results will also be invalid.

Once the mathematical model has been defined, a free body diagram must
be drawn for each body in the system showing the forces which act on that
body. The appropriate equations of motion (4.19), (4.30) or (4.43) are then
applied. Next, any kinematic constraints must be identified and the resulting
equations solved for the required variables.

When analysing a mathematical model of a system it is useful to check that
the units of each term in any expressions obtained are consistent. If the units
are consistent there is a chance that the answer is correct—if they are incon-
sistent there is no chance. Checking units can often point out algebraic errors
and prevent them from being carried through a long calculation.

4.1 Turbo generator

Electric motors and generators, and steam and gas turbines are common
examples of complete machines which may be considered as bodies in pure
rotation. Let us consider a steam turbine driving a generator as shown in Fig.
4.36. If we know the torque-speed characteristics of the turbine and the
generator then we can calculate the way in which the speed of the system will
increase during start up.

. [———=Steam out
Steam in——_ I [
Turbine EB_: Generator

7 7 777777 VR a4
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Let the torque applied to the turbine rotor by the steam be M, and let the
electrical torque applied to the generator rotor be Mg. The load torque will
oppose the motion of the generator and is therefore in the opposite direction
from M,. For mathematical simplicity let us assume that M, is constant at all
speeds and that the magnitude of Mg increases linearly with speed. Let the
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magnitude of Mg be given by
Mg = C6, (i)

where C is a constant and 6 is the angular velocity of the generator. The
turbine and generator rotors are rigidly connected together so they may be
considered dynamically as a single body in pure rotation. Let their combined
moment of inertia about the axis of rotation be I. Now we draw the free body
diagram of the rotor system and define the positive direction of the rotor
displacement 6 as shown in Fig. 4.37. M, is in the positive direction so that
the generator load torque Mg will be in the negative direction as shown. Since
we are concerned only with angular motion, bearing reactions are not shown.
The bearing forces act through the axis of rotation and therefore will not
influence the angular motion of the system when we take moments about the
axis of rotation.

Mg

Mg
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Thus, using the moment equation (4.29),
O M, -M.=16 (ii)
so that, using egn (i),
16+ Cé = M,. (iii)

This is a linear, second order, differential equation with constant coefficients,
and with the constant term M, on its right-hand side. It will have a solution
for @ consisting of both a complementary function and a particular integral.

The solution of this equation is

I

_EMS’ (iV)

M,
§=A+Be T+t
C
where A and B are constants of integration.

Differentiating eqn (iv) with respect to time gives the angular velocity of
the system as

I

ok (v)
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If the system starts from rest so that when t =0, 6§ =0 and 6 = 0 we obtain
from eqn (v)

M.,I
B= Vock
which on substitution into eqn (iv) gives A = 0. Thus the complete solution
for the angular motion of the rotors is

MJI_ _., M,
0=F[e C/I—1]+'E't,
. M,
6= C5[1—e‘c’“],
and 6= A;IS e <1, (vi)

It is interesting to see how 6, § and 6 vary with time.

As t > 0, e """ 5 0. Hence the angular acceleration tends to zero, and the
angular velocity approaches a constant value 6 = M,/ C. At this speed there-
fore, the magnitudes of Mg and M, are the same and there is no net torque
on the system. 6, § and 6 are plotted against time in Fig. 4.38.

FiG. 4.38

The torque-speed characteristics of a real turbo generator would be more
complex than those assumed here. However, the equation of motion, eqn (ii),
would still apply.

4.2 Pendulum accelerometer

A rigid link supported on a horizontal pivot will, if the pivot is stationary,
hang vertically downwards with its centre of mass directly below the pivot. If
the pivot is given a constant horizontal acceleration, a, the link will assume a
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steady position at some angle 6 to the vertical, as shown in Fig. 4.39. The
angle 6 of such a pendulum placed in a moving vehicle can be used as a
measure of the acceleration of the vehicle. Sudden changes in acceleration
will cause oscillation of the pendulum but this can be avoided over the required
working range with careful design. By assuming that any oscillations have
decayed to negligible amplitude, we can relate § and a by a steady state
analysis of the rigid link. Since in this steady state the angular position of the
link is constant, the motion of the link is pure translation. The acceleration
of all points in the link, including its centre of mass, will therefore be a. The
free body diagram of the link is shown in Fig. 4.40 in which Ry, Ry are the

Fic. 4.39 Fic. 4.40

forces on the link at the pivot. We can now write the equations of motion,
{eqn 4.19) for a body in pure translation as

- R, = ma, (i)
T R,—mg=0. (ii)

Also the resultant force must pass through the centre of mass so that the total
moment about the centre of mass must be zero. Hence,

O~ R,hcos6+ R hsing = 0. (iif)
From eqns (i), (ii) and (iii) we obtain
R .
tang=—==2 (iv)
mg g

Thus, in the steady state condition, the acceleration of the pivot is directly
proportional to tan 6. This type of accelerometer is frequently used where the
acceleration being measured varies slowly with time.

4.3 Eccentric cam mechanism

The kinematics of the simple eccentric cam mechanism of Fig. 4.41 have
been discussed on p. 41. Let us now consider its dynamic behaviour and
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obtain expressions for the contact force between the cam and its flat faced
follower, the forces on the bearings supporting the cam at O, and the torque
required to drive the cam if its angular velocity w is to be maintained constant.

This mechanism consists of two bodies: (i) the follower, which is in pure
translation, and (ii) the cam, which is a disc of radius r rotating about a fixed
point O. The position of the cam is defined by 6 = wt, and that of the follower
by y.

We must first draw the free body diagram for each of the bodies. Let the
mass of the follower be m,. If we assume a coefficient of friction p between
the cam and the follower, and also that the force between the follower and
its guide may be represented by the concentrated forces R,; and R, the free
body diagram of the follower will be as shown in Fig. 4.42. We will neglect
any friction between the follower and its guide to simplify the algebra, but it
is suggested that the reader should investigate its influence.

)
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Using Fig. 4.42, the equations of motion, eqn (4.10), for the follower are

- Rxl+Rx2_#‘Ry =0 (i)
T R, —mg = mgy (ii)
and OaR,, - aR, + eR, sin & —auR, = 0. (iii)

The free body diagram for the cam is shown in Fig. 4.43, in which F, and
F, are the forces at the bearings, and M is the external torque applied to the
cam shaft to maintain the motion. The contact forces are equal and opposite
to those on the follower in Fig. 4.42. Let the mass of the cam be m_, and let
us assume that its centre of mass is at its geometric centre and that its moment
of inertia about O is I,.

Since the body is rotating about a fixed point O, we can take moments about
that point, so that if the cam rotates at a constant angular velocity, eqns (4.30)
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give

@ M —Recos —uR.(esin8+r)—megecos 0 =I,0 =0, (iv)

g Fv + /-LR\ = mci:(}s (V)
and T Fv - R,\' —mg = mc)')'G- (Vl)

Equations (i) to (vi) are the equations of motion for the system.
However, the coordinates y, x, ys and 8 are not independent and we must

now consider the kinematics of the system to establish their relationship.
From the geometry of the mechanism (p. 41),

y=r+esiné,

so that

¥ = —ew?sin 6. (vii)
Also x5 = ecos 8, yg = e sin 6,
sothat X5 = —ew’cos & and Jjg= —ew’sin 6.

Thus y, x5, yo and their time derivatives can be expressed in terms of 6 and
w, and by substituting eqn (vii) into eqn (ii) we obtain the contact force

R, = m/(g — ew’sin 8). (viii)

By substituting eqn (viii) into eqn (iv) and expressing sin’ 6 and sin 6 cos 8
in terms of 286,

2 2
M = 'umfl:gr 7 ] + eum;(g — w’r)sin 8 + ge(m,+ m.) cos 6
2 2
— 22 (5in 26 + u cos 20). (ix)

The other variables such as F,, F, may now be determined if required.
The expression for the torque M required to drive the cam at a constant
angular velocity w contains a constant term, terms which depend upon sin 8
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and cos 8, and terms which depend upon sin 26 and cos 26. Thus the torque
fluctuation during one revolution of the cam includes terms which vary at the
cam frequency o, (those in sin 8 and cos #) and others which vary at twice
cam frequency 2 o, (those in sin 26 and cos 26).

When interpreting these results we must be aware of the limitations of the
analysis. In the physical system R, is a contact force and can only act in the
directions shown in the free body diagrams of Figs 4.42 and 4.43. R, cannot
be negative as this would require some adhesive force between the surfaces
of the cam and follower. Hence eqn (viii) will only apply for positive R,, i.e.
when g > e w” sin 8. The kinematic relationships of eqn (vii) also require that
contact be maintained.

The analysis is therefore valid over a complete cycle of operation only if
w® < g/e. For higher speed operation a spring would be used to apply a
downward force on the follower so that contact would be maintained to give
correct kinematic behaviour. The free body diagram of the follower would
then have to be modified to include the additional spring force.

4.4 Belt drive

We have already considered the kinematics of a belt drive in Chapter 1,
application 1.2 and the static case of a belt and pulley in Chapter 3, application
3.5(b). Let us now consider the flat belt drive shown in Fig. 4.44 and take
account of the dynamic effects when the drive runs at a constant speed. We
will again assume that the belt is flexible and inextensible. The pulleys P, and
P, will therefore have zero angular acceleration. Any element of belt in contact
with a pulley will be moving on a circular path and its velocity will be constant
in magnitude. It will therefore have an acceleration towards the centre of the
pulley. Let us consider an element of belt on pulley P, as the pulley is just
about to slip in the anti-clockwise direction relative to the belt. The forces on
this element at the onset of slip are as shown in Fig. 4.45. As in the static case
the element of belt subtends an angle 660 at the centre O, of the pulley and
N is the normal force/unit length applied to the belt by the pulley. The

D (=

P2
Fi1G. 4.44
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acceleration a, of the element is towards O, and has magnitude
, v .
a. = or= 7, (1)

where v is the linear velocity of the belt.
We can now apply Newton’s Second Law to the element. In the radial and
tangential directions we have

2

. 86 . 66
N Nrég - Tsm?— (T +8T) sm~2-= ~mr600—, (i1)
r

and

50 86
¢ (T+8T) cos > = T cos =+ uNr0 =0, (iii)

where m is the mass/unit length of the belt.
Using the small angle approximations and taking the limit as §6 - 0 gives

Nr—T = —mv?, (iv)
ar
d —+ uNr =0.
an qa T H r v)
If we let
Tp = mv?

we can express the tension as
T= Ts+ TD= Ts+mvz.

Substituting this expression into eqns (iv) and (v) gives

Nr—-T,=0, (vi)
T,
and % + uNr=0. (vii)

These equations are the same as eqns (iii) and (iv) in application 3.5(b),
and their solution is therefore

Ty = Tge ™. (viii)
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At any value of 8 the tension in the belt is given by
T=Ts+ Tp = Tsie " + mv’. (ix)
If the tension in the tighter span is T, then
T, = Ts, + mv°.
The tension T, in the slacker span will then be given by
T, = Ts,e " + mv®, (x)
where B is the angle of wrap around the pulley P,.
By comparing these results with those in application 3.5(b) we see that Ty
can be considered as the static tension in the belt, and T, as the additional
tension due to dynamic effects. The dynamic tension Ty, is the tension which

would arise in the belt if it were moving around its path with a linear velocity
v and the pulleys were removed.

Nrég. uNréo

FiG. 4.46

Let us now draw the free body diagram of pulley P, as shown in Fig. 4.46
and determine the torque on the pulley which will cause slip. The forces at
the bearings are not shown as these do not affect the moment equation for
the pulley. A tangential frictional force is applied to the surface of the pulley
by the belt over the arc from 6 = 0 to # = B. Over a small arc of the pulley
which subtends an angle 80 at O, the tangential force is Nr 88 as shown. If
the external moment applied to the pulley is M, then, by taking moments
about O,

B
@ M, —I uNrtde = 0.
0

8
Thus M, = /.erj N dé,. (xi)

0
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which from eqn (vii) becomes

B
M,=,u,rJ. Ts dé

0o

B
= ;LI‘J TS] e-“o d0

0
= T r(l — e *P), {xii)

The torque which can be transmitted by the drive is therefore predicted to
be independent of the belt velocity and to depend only upon the static tension
Ts. This occurs because the normal force N, and hence the frictional force
on the pulley, is independent of the belt speed. In a real drive this would not
be the case as the belt would not be inextensible. Belt stretch would reduce
both the angle of wrap and the normal force. As belt stretch is a function of
total belt tension, which increases with speed, the torque transmitting capacity
of the drive would reduce as the speed is increased.

4.5 Winches and hoists

{a) One of the simplest forms of lifting arrangement consists of a single pulley
over which a rope is passed. One end of the rope is attached to the mass being
lifted and a force T is applied to the free end of the rope as shown in Fig. 4.47.
Let us assume that T is applied at some angle a to the horizontal. A mathemati-
cal model of this system can be set up, and if we assume that the mass of the
rope is negligible the model will consist of two bodies:

(i) the pulley which is rotating about a fixed point O,
(ii) the mass which is moving with pure translation.

In order to obtain expressions relating the force T to the acceleration of the
mass we must first draw the free body diagrams for the bodies. The forces
acting on the pulley are shown in Fig. 4.48 and are the tensions in the rope
T and T,, the pulley weight mpg, and the force at the bearing at O which is

TITITIIITT7 TITTTTITTITTI 77 T
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shown as components F, and F,. Friction at the bearings is neglected and we
will assume that the centre of mass of the pulley is at O. We can now write
the equations of motion for the pulley using eqns (4.30) as

@ Tr—Tr= Io(;, (i)
> F,—Tcosa=mpxsg=0, (ii)
and t F,—Tsina—-T,—mpg= mpys = 0. (iii)

The free body diagram for the mass is shown in Fig. 4.49. Only two forces,
the tension T, in the rope, and the weight mg, act on the body and, since it
is in pure translation, the resultant force must act through the centre of mass
G. The weight acts through the centre of mass G and therefore the line of
action of T, must also act through G.

We need only one equation of motion for the mass. For a body in pure
translation egns (4.19) give

1T, — mg=my. (iv)

Provided that there is no slip between the rope and the pulley we can relate
kinematically the angular velocity of the pulley and the linear velocity of the
mass, giving, for the positive directions defined in eqns (i) and (iv),

rd =y. (v)
From eqns (i), (iv) and (v) we obtain the acceleration of the mass as

. T-mg i
Y o mt I (vi)
Values of F,, F, and j, for a given value of T can now be obtained if
required. Note that F,, F, are the total forces on the pulley shaft in the x and
y directions. A pulley is normally supported on two bearings which share the
load. If the bearings are symmetrically placed as in Fig. 4.50 the load will be
shared equally.
If the rope slips over the pulley y and 6§ are not kinematically related so
that eqn (v) is no longer valid. For this case we must relate the tensions T

T 2

Y

mg

FiG. 4.49 Fi1G. 4.50
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and T,, using eqn (vii) of application 3.5(b), i.e.
T, = Te P,
where u is the coefficient of friction between the belt and the pulley and B is
the angle of wrap.

Equations (i) and (iv) then give

G- Tr(1 — e ##)

A (viii)
T —uB __
and y= e_mm_g' (ix)

If the rope is released, T becomes zero and from eqn (ix)

y=-g

i.e. the mass falls freely under gravity.

(b) Power operated lifting systems are usually more complicated than the
simple pulley arrangment of (a), since it is difficult to apply a force to a free
end of a rope over any appreciable distance. A hydraulic cylinder is sometimes
used where only limited travel is needed, e.g. to raise the forks of a fork-lift
truck. The usual method employed, where appreciable movement of the mass
is required, is to wrap the free end of the rope around a cylindrical drum. The
end of the rope is then securely fixed to the drum, so eliminating any possibility
of slip. Rotation of the drum raises or lowers the load.

Lifting and lowering requires a high torque to be applied to the drum at a
low speed. Most prime movers such as electric motors or 1.C. engines, cannot
economically provide this high torque. To match the motor characteristics with
the output requirements a speed reduction, and hence a torque multiplication,
(see kinematics p. 37, statics p. 129) must be introduced between the prime
mover and the drum. A gear train is normally used for this purpose in
electrically driven hoist units.

In the following we will consider the dynamics of an electrically driven
winch used for hauling blocks, or trucks, up an incline. The example is also
intended to demonstrate how geared systems may be analysed.

Figure 4.51 shows an electric motor which has a pinion, of pitch circle radius
r,, fixed to its output shaft. Let the moment of inertia of the motor armature
and its pinion about the axis of rotation O, be I,. The pinion meshes with a
larger gear wheel of pitch circle radius r,. This gear is fixed directly to a drum
which is mounted on a shaft supported on bearings. Let the moment of inertia
of this assembly about its axis O, be I,. A rope, wrapped around the drum,
is used to haul a block of mass m up an incline as shown. Let the coefficient
of friction between the mass and the incline be u. The duty cycle specifies
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that the winch must be able to raise the mass at velocity v over long distances.
During acceleration of the mass from rest the motor will be required to exert
an increased torque over a short period of time. The motor designer would
need to know both the steady state torque required from the motor and the
additional torque necessary for accelerating the system. To obtain expressions
for these torques we must first write the equations of motion for each of the
bodies in the system.
The system consists of three connected bodies:

(i) the motor armature and pinion assembly which rotates about the fixed
point O,,
(ii) the gear wheel and drum assembly which also rotates about the fixed
point O,, and
(iii) the mass m, which is in pure translation.

We can see, by inspection, that when the load is being raised the gear wheel
and drum assembly will rotate in an anticlockwise direction and that the motor
will rotate in a clockwise direction. These directions will be taken as positive
when writing the equations of motion. We will consider first the armature and
pinion. The forces and the electrical torque M acting on the body are shown
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in Fig. 4.52. P and S are the tangential and separating components of the
tooth contact force (see p. 131 for a discussion of forces on gear teeth). We
do not know the direction of P and so choose it arbitrarily. The weight m,g,
the bearing forces F,,, F,, and the separating component of the gear tooth
force all act through the axis of rotation O,, and therefore do not influence
the angular motion of the body. Using eqns (4.30) for the angular motion only
we obtain, with the clockwise direction as positive,

@M—Pr,=llé',. )

Since we are only seeking an expression for M, the other two equations are
not required. They are of course essential when finding the bearing forces.

mig
FiG. 4.52 FiG. 4.53

The free body diagram of the gear wheel and drum assembly is shown in
Fig. 4.53. The gear tooth contact forces are equal and opposite to those on the
pinion. Again we need only the equation for the angular motion of the system,
and taking the anticlockwise direction as positive,

@Prz—Tr3zlzéz, (ii)

where r; is the radius of the barrel and T is the tension in the rope.
The forces acting on the mass are shown in Fig. 4.54. Taking the positive
directions indicated we obtain,

XN T - mgsina — uN = mx, (iii)
/' N—-—mgcosa=0. (iv)

We have here assumed that the mass of the rope is small compared with m.
In some cases, where a very long rope is needed, the mass of the rope is
significant and cannot be neglected. Coring winches used for extracting sample
cores of material from the sea bed provide a typical example where, in deep
sea applications, the mass of the rope can be many times that of the load.

Equations (i) to (iv) are the dynamic equations for the system and contain
six unknowns 6,, 6,, X, P, N and T. However ,, 8, and x are not independent,
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and are related by the kinematic equations

6, =24, v)
ry
and X = r3éz. (Vi)

If we now consider the condition when the mass has a constant velocity v
up the plane, i.e. when 6, = 6, = X = 0, eqns (i) to (iv) give

N = mg cos a,

T = mg (sin a + p cos @),

ry, .
P=mg—(sina + ucos a),
r

and M=M, = mg% (sin @ + u cos a). (vii)
2

where M; is the motor torque required for constant speed lifting.

The signs in eqns (vii) show that the forces N, T, and P, act in the directions
shown in the free body diagrams.

Equation (vii) for M, gives the steady torque required to raise the load at
a constant speed p, but some additional torque is required to accelerate the
load from rest to v. Let us suppose that the design of the motor is such that
it can produce a torque M, over a long period of time but that, for short
periods, it can exceed this value by an amount kM, without overheating. We
can now find the time that this overload has to be used when accelerating the
system.

During acceleration the torque M available is given by

M= (1+k)M,

¥ r
= (1+ k) mg—2(sin a + u cos ). (viii)
r
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From eqns (iii) and (iv)
. 1 . :
x=—';l-[T—mg (sin @ + u cos a)]. (ix)

By eliminating P from eqns (i) and (ii) and substituting for 6,, 6, in terms
of X from eqns (v) and (vi) we obtain

T= _M’Z_(ﬂ+§)i (x)

2
rirs ’%'3 r3

Substituting T into eqn (ix) gives

P kmg(sin a + u cos a)

xi
Ilrz 12 ( )
L

riry ri

Equation (xi) shows that ¥ is constant. Using the basic kinematics of
Chapter 1 page 7, we can easily show that the time t* taken for the mass to
reach velocity v from rest will be

Ly I
v(m +;—1+—§)
t*_

"~ kmg(sin a + u cos a)’

(xii)

Equation (xii) therefore gives the time for which the motor must operate in
the overloaded condition.

Expressions for gear tooth force, rope tension, bearing reactions, etc., can
also be extracted from the equations of motion of the system if required.

4.6 Balancing of rotating systems

Let us consider a simple machine which consists of a thin disc in pure rotation
about its polar axis. No matter how simple the disc shape it is impossible to
manufacture the disc such that its centre of mass coincides exactly with the
axis of rotation. Let the distance between the axis of rotation and the centre
of mass G be e, as shown in Fig. 4.55. The disc may be considered as a rigid
body rotating about a fixed point and the force applied to the disc will be

FiG. 4.55 Fi1G. 4.56
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given by eqn (4.30), i.e.
F = mag;. (i)

The centre of mass G moves on a circular path of radius e. If the disc runs at
a constant speed @ the centre of mass will have an acceleration ag = w’e
towards the axis of rotation. The free body diagram of the disc is shown in
Fig. 4.56. The force on the disc at the supporting bearings is shown in
components F,, F,. Neglecting the weight of the disc, eqns (4.30) give

F. = mag, = —me’e cos wt,

F,

= mdg, = —me?’e sin wt. (i)

The forces on the support structure will be equal and opposite to those on the
disc so that the structure will experience forces

F, = mw’e cos t,

F, = mw’e sin wt. (iii)

These components may be considered as a single force vector of magnitude
mw e rotating with angular velocity o, as shown in Fig. 4.57. This force, which

2 .
sin wt
maw-ée mwze

2

m w<e cos wt w

FiG. 4.57

is often referred to as the out of balance force, will shake the structure and
could cause unacceptable vibration. To reduce this out of balance force the
eccentricity e must be reduced by adding or removing material from the disc.
The angular position of the centre of mass can be found by supporting the
disc in very low friction bearings, or by allowing it to roll along a pair of
parallel horizontal knife edges so that the disc will come to rest with G vertically
below its axis. Material is then added or removed until the disc will remain
at rest in any position. Balancing machines are also available in which the
disc is run at some speed and the direction and magnitude of the out of balance
force measured. The amount of material to be removed, and its position, are
then calculated and displayed. The use of such a machine achieves the same
results as could be obtained statically. This process is therefore called static
balancing, even though the disc may be rotating during the procedure.

The foregoing refers only to a thin disc. In most machines, e.g. electric
motors, the rotating parts cannot be considered thin, and the procedure for
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balancing such rotors is more complex. The full procedure will not be con-
sidered in detail here but a simplified system will be used to illustrate the
additional features.

Consider the system shown in Fig. 4.58 which consists of two identical discs
mounted on a massless, but rigid, shaft AB. Let each disc have mass eccentricity
¢, and let them be mounted such that the eccentricities are on diametrically
opposite sides of the shaft centre line. The centre of mass of the total system
will therefore be on the axis of rotation and the system would therefore be

statically balanced.

FiG. 4.58

Let us now consider the system rotating at some constant speed w. The
centre of mass of each disc will have an acceleration w’e towards the axis of
rotation. Each disc will therefore apply a force to the shaft of magnitude mw°e.
The free body diagram of the shaft is shown in Fig. 4.59(a) where the eccen-
tricities are considered instantaneously to be in the plane of the paper. Fgy,
and Fg; are the forces on the shaft at the bearings. For equilibrium of the shaft,

1 YF=0,andy M =0.
Thus 4 Fsa+ Fsg + mo’e — mo’e =0,
so that Fgp = —Fgp.
Also by taking moments about end A
B —moea+ Fsgl+ mwe(b+a) = 0,
mw’eb
1

Thus the equal and opposite bearing forces provide a couple on the shaft,
and by Newton’s Third Law an equal and opposite couple will be applied to
the frame. Whilst there is no resultant out of balance force on the frame, the
forces on the frame at A and B will produce an out of balance couple about
an axis perpendicular to AB which rotates with the shaft at frequency w.

These out of balance forces at the bearings arise because of the moments
of the out of balance forces caused by the individual discs. To achieve balance

sothat Fgg = — (iv)
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1m w?le

(a)

(c}
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mass must be added or removed to create an equal and opposite moment,
whilst still maintaining static balance. Full balance can only be achieved by
adding two balancing masses in two planes separated by a distance b, as
shown in Fig. 4.59(b). The angular position of these balance masses must be
such that the centre of mass of the system remains on the axis of rotation, i.e.
for our particular case they must be 180° apart. For simplicity, we will choose
both balance masses to have mass m, and mass eccentricity e,.

The free body diagram of the balanced shaft is shown in Fig. 4.56(c) and
by taking moments about end A we have

@ —mow’ea — myw?e,(c + b,) + Fsgl + myw’e,c + me’e(a+b) =0,
so that mw’eb — myw’eyb, + Fspl = 0. )

Thus if we choose meb = mye,b,, then Fgg =0, and since Fgy = —Fg,, it
follows that there will be no out of balance forces at the bearings.

In considering the forces Fso, Fsg we have neglected the weight of the
system which will cause constant downward forces on the frame at the support
bearings. Such forces are not a problem. Only the rotating out of balance
effects give rise to periodic forces which cause noise and vibration.

The foregoing shows that to produce balance in a rotating system which
cannot be considered as a single thin disc, material must be added or removed
in two planes if the out of balance moment is to be eliminated. Two plane
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balancing is called dynamic balancing since the effects of the out of balance
moments can only be detected when the system is rotating.

Rotors in real machines come in all shapes and sizes. By extending the
above arguments we can show that any rotor can be dynamically balanced by
the addition, or subtraction, of mass in any two separated planes.

An interesting comparison can be made by comparing the balancing of a
cycle wheel which is thin and motor car wheel which is comparatively thick.
The cycle wheel can be satisfactorily balanced by the addition of a single mass
to achieve static balance. The motor car wheel should be balanced using a
dynamic balancing machine with balancing masses added to both sides of the
wheel. If a garage uses a dynamic balancing machine but adds masses only
to one side of the wheel, then only static balance can be achieved, and out of
balance moments will still be present.

4.7 The slider crank mechanism

The dynamics of the slider crank mechanism of Fig. 4.60 will now be analysed.

Y
/
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Other linkage mechanisms, e.g. the four bar linkage may be considered in
a similar manner. Such mechanisms are used widely in packaging and other
production machinery, and the slider crank mechanism forms the basis of
most internal combustion engines. The slider S may be considered as a rigid
body in pure translation, the connecting rod AB as a rigid body in general
plane motion and the crank OA as a rigid body which rotates about a fixed point
O. If the crank OA rotates at a constant angular velocity  the motion
of the connecting rod and slider may befound from a kinematic analysis. This
has been carried out in Chapter 1, application 1.6. We can now apply the
equations of motion to each individual body in the mechanism to find the
forces and torques necessary to maintain the motion.

We will consider the mechanism in the general position shown in Fig. 4.60
where # and ¢ define the angular positions, measured anticlockwise from OX,
of the crank and the connecting rod. The position of the slider is defined by
its distance x, along OX from O, and the position of the centre of mass G,
of the connecting rod is given by coordinates xg., YG..
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Let the slider have mass m, and let its centre of mass G, be coincident with
the pivot at B. The connecting rod has mass m, and moment of inertia I
about an axis through its centre of mass G.. The crank and flywheel assembly
has mass m, and moment of inertia I, about the fixed point O. We will assume
that the centre of mass of the crank and flywheel is at O.

We now draw a free body diagram for each of the bodies in the mechanism.

The free body diagram of the slider is shown in Fig. 4.61. Friction has been
neglected so that the only forces acting on the slider are the forces from the
connecting rod and the guide.

R,, and R,, are the contact forces on the slider from the guide and are
assumed to act at the corners of the slider. F,p and F, are the components
of the pin force on the slider at B applied by the connecting rod. The directions
of these forces are not known so they have been assumed to act in the directions
shown.

Applying the equations of motion, eqns (4.19), for a body in pure translation
gives

- xB = msi:, (i)
T FyB + Ryl + Ry2 - msg = ms.)';s = Oa (11)
and  G)c(R,—R,;) =0. (iii)

The only forces acting on the connecting rod are its weight and the contact
forces at the connections to the crank and to the slider. These are shown in
the free body diagram of Fig. 4.62.

The components of the force on the connecting rod at B are equal and
opposite to those acting on the slider at B and the force at A is represented
by components F,, and F,, as shown.

Applying eqns (4.43) for a body in general plane motion gives

> Fxa— FxB = mchc (iV)

T FyA—FyB_mcg=mcj;Gc (V)

I, 1 21 21 "
and @— FxAgsm ¢+ FyAgcos ¢ — F;Bgsm é+ Fyggcos ¢ = I;o.
(vi)

R, A

y1 y2

msg

FiG. 4.61
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The forces acting on the crank are shown in the free body diagram of
Fig. 4.63, where M,, is an external torque applied to the crank by the driving
motor. The centre of mass of the crank will have zero acceleration since it is
at O. The angular acceleration of the crank is also zero because we have
assumed that it rotates at a constant angular velocity.

FiG. 4.63

The forces on the crank at A are equal and opposite to the forces on the
connecting rod at A. F,, and F,, are the forces on the crank at its bearings.

We can now write the equations of motion for the crank using eqns (4.30)
as

—)FXO_FXA=O’ (Vii)
i) Fo - Foa—mg =0, (viii)
and @ Mg — Foarcos 8 + Farsin 8 = 0. (ix)

In eqns (i) to (viii) all of the acceleration terms can be found, as functions
of w, from the kinematics of the mechanism. This leaves 8 unknown forces
and the unknown torque M, to be found.

In the general case these unknown forces are best found by writing a small
computer program.

If we take a special case in which the mass of the connecting rod is small
compared with that of the slider, its effect may be neglected and eqns (iv) and
(v) reduce to

FxA - FxB = O,
and F.,—-Fz=0. (x)

Substituting these values into eqn (vi), and putting I = 0, we obtain

F, F, .
=2 = 2% _ tan ¢, (xi)
FxA FxB
so that the forces on the connecting rod must act along AB, i.e. the connecting
rod will be in pure tension or compression. (Remember that this is true only
for a massless link.)
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From eqns (i) and (x)
Foa = mX,, (xii)
and from eqn (xi)
F,o = m,X, tan ¢.
The driving torque in eqn (ix), can therefore be expressed as
M, = mX, tan ¢{r cos #) — mX,r sin 8
= m,X,r (tan ¢ cos 6 —sin 8). (xiv)

In eqn (xiv) X, and ¢ are both functions of 6, and by using the results of the
kinematic analysis of page 47, My can be expressed directly in terms of w
and 6.

Even for this much simplified case the algebra involved in seeking an
analytical solution for M, is tedious. It is again more convenient to use a
small computer program to obtain a numerical solution of the kinematic
equations at a series of crank angles. Substitution of the numerical values of
X,, ¢ and 6 into eqn (xiv) will give values of M, over the complete cycle of
operation.

It is interesting to consider the behaviour of the system when the crank
radius is small, i.e. when r « [ This assumption greatly simplifies the algebra,
but still illustrates some of the main characteristics of the slider crank
mechanism.

With the assumption that r « [, tan ¢ may be assumed small and eqn (xiv)
may be approximated as

My = —mJXr sin 6. (xv)
From eqn (vi) p. 47 the kinematic analysis of the mechanism gives

% = —r6*cos 6 + I sin ¢ + I cos .
When ¢ is assumed small this may be approximated as

% = —r6*cos 6, (xvi)

which on substitution into eqn (xv) gives

272
Mo = my*67 sin 0 cos § = ———sin 26. (xvii)
Since @ = wt we have
2.2
mw’r’ |
M, = S2 sin 2wt. (xviii)

Thus the torque M, which has to be applied by the drive motor to maintain
a constant crank speed varies at a frequency of 2w, i.e. at twice the running
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speed as shown in Fig. 4.64. In practice this is difficult to achieve so that speed
fluctuations would occur. These can be reduced by using a flywheel.

Let us now consider the forces required in the holding down bolts which
secure the machine to its foundations. Figure 4.65 shows the freebody diagram
of the frame of the machine in which H;, H, and V are the forces applied to
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FiG. 4.64

j Hy  #y | -
7 1

< 4 Fvo .\—.
/] ]V Vf Fxo
I/ '_‘_‘ Ryz
a+ | Al |
/—,— e '/
é Hy Hz ™~ " s = 1
/

FiG. 4.65

it by the holding down bolts and mg is the weight of the frame. It is assumed
that the centre of mass of the frame is at the crank shaft bearing, again to
simplify the algebra. The forces applied to the foundation on which the machine
is mounted are equal and opposite to H,, H, and V. Also shown are the forces
F.0, F,0 applied to the frame at the crank shaft bearing and R, R,, at the
sliding bearing. If we make the above assumptions that the mass of the
connecting rod is small and that r « I, we can show, using eqns (i) to (xii) that

F.o =~ —mw’r cos 6
and F,o = mg — (R,; + R,;) + meg = myg, (xix)

The total force in the holding down bolts must maintain static equilibrium of
the machine frame. Thus

T V_FyO_Ryl_RyZ_mg::Oa
> -H, - H;- Fo =0,
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and taking moments about the upper bolt
& - (Fo+ mgla—2Hb—R,(a+1-c)—Rpla+l+c)
— F.ob=0. (xx)

The forces R,;, R,, will, in fact, change their position along the axis of the
machine as the slider moves. However since we have assumed that r « [, the
variation in position is small and can be neglected in eqns (xx).

From eqns {xx) and (xix)

(me+m+mg)ga + msgl+ mw’r cos 0
2b 2 ’
_(mg+m+m)ga+ msgl+ mw’r cos 8
2b 2

H, =

and H, = (xxi)
The forces H, and H, in the bolts consist, therefore, of a constant term and
a periodic term. The constant terms are due to the moments produced by the
weights of the components and are equal in magnitude but opposite in direc-
tion. Both periodic terms have the same sign and together represent a horizontal
fluctuating force

H = mw?r cos wt. (xxii)

Thus a harmonic out of balance force m,w’r cos wt along the slider axis is
applied to the foundations supporting the machine. The magnitude and
frequency of this force varies with the running speed of the machine. Using
the dimensions of a typical engine the reader should compare the values of
M, and H obtained using correct values of / and r with those obtained using
the assumption r « [ as above. A short computer program will be required to
obtain numerical values of My and H.

4.8 Balancing of reciprocating machines

We have seen that it is possible to eliminate, or reduce to an acceptable level,
the out of balance forces transmitted to the foundations of a rotating machine.
The problem is much more difficult to overcome with a reciprocating machine.

A simple mass equal to that of the slider, located at the end of the crank
as shown in Fig. 4.66(a), would produce out of balance forces on the frame
as shown in Fig. 4.66(b). The horizontal component of this force is the same
as that produced by the slider crank mechanism as given by eqn (xxii). Thus
if we arrange a balancing mass m, at radius r opposite the crank, as shown in
Fig. 4.66(c), the force on the frame due to the reciprocating mass will be
completely balanced by the equal and opposite force m.w’r cos wt from the
balancing mass. Unfortunately, we have now an out of balance force mw’r
sin wt in the vertical direction. All that has been achieved is to change the out
of balance horizontal force on the frame into a vertical force of the same
magnitude. It is however possible to share the out of balance force between
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the vertical and horizontal directions. If for example we choose the balancing
mass m, to be half of m,, or the product of m, and its radial position r, to
be half of m.r, then the horizontal out of balance force will be halved, but a
force of equal magnitude will be introduced in the vertical direction. By
choosing m,r, appropriately it is possible to transfer a proportion of the out
of balance force from the direction of the reciprocating motion to a perpen-
dicular direction. The benefits of such partial balancing depend upon the types
of mounting used for the machine.

It is possible to achieve balance by introducing two counter-rotating balance
masses each of mass m,/2 at radius r, or of equivalent myr,, as shown in
Fig. 4.67. The horizontal components of the forces due to the balance masses
will cancel the m,w’r cos wt term from the reciprocating mass and their vertical
components will be equal and opposite. This approach involves considerable
complication of the system.

m
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It must be remembered that in the above we have assumed that the mass
of the connecting rod is negligible and that r « [ If these approximations are
not valid (they would not be in most modern 1.C. engines) the situation is
more complex and all the terms in eqns (i) to (ix) would have to be considered.
The out of balance forces would include higher harmonics of the running
speed and the effect of the connecting rod would be to generate out of balance
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moments as well as additional out of balance forces. These effects are discussed
in detail in more advanced texts.

4.9 Robot arm

Figure 4.68 shows a simple two degree of freedom robot arm. The arm CD
carries the robot gripper hand at the point C and is driven by means of the
electric torque motor EM,. The armature and stator of this motor are rigidly
connected to arms CD and AB respectively and its output axis passes through
the point G, as shown. A counterbalance mass C, is added to the arm CD at
D so that the centre of mass of the arm also lies at G,.

Torque motor EM,

F1G. 4.68

A second torque motor EM, is connected to the arm AB and has its output
axis passing through the point G. The stator of this motor is rigidly connected
to ground and thereby supports the whole robot arm. A second counterbalance
mass C, is added to arm AB at B and is chosen so that the centre of mass of
the complete robot arm always lies at G. (The reader should verify that this
can be achieved provided that the centre of mass of arm CD lies at the point
G,.)

We shall assume that the masses of arms AB and CD are m; and m,
respectively and that I, and I, represent their moments of inertia about axes
through G and G, respectively. The angular positions of the arms, at any
instant, are given by 8, and 6, as shown, and the distance GG, = R.

The robot consists of two rigid bodies AB and CD. Body AB is in pure
rotation about the fixed point G and body CD is in general plane motion. To
obtain the equations of motion for the robot we first have to draw the free
body diagrams for each of the bodies in the system.
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Let us start by considering arm CD. Its free body diagram is shown in
Fig. 4.69. M, represents the torque applied to CD by the armature of the
torque motor EM,. The components F,,, F,, represent the forces applied to
link CD at G, from the motor bearings, and m,g is the weight of CD.

Using eqns (4.43) for a body in general plane motion we obtain, for link CD

> Fo=myXg,, (i)
7 Fpy — myg = myyo,, (ii)
and @ M, = L6,. (iii)

mg
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The free body diagram of arm AB is shown in Fig. 4.70. This arm is in pure
rotation about the fixed point G. The forces and the moment acting on arm
AB at the connection G, are equal and opposite to those acting on arm CD.
Components F,; and F,; represent the forces on the arm at the fixed pivot
and the weight of the arm m g acts through the centre of mass of the arm G,.
Motor EM, exerts a torque M, on the arm as shown. To ensure that the centre
of mass of the whole robot lies at G, the centre of mass G, of arm AB is
positioned a distance r from G where

R
== (iv)
m
Using eqns (4.30) for a body in pure rotation
- Fy— Fo=mg, (v)

1 Fyy — Fpp —mg = myjg,, (vi)
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and @ M, — M, + F,R sin 8, — F,,R cos 8, + m,gr cos 6, = 115,.
(vii)

The kinematic constraints of the system allow us to express Xg;, Yo and
XGa2, Yoo in terms of the angular positions of the arms. For this case

Xgy = —rcos 6,
Yo = —rsin 0;, (viii)
and Xg» = Rcos 6,
Yg» = Rsin 8,. (ix)
Differentiating eqns (viii) and (ix) twice with respect to time gives

%G1 = r; sin 0, + ré% cos9,

Y61 = —ré; sin 6, + rbzl sin 6, x)
and  Xg, = —R6, sin 8, — Ré3 cos 6,
VG2 = R, cos 8, — R6?sin ;. (xi)

By substituting eqns (i) to (xi) into eqn (vii) we obtain.
M, — M, = (I, + myR?)4,. (xii)

Equations (iii) and (xii) are the equations of motion of the system. If the
motor torques are known the angular accelerations can be obtained. The
angular velocity and position of the arms can be computed by integrating the
angular accelerations. M; and M, would not normally be constant so that a
numerical procedure would have to be used to integrate eqns (iii) and (xii).

The velocity and position of a point on the hand could then be obtained
from the kinematic constraint that

xy = Rcos 6, +lcos 8,
and ¥4 = Rsin 6, + Isin 6,,

where ! is the distance of the point from G,.

It can be seen from eqn (iii) that the motion of arm CD can be controlled
by motor torque M,. The motion of arm AB however depends upon the value
of (M, — M,). This shows that we must consider the motion of arm CD when
considering how to control the motion of arm AB.

By placing the centre of mass of arm CD on the axis of motor EM, and the
centre of mass of the whole robot arm on the axis of motor EM; we can see
that the control of the robot can be made to be independent of the weights
m,g and m,g This arrangement greatly simplifies the computer control
algorithm used to generate the motor torques M, and M,. The disadvantage
of this balanced design is that the counterbalance masses at B and D may give
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rise to large values for I,, I, and m,. For given torque motors this would tend
to reduce the speed of response of the robot.

4.10 Vibration and vibration isolation

We have shown that machines in which the major components are in pure
rotation, such as in steam or gas turbines, can be balanced by the addition or
removal of mass in two separated planes. In practice perfect balance can never
be achieved but it is possible to reduce the out of balance forces in such
machines to an acceptably low level at an acceptable cost. To achieve the same
result with a reciprocating machine is much more difficult and requires the
addition of counter rotating shafts.

Out of balance forces in any machine will cause periodically varying forces
to be transmitted into the supporting structure or foundations. If the machine
is firmly bolted down the out of balance will be directly transmitted by the
fixing bolts. This is of little importance if the foundation is a large rigid block,
but in the more usual case where the foundation is not rigid the periodic forces
can produce unacceptable levels of noise and vibration. For example an air
conditioning plant with a reciprocating air compressor mounted in its usual
position on the roof of a building can cause annoying vibration of the building.

Periodic forces can also arise from other sources, for example from the
cutting tool in a lathe or from aerodynamic forces caused by turbulence. To
reduce the transmission of such periodic forces into the supporting structure
flexible elements can be introduced between the source of the excitation and
the support structure or foundations.

The detailed analysis of vibrating systems is very complex, but we can
illustrate some of the principal effects by using a simple mathematical model
in which the flexible elements are assumed massless. Let us consider the case
of a machine supported on springs and initially we will assume that there are
no externally applied forces. A machine would normally be supported on at

free
length
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m e

() (b)
FiG. 4.71
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least four springs but we will, in our model, combine them into a single
equivalent spring. We will also assume that the machine can move only with
pure translation in the vertical direction so that horizontal and rotational
motions are not considered.

We will assume that the support consists of linear spring of stiffness k and
that the machine can be considered as a rigid body of mass m. The idealised
system is shown in Fig. 4.71(a). A linear spring of stiffness k produces a force
which is directly preportional to its extension x such that the force in the spring

F = kx, (1)

as shown in Fig. 4.71(b).

Metallic springs behave in this manner but rubber springs (often used in
anti-vibration mountings) can deviate from this assumption.

In the SI system of units k will have dimensions of N/m, i.e. force/unit
extension.

Let us now consider the equilibrium of the system when it is stationary.
When the machine is lowered gently onto the springs they will be compressed
by an amount y, called the static deflection, as shown in Fig. 4.72. The machine
is then in equilibrium under the action of its weight and the force applied to
it by the spring, as shown in the free body diagram of Fig. 4.73. Hence for
vertical equilibrium of the mass we have

{ mg —ky, =0,
sothat y, = mg/k (ii)

l m
Ys
mg
% % t
T7777777 77777777 La
Fic. 4.72 Fic. 4.73

free
length

The springs must be designed such that the stresses caused by such a deflection
are within the allowable levels for the spring material.

If the machine is disturbed from this equilibrium position its resulting motion
can be predicted by obtaining and solving the equations of motion for the
mass. First we need to draw the free body diagram of the system for some
general position of the mass. Let us consider the forces acting on the mass as
it passes through some general position defined by the displacement y,
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measured from the equilibrium position, as shown in Fig. 4.74. Vertically
downwards is taken as the positive direction. The spring will now be com-
pressed by a further amount y so that the force in the spring will now be
k(y, + y). This force will act vertically upwards on the body as shown in the
free body diagram of Fig. 4.75.
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The body is in pure translation so that from eqns (4.19)

L mg —k(y, +y)=my.
But mg = ky, from eqn (ii), so that

my + ky = 0. (iii)
Equation (iii) is a second order linear differential equation in the displacement
and is the equation of motion of a single degree of freedom vibrating system.
If we rewrite egn (iii) as y = —(k/m)y we see that the direction of the

acceleration j of the mass is always opposite from that of the deflection y.
The solution to eqn (iii) is well known and can be written

y.= Asin p,t + B cos p.t, (iv)

where A and B are constants and p, = Vk/m.
Equation (iv) may also be expressed as

y = Csin(p,t + ¢) )

where C = VA + B? and tan ¢ = B/A.

That eqns (iv) and (v) are solutions of eqn (ii) can be checked by substituting
them back into eqn (iii).

The constants A and B, and hence C and ¢ can be obtained if values of y
or y are known at particular values of ¢. Two values are required since we
need to obtain two unknown constants. Usually we know initial conditions,
i.e. those at 1 = 0.

For example if the machine is displaced a distance y, from the equilibrium
position and released from rest, we have

y=y, and y=20 att =0.
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Substituting for y into eqn (iv) with ¢t = 0 gives
Yo = B.

By differentiating eqn (iv) with respect to time and substituting the second
condition we obtain

_)}0 = Ap,, = 0.
Hence the resulting free motion of the mass is described by
Y = Yo COS Pt (vi)

Equation (vi) represents simple harmonic motion which has already been
discussed in Chapter 1 (see p. 5).

Our simple mathematical model therefore predicts a free vibration as shown
in Fig. 4.76 of amplitude equal to the initial displacement from the equilibrium
position of the machine. This motion will continue for all ¢ without decay.

Yo
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However, we know that such free vibration will decay with time because of
the energy losses inherent in any real system due to friction, air resistance and
hysteresis in the spring materials. Since more advanced mathematical models
are needed to cope with these effects they will not be considered here.

The resulting vibration occurs at a frequency p, which is called the natural
frequency of the system. Its value depends upon the mass of the machine and
the stiffness of its supports, but is independent of the initial conditions. (The
reader should investigate the effect of changing the initial conditionsto y = 0,
¥y = Jo, at t =0, i.e. zero displacement from equilibrium but some initial
velocity).

Let us now consider the effect of some external periodic force F cos ot
applied to the machine. To obtain the equation of motion under these condi-
tions we again draw the free body diagrams of the mass and the spring as the
machine passes through some general position defined by y from the equili-
brium position. From the free body diagram of the mass shown in Fig. 4.77
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we obtain
mg — k(y, + y) + F cos wt = my,
sothat my + ky = F cos wt. (vii)

The left hand side of eqn (vii) is the same as that of eqn (iii) but a forcing
term has been added to the right-hand side. Its solution is given by the sum
of the complementary function and the particular integral.

The complementary function is the solution of eqn (vii) with the right-hand
side set to zero, so that

y = Asin p,t + Bcos p,t,

as before. This again represents free vibration at the natural frequency p,.

The particular integral can be obtained by any of the standard methods of
solution, e.g. D operator, Laplace transform etc. The reader should confirm
that the solution is

F cos wt (viii)
=—, viii
¥ k - mo’

so that the full solution for y is given by

F cos wt.

y =Asinp,t + Bcosp,t+ (ix)

k— mw®’

The motion, or response, of the mass is therefore given by a forced vibration
at the frequency @ upon which is superimposed a free vibration at the natural
frequency p,. The amplitude of the free motion at the natural frequency will
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depend upon the initial conditions and would, in a real system, gradually
decay with time because of energy losses. The motion at the forcing frequency
will persist as long as the force F cos wt is applied. These two components
are referred to as the transient and steady state parts of the response.

Thus immediately after switching on the machine the motion would be
represented by eqn (ix). However as the terms corresponding to the free motion
die away only the forced motion would remain. The response would therefore
approach the steady state solution given by eqn (viii). Typical responses are
shown in Fig. 4.78.
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If the amplitude during the initial few cycles of vibration is not such as to
overstress the support springs, only the steady state behaviour is of interest.

Let us now examine how the amplitude of the steady state vibration varies
as the forcing frequency o changes.

The steady state component of eqn (iii) may be expressed as

y = Y, cos wf,

where Y, is the amplitude of vibration.
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From eqn (ix), this amplitude may be expressed as

F 1

Yo=——"T"—F5—>7.
k(- w/pl) (®)

The amplitude of vibration is therefore directly proportional to the amplitude
of the applied force, but it also depends upon the ratio of excitation frequency
to the natural frequency, i.e. w/p,.

Let us first consider the effect on the amplitude of vibration of varying
whilst keeping the magnitude F of the applied force constant. If o is zero the
amplitude is F/k. In this case the applied force is a steady force and the
deflection is constant.

As o increases the denominator initially decreases so that the amplitude of
the vibration increases. When w is equal to the natural frequency p,, the
denominator becomes zero and the amplitude becomes very large. Under these
conditions, with the forcing frequency equal to the natural frequency, the
mass-spring system is said to be in resonance. Up to this frequency
the amplitude has been positive so that the displacement has been in phase
with the force F. If we now consider w to be very slightly greater than p, the
denominator remains very small but has changed sign. This means that as
soon as the exciting frequency exceeds the natural frequency the displacement
becomes 180° out of phase with the force. As w is increased further the
displacement remains 180° out of phase and its magnitude decreases. When
the forcing frequency is very high the denominator becomes very large and
Y, approaches zero.

The effect on Y, of varying w is shown in Fig. 4.79. Often the modulus of
Y, is plotted as in Fig. 4.80.
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It is important to note that in producing these results the magnitude of the
force F was kept constant and only the forcing frequency was varied. The
relationship between Y, and F at a given frequency is linear so that doubling
F would result in a doubling of the amplitude. Even if F is very small an
infinite amplitude is predicted at resonance when @ = p,.

In any real system there will be effects which we have not included in our
simple mathematical model. These effects would limit the amplitude of vibra-
tion. For example there would be some energy losses in the system. These
losses could be due to hysteresis in the materials of the flexible elements or
may be introduced to control the vibration by using dampers. The forces which
cause energy losses are collectively known as damping forces. If the damping
forces were included in the model the response would be as shown in Fig.
4.81. The maximum amplitude and the sharpness of the peak will be determined
by the damping forces. However, our simple model shows that the ratio of
the forcing frequency to the natural frequency of the system has a major effect
on the amplitude of vibration of the system and that it is important not to
excite a machine at a frequency near the natural frequency of the machine on
its supports.

The force transmitted into the foundations depends upon the extension of
the springs as shown by the free body diagrams of Fig. 4.82. This force will

§me

‘Fs=k()’s+y)
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consist of a steady component equal to the weight, mg, of the machine plus
a fluctuating component due to the vibration. Only the fluctuating component
F, will cause noise and vibration in the supporting structure. In the steady
state this force is given by

F
F,=ky= T3, 7 COS wi. (xi)
1~ w’/p,

Thus as the forcing frequency varies the force transmitted to the supporting
structure is influenced in the same way as the amplitude Y,. The ratio F,/F
is plotted against w/p, in Fig. 4.83.
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If the machine were solidly bolted to a very stiff support structure, k would
be very large. The natural frequency p, would also be very large and, from
eqn (xi), the transmitted force would be equal to the disturbing force. The
addition of flexible elements between the machine and its support structure
will only be beneficial if the ratio F,/F < 1.

From eqn (xi)

F, 1 .

F1-wpl b
which gives |F,/F| =1 when wlp,=0 or w/p,=V?2. Hence |F,/F|<1 only
when @ > p,v2. Usually the forcing frequency corresponds to the running
speed of the machine and is fixed. The flexible elements must therefore have
as low a stiffness as possible to ensure that the natural freuency of the system
is low. The ratio w/p, will then be large and the greater its value the smaller
will be the force transmitted. As can be seen, flexible mountings are not always
beneficial. If it is not possible to achieve a natural frequency less than w/v?2
the introduction of flexible elements will increase the force transmitted and it
would be better for the machine to be solidly bolted down.

In cases where the periodic exciting force arises from out of balance forces
in the machine the magnitude of F will not be constant but will vary with
running speed. Application 4.6 showed that the out of balance force H pro-
duced by a reciprocating machine could, with some simplfying assumptions,
be represented as

H = mw’r cos wt = F cos wt.

Thus F = mw’r (xiii)

and is proportional to the square of the running speed. By substituting eqn
(xiii) into eqn (x} the amplitude of vibration

w’rm, 1
k (1-w?/pi)’

YO:
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which, since k = pf,m, may be rewritten
_rm; ’/pa

m (1 - w?/pi)’
The magnitude of Y, varies with & as shown in Fig. 4.84. As w increases the
amplitude of the vibration builds up until, at resonance when o = p,, very

large amplitudes are predicted. The amplitude then decreases until it
approaches a value of rm,/m when w/p, » 1.

Y, (xiv)

Yo

0 1 w/;,,
FiG. 4.84

From eqn (xi) the magnitude of the force F, transmitted to the foundation
can be expressed as

w?rm,
==ty (xv)
F, 1 .
Thus —=—"—75— (xvi)

F (1-e°/p3)
which is the same as eqn (xii).
Again the running speed o must be greater than p,v/2 if the flexible mountings
are to be beneficial.
Also when w » p, the force transmitted to the foundation

krm,

’

F =kg=

and does not vary with speed. It is proportional to the spring stifiness, so
again low stiffness supports are beneficial. The ratio F,/ F, however, continues
to decrease because although F, remains substantially constant F continues
to increase with the square of w.

Machines have, of course, to be started and stopped. A machine on properly
designed, flexible supports must therefore run through the speed range where
large amplitudes are likely to occur. Our simple analysis assumes a constant
value of @ and so cannot predict the effect of accelerating the machine up to
its normal running speed. However, if the machine is accelerated rapidly
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through the region in which w is near to p, the amplitude should not have
time to build up to a dangerous level. Care must be taken to ensure that
damage does not occur.

Normally vibration is undesirable and steps have to be taken, as in the
above case, to minimise its effects. In some cases, such as in vibrating conveyers,
we need to maximise the vibration. Such machines would therefore be designed
to operate in a resonant manner, i.e. the natural frequency of the machine on
its supporting springs would be made equal to the excitation frequency.

Exercises

1 A uniform bar AB of length [ is accelerated over a rough horizontal plane
(coefficient friction u) in the direction BA by a force P applied at A.
Find the tension in the bar at a section R where RA = a.

2 Fig. 4.85 shows a simple pendulum of mass m and length L If the support
point O is given a constant acceleration a, = a, and a, = ka,, as shown,
determine the constant angle # made by the pendulum, and the tension
in its wire.

ka

ap

FiGc. 4.85 Fic. 4.86

3 Derive an expression for the steady angle 6 in the mechanism shown in
Fig. 4.86 in terms of the lengths a, b and the constant angular velocity
about the vertical axis. All masses except those at C and D may be
neglected, and the hinges at A and B may be assumed frictionless.

4 Determine the range of o for which the slider A in Fig. 4.87 will remain
in the position shown if the coefficient of friction between slider and rod
is 0.3.

5 Fig. 4.88 shows a block of mass m* resting on a smooth horizontal piane.
A uniform cantilever AB of mass m and length [ is rigidly clamped to
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the block at end A. Determine the bending moment applied to the
cantilever by the block if a horizontal force P is applied to the block as
shown.

In the Scotch-yoke mechanism shown in plan in Fig. 4.89 the crank OA
rotates counter-clockwise with an angular velocity of 10 rad/sec. A small
block A slides along the slot CD in the reciprocating member CDB. Show
that CDB moves with simple harmonic motion in the line OE, and find
its maximum velocity. OA = 50 mm.

If the motion of block A in the slot CD is opposed by dry friction of
coefficient 0.3, and if friction elsewhere is negligible, find as a function
of the crank angle 8 shown in Fig. 4.89 the torque required at the crank
to drive the mechanism when 6 lies between 0° and 90°. The mass of CDB
is 5 kg and the mass of all other parts may be neglected.

E

oA B

L

Fic. 4.89
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7 A monorail car with front-wheel drive of mass 5 tonnes is suspended from
two wheels 10 m apart as shown in Fig. 4.90. Its centre of mass G is
mid-way between the wheels and 4 m below the rail. If it is designed to
achieve a maximum speed of 200 km/h with uniform acceleration in 40
seconds from rest on a level rail, determine the minimum required
coefficient of friction between the front wheel and the rail. Neglect the
mass of the wheels.

Discuss whether a higher acceleration could be achieved with rear wheel
drive, assuming that the coefficient of friction is the same. Hint: draw the
free body diagrams of the wheels.

I 10m I

£
<

B BN x

FiG. 4.90

8 Fig. 4.91 shows a block of mass m supported on two idlers. The rollers
are driven at high angular velocities in the directions shown such that
slip always occurs at points A and B.

If the centre of mass G is offset from the centre line PQ by an amount
x, show that the block acceleration is given by

&+
b—pua

where u is the coefficient of friction between the block and the rollers.
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The mass of a uniform circular disc of radius R and centre O is m. A
hole of radius R/2 and centre C is drilled out of the disc where OC = R/4.
Find the moment of inertia of the drilled disc about an axis through C
perpendicular to the plane of the disc in terms of m* and R, where m*
is the mass of the drilled disc.

Fig. 4.92 shows a wire loop which is in the shape of a sector of a circle
of radius R. If the mass/unit length of the wire is p, determine from first
principles the moment of inertia of the loop about axes OX and OY.
Use the perpendicular axis theorem to determine the moment of inertia
of the loop about an axis through O perpendicular to the plane of the loop.

)

xV

0
Fi1G. 4.92

Fig. 4.93 shows a rectangular prism of mass m with dimensions a, b and
¢. Determine the moment of inertia I, about an axis OZ which passes
through the geometric centre O.
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12 A symmetric disc can rotate freely in bearings at its centre C. A torque
T = 8sin 21 Nm is applied to the disc when it is initially at rest. Negiecting
friction, derive an expression for 6, the subsequent rotation of the disc,
as a function of time ¢. The moment of inertia of the disc about a polar
axis through C is 0.4 kgm”.

13 A homogenous rectangular plate ABCD shown in Fig. 4.94 measuring
3m x 2m and of mass 60 kg can rotate in a vertical plane about a fixed
frictionless hinge O attached to corner A. If it is released from rest with
AG horizontal find the force at the hinge immediately after release.

FiG. 494
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Exercises 229

A mass m is fastened to one end of a light rope. The rope is coiled round
a circular pulley of radius r which is left free to rotate about its axis.
Prove that the mass descends with acceleration g/(1+ I/mr?), where I
is the moment of inertia of the pulley about its axis of rotation.

The two gear wheels shown in Fig. 4.95 may rotate with negligible friction
about their fixed centres at A and B. An integral pulley fixed to the
left-hand wheel carries a light cable which supports a body C of mass
4 kg. If the assembly is released from rest, find the acceleration of C and
the tension in the cable. The moment of inertia about an axis through A
of the left-hand wheel and pulley assembly is 0.2 kg m” and the moment
of inertia about an axis through B of the right-hand wheel is 0.04 kg m°.

A uniform circular disc of mass m and centre C is mounted with eccen-
tricity OC = e at mid-span of a rigid shaft AB (Fig. 4.96). The shaft is
supported at A and B in identical short bearings: it rotates at constant
speed « under the action of a constant driving torque T applied at end
A and a resisting torque developed by friction in the bearings. Gravity
and friction elsewhere may be neglected.

-
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If the friction between the bearing and the shaft is dry and has a
coefficient u, derive expressions for the normal and tangential components
of the force at each bearing. Hence find the power that must be supplied
by the torque T to maintain the given motion. The effective radius of
each bearing is r = 10 mm, e = 50 mm, u = 0.2, ® = 50 rad/s and the disc
has mass 20 kgm.

A parallelogram four bar linkage consists of three uniform bars AB = gq,
BC = 24, CD = a, hinged together at B and C and to a fixed frame at A
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and D. If a torque T is applied about A to AB when BC is perpendicular
to AB and CD, find the instantaneous angular acceleration of AB starting
from rest. Neglect gravity and friction. The masses of the links are m, 2m,
m respectively.

Fig. 4.97 shows a two-stage gear reduction in which the three gears turn
on the fixed centres O;, O, and O, about which their respective moments
of inertia are 0.03 kg m”, 0.30 kg m’ and 4.00 kg m”. A constant torque of
20 Nm is applied to the driving gear about O, and a load torque of
magnitude 0.2 w3 Nm opposes the rotation of the output gear about O,
where w; is the angular velocity of the output gear about Qs in units of
rads/sec.

FiGc. 4.97

Find (a) the initial angular acceleration of the driving gear starting
from rest, and (b) the angular velocity of the driving gear when steady
speed conditions have been reached.

The effective pitch-circle radii of the gears are

r, = 0.05m, r,=010m and r;=0.20m.

Neglect friction.

A slider crank mechanism is shown in Fig. 4.98. In the position shown
the mechanism is at rest. The slider is required to have an initial acceler-

a = 10m/s2
v=20

Fic. 498
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ation of 10 m s°. Calculate the magnitude of the force F which must be
applied to the slider to give it the required acceleration, and the force in
the connecting rod ab.

The mass of the slider is 0.1 kg, the polar moment of inertia of the
flywheel to which the coupler is pinned is 2 x 10~ kg m” and the mass of
the coupler may be neglected. Gravity and friction may also be neglected.
Hint Use a graphical method to obtain the accelerations of the links.

A heavy uniform bar AB rests in a horizontal position on two identical
pulleys with its centre of mass G midway between the centres of the
pulleys, as shown in Fig. 4.99. Each pulley may turn freely and without
friction about its centre. If a constant torque T is applied to the left-hand
pulley, derive an expression for the initial acceleration X of the bar,
assuming no slip between the bar and either pulley.

The mass of the bar is m. Each pulley has radius r and moment of
inertia I about an axis through its centre.

| G!__i—— 5
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The wheel shown in Fig. 4.100 is supported by a cable and has mass m
and moment of inertia I, about an axis through 0. Determine the initial
angular acceleration of the wheel and the tension in the cable when the
wheel is released from rest under gravity, in the position shown.

0

FiGg. 4.100
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22 A uniform circular disc of mass m and radius r is released from rest on
a rough plane inclined to a to the horizontal, as shown in Fig. 4.101. The
coefficient of friction between disc and plane is w. Write down the
equations of motion of the disc, and hence derive an expression for the
maximum allowable value of inclination « if the disc is not to slip on the
plane. Discuss the motion if this value of a is exceeded.

FiG. 4.101

23 If the rollers in Fig. 4.102 are uniform and identical, and if there is no
slip between either rollers and ground or rollers and slab, derive an
expression in terms of the given quantities for the initial acceleration of
the slab. The mass of the slab is M and each roller has mass m.
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24 Fig. 4.103 shows the plan view of a heavy steel door AB which closes an

25

access way in the bulkhead of a ship. The edges of the door at A and B
slide along perpendicular guides under the action of a hydraulic ram that
provides a constant force P at A. Friction may be neglected, the door is
of width AB = 2gq, its mass is m and its moment of inertia about the
vertical axis through its centre of mass G is I = mk” where G is at the
mid-point of AB.

Show that the equation of motion of the door can be expressed as
6 = f(6) and find the function f(9).

An epicyclic gear, shown in Fig. 4.104 consists of an arm OA, a fixed sun
wheel S of centre O, and a planet wheel P attached to OA by a bearing

Fic. 4.104

at A. When the arm OA rotates, P rolls without slip on S. Show that the

angular velocity 6, of P is related to the angular velocity 6, of OA by the
expression

rzéz =(r+ r2)é1

where r, and r, are the effective radii of S and P respectively.

If a torque T is applied to OA about O, derive the equations of motion
for the arm OA and for the planet wheel P. Hence find an expression for
the angular acceleration of OA in terms of T. The moment of inertia of
OA about an axis through O is I, and the moment of inertia of P about

an axis through A is I,. The mass of P is m. Neglect gravity and friction
at the bearings.
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Accelerometer

FiG. 4.105

Fig. 4.105 shows a hammer used in vibration testing of structures. A small
accelerometer is mounted in the head of the hammer and produces an
output corresponding to the acceleration along CL. This is used to calcu-
late the force F that the hammer applies to the structure.

If the force applied by the hand can be neglected determine the relation-
ship between F and the acceleration a, recorded by the accelerometer.

The hammer has mass m and its centre of mass G is a distance h below
the line of action of F. The moment of inertia of the hammer about an
axis through G is Ig.

Neglect the angular velocity of the hammer during the impact.



5
Work and energy

Basic Theory

We have shown in Chapter 4 how the behaviour of systems can be analysed
by the direct application of Newton’s Laws of Motion. An alternative approach,
based on the First Law of Thermodynamics, will now be considered which
can, in certain circumstances, provide a simpler and quicker analysis.

5.1 Work done by a force

Figure 5.1 shows a force F applied to a point P in a mechanical system S.

We will suppose that when the force F is applied P undergoes a displacement
ér and moves to P'. It is assumed that the direction of F and ér are inclined
to one another at an arbitrary angle 6, as shown in Fig. 5.2.

Let us assume that the displacement from P to P’ is given by a displacement
8r cos ¢ along the line of action of F from P to Q, followed by a displacement
orsin 6, perpendicular to the line of action of F, from Q to P’. Because the
point P has been displaced from P to P’ by the force F we say that work has
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been done on the system by the externally applied force. The amount of work,
8W, done by the force during this displacement is a scalar quantity defined by

8W = Fércos 6, (5.1)

where F is the magnitude of the force and 8r cos 8 is the displacement of the
point of application of F measured in the direction of F.

From this definition and from Fig. 5.2 it can be seen that no work is done
by the force when its point of application is displaced along a direction which
is perpendicular to its line of action, i.e. no work is done during the dispiace-
ment from Q to P.

It also follows from eqn (5.1) that the work done will be positive provided
the displacement 8rcos 6 is in the same direction as the force F. If the
displacement of P along the line of action of F is in the opposite direction
from that of the force, as shown in Fig. 5.3, the work done is negative. In this
case we say that work has been done by the system S on the system which is
applying the force.

FiG. 5.3

It can be seen from eqn 5.1 that W will be positive when cos ¢ > 0, which
requires —7/2 < 08 < w/2.

It is possible to rewrite eqn 5.1 in terms of the components of F and dr
along OX and OY. Suppose that the lines of action of F and dr are inclined
with respect to the axis OX by angles a and B respectively, as shown in Fig.
5.4. Equation (5.1) can therefore be rewritten as

8W = Fércos(B — a),

FiG. 5.4 FiG. 5.5
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since, in this case, 8 = (8 — a). Thus by expanding cos(8 — @), we have
8W = Fé&r(cos B cos a + sin B sin a). (5.2)
The components of F and 8r along OX and OY are given by
F, = Fcos a, F, = Fsina, 8x =d8rcos B
and &y = 6rsin B.
Thus, by direction substitution into eqn (5.2) the work done can also be
expressed as
8W = F,8x + F, 8y. (5.3)

The total work done is therefore the sum of the work done by each component
of the force.

If we now consider the special case shown in Fig. 5.5, where the force is
directed along the axis OY, i.e. F, = 0 and F, = F, and the point P is displaced
only in the direction OX, i.e. 8y = 0, it can be seen from eqn (5.3) that the
work done is 8W = 0. Thus, no work is done by a force when its point of
application is moved in a direction which is perpendicular to its line of action.

When the directions of both F and ér lie along the axis OX| i.e. F, = F,
8r = 8x and F, = 8y = 0, the work done is given by

SW = Féx. (5.4)

For a finite displacement of P in the direction OX, from a position x; to a
position x,, the total work done on the system by the force is given by taking
the limit as 8x » 0 and integrating eqn (5.4),

ie. W= J F dx. (5.5)
If F is a constant eqn {5.5) can be integrated directly to give

W= F(xz_xl).

In the case, where F varies with x, i.e. F = F(x), we need to know how F
varies with the position x. Suppose, for example, that F(x) varies as shown
in Fig. 5.6. The work done in moving its point of application from position

Fl F)
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x, to position x, is, from eqn (5.5), the area bounded by F(x) between x = x,
and x = x,. The work done by a force can therefore be obtained by evaluating,
either graphically or numerically, the area under the force-displacement curve.
From its definition, work has units of Nm, or in terms of the fundamental
units kg m>s™2. The Nm is often called the Joule(J) so that 1J=1Nm =
1kgm?®s™.
Example 5.1 Let us consider the system S to be a simple spring fixed at one
end and let the point P be located at the free end of the spring, as shown in
Fig. 5.7(a).
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Fic. 5.7

We will calculate the work done by the force F when the point P is displaced
an amount x from its free position.

The force required to produce this displacement is shown in Fig. 5.8 and is
given by the relationship

F = kx, (i)

where k is the stiffness of the spring. .
The work done by the force F is given by eqn 5.5 and for this case is

W=j Fdx=J kx dx = $kx’. (ii)
0 0

Equation (ii) shows that the work done is proportional to the square of the
displacement. The graph of F against x is the straight line shown in Fig. 5.8.

F slope k

FiG. 5.8
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The area of the triangle formed between x = 0 and x is 3kx?* which is equal
to the work done by F.

Work done by a force moving along a curved path

Suppose we wish to calculate the work done by a force F when its point of
application is moved from P, to P, along some path C in the XY plane, as
shown in Fig. 5.9. We can see that if the point of application of the force
moves from a point A on the curve to a neighbouring point B then the
displacement of the point of application is approximately ér = 8s, where &8s
is the arc length from A to B. The work done between A and B is therefore
given by

8W = (F cos 0) 8s. (5.6)

Since, in the limit as 8s > 0, 6 can be interpreted as the angle between the
line of action of F and the tangent to the curve at A, the quantity Fcos 0 is
the component of F measured along the direction of the tangent.

Thus by setting

F,=Fcos 6,
the work done by the force F can be written as
8W = F, bs. (5.8)

This work is done by F, the tangential component of F. As before, the
component which is perpendicular to the displacement at A does no work.
Therefore, as the point of application of the force is displaced along the curve
from position P, to P,, the total work done is found by integrating eqn (5.8)

ie. W= J F,(s) ds. (5.9)

Si

To evaluate this integral it is necessary to define the curve C and express the
tangential component F, as a function of the arc length s. If eqns (5.5) and
(5.9) are compared it can be seen that eqn (5.5) is in fact a special case of
eqn (5.9). The result given by eqn (5.5) is for the case where the curve C is
given by a straight line parallel to the axis OX.

Example 5.2 To show how eqn (5.9) may be used let us determine the work
done by a force of constant magnitude when its point of application P is
moved around the circumference of a circle of radius R. We will first assume
that the line of action of the force always remains tangential to the circle, as
shown in Fig. 5.10. The work done in moving the point of application of the
force from point A to a neighbouring point B is given by eqn (5.8) as

8W = F, 8s. ®»
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FiG. 5.10

For this case F, = F and 8s = R 8¢, so that
8W = FRé&¢. (ii)

Since the quantity FR = M, the moment of the force F about the centre O of
the circle eqn (ii) can also be written in the form,

W = M 8. (iii)
This shows that the work done by the moment of a force is given by multiplying
the magnitude of the moment by its angular displacement measured in the

direction of the moment. If the total angular displacement is from ¢ = 0 to
® = ¢, the total work done is

%o
W= J'O M déo. (iv)
Since, for this case, M is constant, eqn (iv) can be integrated to give

W = Md¢, = FR¢,. W)
For one complete revolution ¢, = 27 so that

W = (2#R)F. (vi)

If we now consider the case where the force F acts radially outwards, as shown
in Fig. 5.11, then F, = 0. The force F therefore does no work as the point of
application of the force moves around the circumference of the circle.

Fic. 5.11
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5.2 Conservative and non-conservative forces

Let us reconsider the case of Fig. 5.10 where a force of constant magnitude
F is applied tangentially to the circumference of a circle of radius R and
centre O. Suppose that the point of application of the force is initially at P,
and is then displaced around the circumference, following the arc C,, until it
reaches P,, as shown in Fig. 5.12. The work done by the force in going from
P, to P, is given by

Wc, = FR¢o, (5.10)

where ¢, is the obtuse angle Pl('jP2 as shown. Let us now repeat this exercise
but, instead of following arc C, to reach P5, let us move the point of application
of the force along arc C,. For this case the work done by the force is

We, = —FR(2m — ¢) (5.11)

so that

W, = W, — 2@FR. (5.12)

Thus W, # W¢ , which shows that the work done by the force when its point
of application moves from P; to P, depends upon the path taken.

Although we have only proved this result for the special case shown in Fig.
5.12, the result is generally true.

The work done by a force moving between two points P, and P, therefore
depends upon the path taken by the point of application of the force. In other
words, if the force F in Fig. 5.13 moves from P, to P, along the path C4 the

Y
P2
F
Py
(o] X
Fic. 5.13

work done by the force will be different from that when it moves from P, to

P, along path Cy. The work W, done by the force moving along C, is given
by

WA = J;, F,A dSA, (513)
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and similarly, along Cg
W = J F, dsg, (5.14)
Cg

where F,, and F, are the components of F tangential to the paths C, and
Cg. Generally W, # Wg.

If the work done by the force in going from P, to P, depends upon the path
taken, the force F is said to be non-conservative.

When the work done is independent of the path taken, i.e. when W, = Wy,
the force F has special properties and is said to be conservative.

~For this case the work done depends only on a function, V, which is evaluated
at points P, and P,. The work done by a conservative force can therefore be
expressed as

W = =(V(xz, y2) = V(x1, 1)), (5.15)

where (x,, y,) and (x,, y,) are the coordinates of P, and P, respectively.

The quantity V is called the potential function of the system which applies
the conservative force and is a function of position only. The negative sign in
eqn (5.15) is purposely included to ensure that the potential function of a
conservative system decreases as the forces produced by the system do positive
work. It will be shown later that the function V represents the potential energy
stored in a conservative system.

The relationship between V and a conservative force F can be found by
considering the work done by F when its point of application is displaced
from a position (x, y) to a neighbouring position (x + 8x, y + 8y). Using eqn
(5.3), the work done by the components of F is given by

8W = F,8x + F, 6y. (5.16)
From eqn (5.15) the work done is also
SW = —(V(x+ 8x,y + 8y) — V(x, y)). (5.17)
If we now use the rules of partial differentiation, the value of V at (x + 8x,
y + 8y) can be written as
3V A%
V(x+ 8x,y+ 8y) = V(x,y) + — 8x +— 8. (5.18)
ax oy
When eqn (5.18) is substituted into eqn (5.17) and the result equated with eqn
(5.16) we have

oV Vv
F.6x+ F, 8y = —-5; 6x—55y. (5.19)

This result must be true for all values of 6x and é8y.
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Thus for F to be conservative

v

x b

ax

8V
and F =—-——. (5.20)

y ay

Example 5.3 The force due to gravity is an example of a conservative force.
Consider the case shown in Fig. 5.14. A particle of mass m is shown located
at a point P,(x,, y;) in the vertical plane and acting on it is a vertical gravita-
tional force

F, = —-mg. (i)
Y
(\‘ P2
P c
mg
o X
Fic. 5.14

Let us suppose that while this force acts upon it the particle moves to a new
position P,{x,, y,) along some arbitrary path C. Since we have chosen the
direction of the axis OX to be horizontal, the horizontal component of the
gravitational force is zero.

The work done by the force mg is given by integrating eqn (5.3) as

¥Ya Y
W = J F,dy = —ng dy, (ii)

Y1 Y1
ie. W = —mg(y, — y4)- (iit)

The work done is therefore a function only of the final and initial positions
of P and is independent of the path C.
If we now compare eqn (iii) with eqn (5.15),

V(x;,y,) = mgy, and V(x;,y) = mgy,.

The potential function V is in this case independent of x and may therefore
be written as

V = mgy. (iv)
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We can now extend this result for a particle to a rigid body of total mass m.
Let the particle P; shown in Fig. 5.15 be displaced vertically from y;, to y;,
along some path.

The work 8W, done by the gravitational force acting on the particle of mass
m; is therefore

W, = —mg(yi, — yi).

o X
FiG. 5.15

If we sum the work done by the gravitational force on each of the particles
in the body, the total work done is

W=—g¥m(y,~y)=—g{X my,— Y mya}, (v)

where the values of (y;; — y;;) may be different for each of the particles in the
body.

Since the vertical positions yg, and yg, of the centre of mass of the body
are defined by

myg, =3 my, and myg, =Y my,,
eqn (v) gives
W = —-mg(yc: — ya1)- (vi)

By comparison with eqn (5.15) the potential function V = mgy.. If the vertical
displacement of the centre of mass of the body is expressed as

hg = ys2 — yor,
then
W = —mghg. (vii)

The work done by gravity is determined by the vertical displacement of the
centre of mass of the body. Since the gravitational force always acts vertically
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downwards negative work is done by the force during upward displacements
of G. Positive work is only produced when the displacement of G is downwards.
The potential function

V = mghg (vii)

and will be increased when the centre of mass of the body is raised and be
reduced when the centre of mass is lowered.

5.3 Power

When the point of application of a force F is displaced an amount ér eqn
(5.1) gives the work done by the force as

8W = F&rcos 6 (5.21)

where 6 is the angle between the directions of F and ér.
If this work 8W is carried out in a small time interval 8¢, then the rate P
at which the work is done is

P = ;}210 5 dr” (5.22)
P is the rate at .which work is transferred from one system to another by a
force and is called the power of the system which is applying the force. For
example, the power of an engine is the rate at which the engine can do work
on another system.

The units of power are Js~!, Nms™! or in fundamental units, kgm?s~3,
Power is often quoted in Watts (W) so that IW=1 Js7'=1 Nms™'=1
kgm?s~3,

Using eqn (5.21) power may also be expressed as

1

. or :
P = lim Fgcos 0. (5.23)

810

The term &r/5t is the magnitude of the velocity vector v of the point of
application of the force.

Thus P = Fvcos 6, (5.24)

in which @ can be interpreted as the angle between the force vector F and the
velocity vector v of the point of application of the force, as shown in Fig. 5.16.

14

P
FiG. 5.16
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When F and v are given in terms of their components F., F, and v,, v, eqn
(5.3) shows that the power P can also be written in the form
P=Fx+Fy
= Fo, + F,. (5.25)

Similarly if the point of application of the force moves with v = ds/dt along
a curve C as shown in Fig. 5.17 then eqn (5.8) gives the power P as

P—FEE—F 5.26
- zdt_ 0. ( )
Y|
0 X
FiG. 5.17

The power is therefore determined by the tangential component of the force
F,, and the velocity v of the point of application of the force along its curve.

From example 5.2 the work §W done by a moment, or torque, M can be
written as

W = M b¢.
The rate at which work is done by the moment is therefore

. 5¢ do .
P=1 —=M—= Md. 5.27
a}»mo &t dt ¢ ( )
For example, in a case where the moment M is applied to the end of a shaft,

¢ will be the angular velocity of the shaft.

Example 5.4 Figure 5.18(a) shows the torque characteristic of a motor in
which the torque M varies with its rotational speed o such that

M = MS(I —wﬂo) i)

Let us find how the power output of the motor varies with speed.
From eqn (5.27) ’

P=Mp= MS(I —g)w. (ii)

Wy
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The speed at which maximum power is developed can be obtained by differen-
tiating eqn (ii) with respect to w and equating the result to zero, i.e.
dpP

—=M,(1-2w/w,) =0. (iii)
dw

Thus, at maximum power,
w=wy/2 and P,.,= Mwy/4.

The graph of P against w is as shown in Fig. 5.18(b).

When a motor with such a torque characteristic is used to drive a steady
load, the size of the motor can be minimised by ensuring that the motor runs
at a speed of w,/2, i.e. at its maximum power condition. If the required steady
angular velocity w; of the load is different from w,/2 it would be desirable to
connect the motor and load together via a gearbox with speed ratio wo/2: w;.

5.4 Internal energy

Let us consider the closed system, shown in Fig. 5.19(a), with external forces
F; applied at points P;. This system will contain a fixed amount of matter and
will be separated from its surroundings by a boundary S which is free to move.
Matter is not permitted to leave or enter the system by crossing the boundary
S. The system could, for example, be a collection of rigid bodies and the
boundary could be defined by the surfaces of the bodies, as shown in Fig.
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Y System

,-\\/ boundary

0 X 0 X

FiG. 5.19

5.19(b). As the system moves the points of application of the forces will move
so that work will be done on the system by the forces. If work W is done on
the system by the externally applied forces, and if a total amount of heat Q
is transferred across the system boundary, then the state of the system will
change. For example, the heat transferred into the system will cause its
temperature to rise and could also produce displacements within the system
due to thermal expansion. Since work occurs because of the displacements of
the points of application of the external forces there will be accompanying
changes to the positions and velocities of other points within the system. The
temperature, displacement and velocity are the properties at a point within
the system and are referred to as system states.

A measure of the total change in the state of the system can be calculated
from the First Law of Thermodynamics. This law states that

W+ Q =AU, (5.28)

where the quantity AU is called the change in the internal energy of the system.
The internal energy, U, is a function of the system states and eqn 5.28 gives
a simple method of determining the additional energy stored in the system
due to the total work done on the system and the total heat transferred across
its boundary.

In eqn (5.28) the units of Q and U must be the same as those for W, i.e.
J, Nm or kg m’ s 2. Since W and Q are scalar quantities, which have the same
value in all reference frames then, from eqn (5.28), the internal energy U is
also a scalar quantity. '

In many machines the heat flow Q may be neglected. The machine is then
said to behave adiabatically since Q =0, and eqn (5.28) reduces to

W =AU. (5.29)
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If, in addition, no work is done then
AU = 0. (5.30)

The internal energy of the machine is then fixed at some constant value which
is independent of the configuration of the machine,

ie. U =U,, (5.31)

where the suffixes 1 and 2 refer to separate configurations of the machine.

Equation (5.31) is often referred to as the principle of conservation of energy,
and means that when no work is done on, or by, a system, and there is no
heat flow into or out of the system, the internal energy of the system remains
constant.

The conditions represented by eqns (5.29) and (5.30) do not, however,
represent the situation which arises in a mechanical system where friction is
present. In such a machine the friction forces generated at the sliding surfaces
cause the machine’s temperature to rise and heat will be lost to the surround-
ings. However, during continuous operation the temperature of the machine
would reach a steady value and would not change significantly during one
cycle of operation. In this case the machine behaves isothermally and there
would be a steady heat loss from the machine which must be included in eqn
(5.28). A typical example is a gearbox in which heat is generated by the relative
sliding motion of the gear teeth. The temperature of the gearbox and its
lubricating oil will rise until a steady temperature is reached at which the heat
loss from the hot surface of the gearbox is equal to the net work done on the
gearbox by the drive and load torques.

To derive an expression for U which is appropriate to the system under
consideration we must first consider the various independent forms of internal
energy. These can each be calculated from a knowledge of the states of the
system once the mass content and the constitutive properties of the system,
such as the material specific heats and elasticities are known. For the special
case of mechanical systems, i.e. systems built from simple machine elements
such as rigid bodies and springs, the internal energy will include contributions
from:

(i) potential energy due to the positions of the bodies in a gravitational field,
(ii) kinetic energy due to the velocities of the particles making up the bodies,
(iii) strain energy in the bodies due to relative displacement of points in the
bodies,
(iv) thermal energy due to the temperatures of the bodies.

When applying the First Law of Thermodynamics to a system, the system
boundary must first be clearly defined. There is usually a number of possible
choices for the boundary, all correct, which will lead to the required solution
by different routes. We will see that the system enclosed by a boundary can
be as simple as a single particle or as complex as a complete machine.
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5.5 Potential Energy

Particle

Let us consider a particle P of mass mp positioned a distance h above the
surface of the Earth. For this position Newton’s Law of Gravitation predicts
that there will be an attractive force F, acting on both the Earth and the
particle given by

F o= G.m,mp

TS (5.32)

where G, is the universal gravitational constant and m, and R, are the mass
and radius of the Earth respectively. To maintain the particle and the Earth
in equilibrium, an external force F, must be applied to each body as shown
in the free body diagrams of Fig. 5.20(a).

v on
@ v M

T h+sh|

FiG. 5.20

Thus Fo — F, =0,

G.mpm,

m. (5.33)

so that Fg =

Let us now increase the separation h by applying a total force F = Fo + Fp
to the particle and a force Fy, to the Earth, as shown in the free body diagram
of Fig. 5.20(b).

Since the force applied to the Earth exactly balances the gravitational
attraction caused by the particle the Earth will remain in equilibrium as the
particle moves.

Applying Newton’s Second Law of Motion to the particle gives

dop

F-F, = mp_(—i't_, (\5.34)

where vp is the velocity of the particle.
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we can write

dvp dovp dh_ dop

a T dh T Tan
and since F = Fo + Fp and Fp = F,, eqn (5.34) can be rewritten,
— ﬂ)}f (5.35)
Fp = mup dh "

Let us now draw a system boundary around the particle and the Earth, as
shown in Fig. 5.21 and apply the First Law of Thermodynamics to the system,
ie.

W+ Q=AU (5.36)

Fi1G. 5.21

No heat is transferred across the boundary of the system and the work done
on the system by the external forces F on the particle and F; on the Earth is
given by

W = Fdh = (Fo+ Fp) dh. (5.37)

The force F, applied to the Earth is not displaced and therefore does no work.
Using eqns (5.33) and (5.35) we can write

h h
: Gon, 2 d
W = j —Ln——rﬂ)-dh +J mpvpﬂdh,

hy (Re + h)2 hy dh
hy Gc . s

= J Rt h] "_:"Z;z dh+ | mpopdup, (5.38)
hy e vy

where h; and h, represent the initial and final positions of the particle. We
shall now arrange that the particle has zero velocity at positions h, and h,,

ie. v, =0, = 0.
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The integral of the second term on the right-hand side of eqn (5.38) is therefore
Zero
b G.mmp (h, — hy))
———<T-dh = G.m, 1 .
" (Re+ ) (R, + hy)

Thus W= J (5.39)

n (Re + h)?
The change in the internal energy of the system caused by the displacement
of the particle from a point h, to a point h, above the Earth is therefore given
by substituting eqn (5.39) into eqn (5.36) so that

AU =G m,mp(h, — hy)

“(R.+ h) (R, + hy)’ (5.40)

Suppose we now restrict the use of this equation to values of h which are
much less than the radius of the Earth, i.e. h « R,. Equation (5.40) can now
be rewritten as

Gm.m Gm.m
Rz P(hz_h\): R2 £

The constant Gm,/R2 =g and is equal to 9.81 ms > This constant is the
well-known acceleration due to gravity.
Hence if we let V, = mpgh, and V, = mpgh, then

AU = myg(h, — b)) = (V,~ V). (5.42)

The internal energy of the system, i.e. of the particle and the Earth, is
therefore increased by an amount proportional to the displacement Ah =
(h, — h;). The term, V = mpgh, used in eqn (5.42) is often referred to as the
potential energy of the particle due to its position in a gravitational field.

AU =

Ah. (5.41)

Rigid body

If we now consider a number of particles of which the typical particle P; of
mass m; moves from a height h;, above the surface of the Earth to a height
h;,, then the change in total internal energy of the system is obtained by
summing the eqn (5.42) for all the particles in the body,

i.e. AU = Z mig(hiz - hil)' (5.43)

This result applies to any collection of particles whether they are connected
or not. If the particles constitute a rigid body of total mass m, then from the
definition of centre of mass

mhg =} mh,

where hg; is the height of the centre of mass of the body above the Earth’s
surface.
Equation (5.43) may therefore be written as

AU = mg(hcz - hGl) = mgAhG. (5.44)
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The change in internal (potential) energy of the system is therefore determined
by the vertical displacement of the centre of mass of the system relative to the
Earth.

The potential energy of a system consisting of a rigid body and the Earth
is thus given, to a very good approximation, as

V = mghg. (5.45)

This is usually referred to as the potential energy of the body although,
strictly speaking, we should refer to the complete system of the body and the

Earth.

seen that the internal energy stored in a rigid body due to its position in a
gravitational field is the same as the potential function V associated with the
gravitational force mg acting on the body.

The foregoing and example 5.3 show that gravitational forces can be treated
either as externally applied forces acting on the body, in which case the Earth
is excluded from the system boundary, or as a form of internal energy, in
which case the Earth must be included within the boundary as part of the
system.

5.6 Kinetic Energy

Particle

Figure 5.22 shows the components F. and F, of an external force F acting
on a system which consists of a single particle of mass m. If the particle is
free to move in the OXY plane then, from Newton’s Second Law,

dou,
F, = m; (5.46)
do
d F, =m—
an L, =m T

o X
FiG. 5.22
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where v, and v, are the components along OX and OY of the particie’s
absolute velocity, v. The work done on the system by the forces when the
particle is displaced by differential amounts dx along OX and dy along OY
is given by

dW = F,dx + F, dy. (5.47)
If we now substitute for F, and F, using eqns (5.46), d W can be written as

do, dv )

dx +—Zdy

dw =
m(dt de

= m(v, dv, + v, dv,)
=imd(v2 + vi), (5.48)

d(v})

since v, do, = 5

By writing v* = v} + v}, where v is the magnitude of the velocity of the particle,
eqn (5.48) shows that the work dW, done by F on the system during the
displacement, is

dW = d(imv?) (5.49)
and is equal to a change in the quantity 3mv°. If we now apply the First Law
of Thermodynamics, as given by eqn (5.28), to our system we obtain

dW = AU = dGmv?).

The change in the quantity 3mv® can therefore be interpreted as a change
in internal energy. The quantity 3mv’ is called the kinetic energy, T, of the
particle so that

T = imv*. (5.50)

As would be expected, kinetic energy has units of kg m*s™>.

For finite displacements eqn (5.49) can be integrated to show that the work
done on the particle is equal to the change in its kinetic energy,

v, 2
ie. W= J d( '"2” ) = imp? — imp?, (5.51)

L4t

Example 5.5 Let us consider the motion of a particle which is thrown
vertically into the air. We will assume that it is thrown upwards from a height
y1 above the ground with an initial velocity 1. We will obtain an expression
for the velocity of the particle during its subsequent motion. The system
boundary can be defined in two ways,

(i) around the particle alone,
(ii) around the particle and the Earth.
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We will consider both cases and develop parallel solutions. In both cases
Q will be assumed to be zero and air drag on the particle will be neglected.
The system boundary diagrams are shown in Figs. 5.23(a) and (b).
(i) In this case the system boundary is drawn around the particle so that the
gravitational force is an external force which does work on the system. Now

W=AU. (i)
,"\\/S //‘\\
1 \ / / \
1 S
// 14 \‘\/
I mg / \
/
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The work done on the system by the external force mg is
W = —mg(y, - y0). (ii)

The internal energy of the system i.e. the particle, is due solely to its kinetic
energy so that

AU =im(vs— vd). (iii)
The substitution of eqns (ii) and (iii) into eqn (i) yields

—mg(y, — y;) = sm(v3 — v})
or v; = 07 - 28(y, — ). (iv)

(ii) In Fig. 5.23(b) the gravitational forces are internal to the system. No
external forces act so that no work is done on the system. Therefore

W =AU =0. )

The internal energy of the system is composed of both potential and kinetic
energy. Thus

AU = mg(y, — yy) +3m(v3 — v}). (vi)
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From eqns (v) and (vi)
0= mg(y,— y)) +m(v3 - v}) (vii)
or v3 = 0] = 2g(y2 = »)- (viii)
Both approaches give the same result and show that as the particle moves
upwards its velocity reduces and will be zero when

=8 (ix)

Y2— W 2 X

Also when the particle passes through its original position as it falls back to
Earth y, = y, so that

Uy = Uy (x)

Note that because energy is not a vector quantity eqns (iv) and (viii) give only the
magnitude of the velocity of the particle.

Rigid body

Having defined the kinetic energy of a particle we are now able to consider
the kinetic energy of a rigid body. Let us consider a typical particle P; of mass
m; in the rigid body shown in Fig. 5.24. If the particle has a velocity v, its
kinetic energy will be

T, = 3mui.
y
0 X
FiG. 5.24

The body can be considered as a large number of individual particles rigidly
connected together. Therefore the total kinetic energy T of the body can be
obtained by summing the kinetic energies of all the particles in the body so that

T=3T =}Y¥ moi. (5.52)

As we saw in Chapters 1 and 4 the velocities ; of the particles in the rigid
body are not independent of one another and their relationship depends upon
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the type of motion of the body, i.e. whether the body is in pure translation,
pure rotation or general plane motion. We will follow the previous pattern by
considering each case separately.

Pure translation

When a rigid body moves with pure translation, as shown in Fig. 5.25, the
angular velocity o of the body is zero and all points in the body have the

same velocity v. (For details see Chap. 1, p. 24.)

Y

(8] X i
FiG. 5.25 FiG. 5.26

Thus since v; = v for all the points in the body, v° may be taken outside
the summation of eqn (5.52) which then reduces to

T = 30%(E m,). (5.53)

The quantity ¥ m; is equal to the total mass m of the body. Equation (5.53)
therefore becomes

T = imv*. (5.54)

Thus a rigid body moving with pure transiation has kinetic energy which is

the same as that of an equivalent particle of the same mass moving with the
same velocity.

Example 5.6 Figure 5.26 shows two identical rods AB and DC of equal length
I supporting a heavy plate of mass m at the points B and C. If the connections
at A, B, C and D are simple pin joints and are positioned so that AD = BC = b
determine the kinetic energy of the plate when rod AB rotates with angular
velocity ).

The first step in the solution of this problem is to consider the motion of
the plate. We know from our results on the kinematics of rigid bodies that the
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velocities of the points B and C on the plate are related by the vector equation

vc = vg T Ucs, 1

where vcy is the velocity of point C relative to point B. The direction of veg
must be perpendicular to the line CB since the body is rigid, and its magnitude
is given by

vcp = wb, (i)

where o is the angular velocity of the plate. Point B moves on a circular path
of radius [/ so that its velocity

v = QI (iii)

and is in a direction perpendicular to AB as shown in Fig. 5.27.

A
B
Vg = Q! line of vcp
FiG. 5.27 Fic. 5.28

The velocity of point C is unknown but its direction must be perpendicular
to link CD. Because the points ABCD form a parallelogram the direction of
v, is also perpendicular to AB and is therefore parallel to vg.

A graphical solution of the vector egn (i) can be obtained by the method
used in Chapter 1. It can be seen from Fig. 5.28 that ve = vy and vep = 0.
This shows, from eqn (ii), that the angular velocity of the plate is zero. The
plate therefore moves in pure translation and all points in the plate have
velocity v = vg.

Hence, by using eqn (5.54), the kinetic energy of the plate is given by

=imPQ>. (iv)

The most difficult part of this solution was to prove that the plate moves
with pure translation. This result could have been arrived at by inspection
since, because of the parallelogram construction of the mechanism, vz must
be identical with v for all positions of the mechanism. The plate must therefore
be in pure translation.
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Pure rotation

Figure 5.29 shows a rigid body which is supported at the point O by means
of a pin joint. The body is therefore free to rotate in the OXY plane about
an axis which passes through O.

In this case the kinematic constraints associated with pure rotation apply
to v; in eqn (5.52). Let our typical particle P; be located at a fixed distance r;

Fi1G. 5.29

from O. The particle will move in a circular path of radius r; and centre O.
From eqn (1.21) its velocity

v; = r6;

and is in a direction perpendicular to OP; as shown in Fig. 5.29 where 6, is
the angular velocity of the line OP,.
Thus, substituting for v; in eqn (5.52),

T= %Z mi(éiri)z-

Since the body is assumed rigid all lines in the body will have the same angular
velocity 6. We can now remove the 87 term from the summation to give

T =36y myr. (5.55)

The term Y, m;? should now be familiar to the reader as the definition of
the moment of inertia, I, of the body about an axis through O. (See Section
4.4), so that eqn (5.55) may be rewritten as

= 11,6 (5.56)

Thus the kinetic energy of a rigid body in pure rotation can be expressed
in terms of its moment of inertia about an axis through the fixed point and
its angular velocity.
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Example 5.7 A uniform link of mass m and length 2/ which can rotate,
without friction, about a fixed horizontal axis through O is shown in Fig. 5.30.
Let us suppose that the link is released from rest in the upright vertical position,
(i.e. & = 0) and is allowed to fall freely under the action of gravity.

Let us obtain an expression for the angular velocity of the link as a function
of the angle 6.

If we choose the external surfaces of the link to be our system then the

external forces acting on the system will be the weight mg of the link and the
forces Ry and R, at the pivot, as shown in Fig. 5.31.

Fi1G. 5.30 Fic. 5.31

We can apply the First Law of Thermodynamics to the system, i.e.
W+ Q=AU (i)

In this case Q = 0 and AU represents the change in kinetic energy of the link.
Initially the link is at rest and so has zero kinetic energy. Suppose that when
the link has rotated through an angle 6 its angular velocity is 6. Its kinetic
energy T, from eqn. (5.56), is

= %1092’ (ii)

where I, is the moment of inertia of the link about an axis through O. Equation
(ii) also represents the change in internal energy AU of the system since the
initial kinetic energy is zero.

It can be seen from Fig. 5.31 that the weight mg is the only external force
which does work during the rotation 6. Forces R and Ry do not move and
so do no work.

The force mg may be considered to act at the centre of mass G of the body
which is a distance a from O as shown.

During the rotation 0 the force mg moves a distance

h = a(l —cos 6) (iii)
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along its line of action, as shown in Fig. 5.30. The work done on the system
by the force mg is therefore

W = mga(l — cos 6), (iv)

and is ’positive since the vertical displacement of G is in the same direction
as mg.
Substituting eqns (ii) and (iv) into eqn (i) gives

mga(l — cos 6) = 31,6, (v)
so that
6% = 2mga “——(1—cos 6). (vi)
(e}

If we now set a =, it can be seen that eqn (v) becomes identical to eqn
(vii) of example 4.4. Equation (vi) therefore represents the first integral of the
equation of motion of the link. The foregoing shows that an expression for
the angular velocity of the link can be obtained immediately from the energy
eqn (i) without reference to the governing equations of motion.

By applying the parallel axis theorem (see p. 177) to the link its moment
of inertia about an axis through O can be written as

I, = I+ ma’® (vii)

m(kg + a’) (viii)

where kg is the radius of gyration of the link about an axis through G.

When eqn (viii) is substituted into eqn (vi) the expression for the angular
velocity becomes

6% = 284 ——=——(1—cos 8) (ix)
. i
(k& + a®)

By differentiating eqn (ix) with respect to a and setting dé?/da = 0 it can
be seen that, for any angle 6, the angular velocity 6 will have a maximum
value when

a=kg. (x)

Thus, to achieve maximum angular velocity of the link, O must be distant
from G by an amount equal to the radius of gyration of the link about G.
In this case

62, =2 (1 - cos ). (xi)
ke :

General plane motion

Let us consider the particle P; of mass m; to be part of a rigid body which is
moving with general plane motion. Let the particle have a velocity v; as shown
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in Fig. 5.32. In this case the kinematic constraints for a rigid body in general
plane motion apply (Chapter 1, p. 26). These constraints show that the velocity
of any point P; can be expressed in terms of the velocity, v, of an arbitrary
point Q in the body and the angular velocity 6 of the body by the vector equation

v; = UQ + v,-Q. (5.57)
Y
0 X
FiG. 5.32 FiG. 5.33

The vector v, is the velocity of P; relative to Q, and its magnitude is given by
Vig = 1 iQé,

where 7, is the length of the line joining P; and Q as shown in Fig. 5.33. The
direction of v, is perpendicular to the line QP; as shown in Fig. 5.34. If the
line QP; makes an angle 6, with OX it can be seen from Fig. 5.34 that the
components of v, measured in the directions of OX and OY, are given by

g = —ér,.Q sin 6, = —6(y;, — Ya)
and  yiq = Orig cos 6 = 6(x; — xo). (5:38)

The velocity of point P; can now be expressed in component form using
eqns (5.57) and (5.58) as

X = Xg — é(y.' =¥l (5.59)

Ie) X
Fic. 5.34
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and _)}i = yQ + é(x,' - XQ),

where xg and yq are the components of vg along OX and OY.
The kinetic energy of particle P; is thus given by

T, = smp!
= m (¥ + y?). (5.60)

When eqns (5.59) are substituted into eqn (5.60) the expression for T; can
be rewritten as

T; = sm{ (54 + y3) + 26y0(x: — xg) — 26%q(y; ~ yo)
+ 6*(x; — xo) + 6%(y; — yQ)z}. (5.61)

The kinetic energy T for the whole body is now given by summing the
values of T; for all the particles in the body,

ie. T =Y im(x% + y3) + % 6omi(x: — xo)
-2 émei(yi —yo) + % > ész[(xi - xQ)2 + (- )’Q)z]' (5.62)

Since the factors in eqn (5.62) involving X, Jo and 6 are independent of
the suffix i they may be brought out of the summation sign to give

= %(sz + }é) xm— éJ}QXQZ m; + ényQ xm;
+ GyQ 2 mx; ~ éxQ > my;
+ %02 2 m(x; — XQ)2 + (i - J’Q)Z]- (5.63)

Let us now examine eqn (5.63) term by term. Since m =} m; is the total
mass of the body and v, = X5 + y5 we can see that

23X+ yo) ¥ my = smug,
GnyQ Ym = ményQ,
and  fxgyo Y m; = méigyg. (5.64)
Using the definition of the position of the centre of mass of a body i.e.
mxg =y mx; and myg =y my,
e’yQ Y mx; = mé}}QxG
and e’xQ Y my, = ményG.
The final term in eqn (5.63)
> ml(x; — xQ)2 +(y; — YQ)Z] =3 mir?Q-:

This term defines the moment of inertia I of the body about an axis through
the point Q.
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Substituting these expressions into eqn (5.57) then gives
T = 3mvd, + mlyg(xg — xq) — mbig(ys — yq) + 36> (5.65)
Equation (5.65) is a general expression for the kinetic of a rigid body, in
terms of the angular velocity 6 of the body and the motion of an arbitrary
point Q in the body. Fortunately this expression can be greatly simplified if

we choose the point Q to be at the centre of mass G.
In this case

T = imug + 3156 (5.66)

We can see from eqn (5.66) that the kinetic energy is made up from two
separate terms. The first term is related to the translation of the body and is
the kinetic energy of an equivalent particle of mass m located at G. The second
term determines the contribution made by the rotation of the body and is
given by considering the body to be in pure rotation about an axis passing
through G.

The expression given by eqn (5.66) again shows the importance of the
position of the centre of mass G when considering the motion of rigid bodies
moving with general plane motion.

Example 5.8 Figure 5.35 shows a uniform disc of mass m and radius R rolling
without slip on a rough horizontal surface. Let us determine the kinetic energy
of the disc when its centre O has a velocity v, as shown.

FiG. 5.35

The disc is moving with general plane motion since it is capable of simul-
taneous translation and rotation. Thus using eqn (5.66) the kinetic energy of
the disc is given by

= imv% + 0> )
Since the disc is uniform its centre O coincides with its centre of mass G and
VG = Uo- (i)

Before we can calculate T we must determine the angular velocity @ of the
disc. If the disc is rolling on the plane without slip @ and vg are notindependent.
For the disc to roll without slip there must be no relative velocity between the
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point A on the disc and a coincident point on the ground. The ground is
stationary and therefore

Va = O. (iii)

We can now use the vector relationship between the velocities of points O
and A to write

Vo = U+ Uoa = Uoa- (iv)
Now vos = @R
in a direction perpendicular to AO so that, from eqn (iv)

vo = wR. (v)

in the same direction.
If we now substitute eqns (ii) and (v) into eqn (i) the kinetic energy of the
disc can be written

T =3m+ Is/RHv3. (vi)

We have already shown in example 4.8 that the moment of inertia of a
uniform disc about its polar axis is given by
mR?

I= , (vii)

Using this expression eqn (vi) gives the kinetic energy of the disc as
T =3imv}. (viii)

Let us now consider the effect of adding a particle of mass mp to a point P
on the circumference of the disc. We will calculate the kinetic energy of the
combined body when the particle is in the position shown in Fig. 5.36. It will
again be assumed that the disc rolls without slip and that its centre O moves
with velocity vg.

The kinetic energy Ty of the particle is

Te = imprd. (ix)

Ve

iMp
w
G AT -V

O Vo

Fi1G. 5.36
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The velocity vp of point P is found using the velocity relationship
Up = Vo + Upo.

For the position shown the directions of the vectors vp, vo and v, are all
horizontal so that

vp = Vo + @R = 20,. (x)
Thus
Tp = 2mpvd. (xi)
The kinetic energy of the combined system is now found by adding eqns
(viii) and (xi) to give
T = 2mvd + 2mpvd

(3m + 8mp) vy ..
= (xii)
4
This result can also be found by direct application of eqn (5.66) once vg and
I; have been found.

The distance A of the centre of mass G of the combined system from the
point O is determined from

(m + mp)A = mpR,
i.e.
mp

e (xiii)

The velocity of G is given by the vector equation
v = Vo T Ugo,
and since the directions of vy and vg are parallel we can write

Vg = Vo + wA
(13
= —Jvo.
R O

B (m +2mp) .
vg={——}vo. (xiv)
m+ mp

Thus

The moment of inertia of the combined body about an axis through O is

R2
I = <m2 + mPRZ). (xv)
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Using the parallel axis theorem, eqn (4.35) the moment of inertia I of the
combined system about an axis through G can be found as

I = Ip — (m + mp)A?

R2
= (m2 + mPRZ) - (m + mp)A2

=imR*(m + 3mp)/(m + mp)). (xvi)
The kinetic energy of the combined system is therefore given by

T = ¥m + mp)v§ + }gw’

2 2
. m+ 2mP) s 1 2(m + 3mp) v5
=1 MZ M) o2+ ImRY TP ) 20
Am + mp)( mt+ms) 0 " it my ) R2
+ ..
_ (3m 48mr>) o2, (xvii)

which agrees with the result of eqn (xii).

Suppose we now recalculate the kinetic energy of the system for the case
where the particle at P has moved to a position shown in Fig. 5.37. Since the
disc rolls without slip, the velocity vp of the particle in this position will be
zero. The particle is therefore instantaneously at rest and has no kinetic energy.
The kinetic energy of the combined system is therefore determined by the
kinetic energy of the disc, which, from eqn (viii) is given by

T =3mvd.
Let us repeat this calculation using the general result given by eqn (5.66),

i.e. from

T = ¥m+ mp)vd + o™
From the vector equation vg = v + vgo the magnitude of vg is

Vg = Vo — wA

= vo(1 —A/R)
mvg

= m+my (xviii)

Fic. 5.37
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By using the value of I given by eqn (xvi) and substituting eqn (xviii) into
eqn (5.66) we find that

2
T = %va,

as expected.

5.7 Strain Energy

When a force is applied to a system which is elastic the force will cause the
system to deform. The dimensions and geometry of the system will change
but in most cases these changes will be small compared with the gross
dimensions of the system. For example, a gear tooth will deflect under load
by some very small amount. In general the displacements produced in an
elastic system will vary throughout the system. The whole system becomes
strained and its internal energy will increase in proportion to the amount of
work done on the system by the forces causing the strains.

Some machine elements are, however, designed to be flexible so that under
the action of forces they can experience considerable dimensional changes. A
typical example is a coil spring.

The relationship between the deflection of the spring and the applied force
is an important characteristic of the spring. For example, a linear elastic spring
is one in which the force F required to produce a deflection in the spring is
directly proportional to the deflection x. We will only consider simple springs
where x is measured at the point of application of the force along its line of
action. For this type of spring

F = kx. (5.67)

The constant k is called the stifiness of the spring and has units of Nm™".

If we plot a graph of F against x we obtain the straight line of slope k as
shown in Fig. 5.38.

d

Slope &

O X
FiG. 5.38

Let us consider the spring of stifiness k, shown diagramatically in Fig.
5.39(a), with a force F applied to its free end. For equilibrium of the spring
there must be an equal and opposite force applied to its fixed end as shown
in the free body diagram of Fig. 5.39(b). We shall now measure the displace-
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X

{d)

e e — e ——

Fi1G. 5.39

ment, x, of the point on the spring at which the force is applied. The datum
position corresponds to the case where F = 0 and the force required to maintain
a displacement x is, from egn (5.67)

F = kx.

Let us now consider the deflected spring as a system with boundary S, as
shown in Fig. 5.39(d). We can apply the First Law of Thermodynamics,

W+Q=U,~-U,

to this system as the free end of the spring is displaced an additional amount
8x.

We will assume that Q = 0. Work is done on the system by the external
force F as the free end moves through the displacement 8x, so that

W = Féx. (5.68)

The force F at the fixed end of the spring does no work on the system since
its point of application is stationary. The total work done on the system during
a displacement from x, to x, is obtained by taking the limit as 8W and 8x - 0
and integrating eqn (5.68) between the limits x; and x,.

Thus

W=I2Fdx=-”zhdx

Xt X1

kx2 — Lkx3. (5.69)

N—=
W=
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Fic. 5.40

This is equal to the area under the force-deflection graph between x, and x,
as shown in Fig. 5.40.

Thus, if x; = 0 and x, = x, the work done by the force when its point of
application is displaced an amount x from the unstretched position of the
spring is given by

W = 3kx°. (5.70)
Substituting eqn (5.69) into the First Law of Thermodynamics we obtain
3kx — 3kl = U, — U, (5.71)

Equation (5.71) shows that the spring experiences a change in internal energy
when work is done on it by an external force. This internal energy is called
the strain energy, V,, of the spring where

V, = 3kx?. , (5.72)

The strain energy stored in the spring is therefore determined by its extension
x, i.e. by the difference between its stretched length and its free length.

We should note that if the spring is compressed an amount x (i.e. x <0)
the strain energy stored in the spring is still given by eqn (5.72). The reader
should confirm that this is the case by repeating the above analysis for x < 0.

The units of V, are, from eqn (5.71),

N , kgm’

—m?=
m 52

which agrees with our original definition of energy.

Equation (5.72) is a general result for simple linear springs. Let us now
consider some typical springs and obtain expressions for the strain energy
stored in them when they are deflected.

Example 5.9 Helical spring A close coiled helical spring is shown in Fig. 5.41.
If the wire diameter d is small compared with the mean radius R of the spring,
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then the extension of the spring under a given load F is given by*
Gd* ) .
F=\—75-]x i)
(64R3n x (

where n is the number of coils in the spring and G is the modulus of rigidity
of the spring material. If d is not small compared with R, or if the spring is
not close coiled, additional terms arise in the expression.

The stiffness k of such a spring is, from eqn (5.67),

F_ Gd*

k= =GR (i)

The strain energy stored in this spring is determined by its extension x and,
from eqns (5.72) and (ii), is given by

1/ Gd*
V.=~ 2. ces
$T32 (64R3b)x (i)

Example 5.10 Cantilevered leaf spring Figure 5.42 shows a flexible cantilevered
beam of length I with a transverse force F applied to its free end. Due to the
force the free end of the cantilever is displaced an amount x.

T —
/ b
Z .

/]
! b :f’

F1G. 5.42

It can be shown that F and x are related by the expression*

Ebd?
F==p> @)

* See elementary text on strength of materials.
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where E is the Young’s modulus of the beam material, b is the width of the
beam and d is its depth. The stiffness of the beam is therefore

F _ Ebd’ B
=Tar {i1)

k=~
x

The strain energy V, stored in the beam due to an end force which produces
an end displacement x is therefore, from eqn (5.72),

1{ Ebd?
V. = ~{ ——|x2 :
s 2( 4P )x (iii)

Beams with other end fixings, such as simple supports at both ends, can be
treated in a similar manner provided that x is taken to mean the deflection of
the point at which the force is applied, measured in the direction of the force.

Example 5.11 Torsienal spring Figure 5.43 shows a circular shaft of radius
R and length ], rigidly clamped at one end A. A twisting moment M is applied
to the free end of the shaft at B and causes the section at B to twist an amount
6, as shown.

\ @

e

§ [W\J <

-

UMDY
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The relationship between the applied moment and the twist in the shaft at
B is given by*

M=-""¢, )
I
where G is the modulus of rigidity of the shaft material, and J = aR*/2 is
the polar second moment of area of the shaft cross-section. If the torsional
stiffness, k,, of the shaft is defined to be the twisting moment required to
produce unit angular deflection, i.e. M/ 6, then

GJ ..
kg =—0. (11)
l
Equation (i) can be written as
M = ky6 (iii)

which, by analogy, is of the same form as the eqn (5.67). The units of torsional
stiffness will therefore be Nmrad™.

“See elementary text on Strength of Materials.
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The work done by the moment M during a small angular displacement 66
has been shown {Example 5.2, eqn (iii)) to be given by

SW = M 6. (iv)

For a total twist 6 the work done on the bar by the twisting moment is
obtained by integrating eqn (iv) over the range 0 to 6, i.e.

= 3ko0°. (v)
The strain energy V, stored in the shaft due to a twist 8 is therefore given by
‘/S = %keez. (Vi)

Example 5.12 Mass-spring system When a spring functions as an actuator
and is used to drive a system, such as a mass, the force provided by the spring
is conservative. To show this let us consider the mass-spring arrangement shown
in Fig. 5.44. Any friction between the mass and the ground will be neglected.

Fi1G. 5.44

Let the spring be system S, and the mass be system S,, and let us propose
that system S, applies a force F to the system S, at the point of connection
P between their boundaries.

Suppose that, due to the action of this force, the point P on the boundary
of system S, becomes displaced from an initial position x = x, to a final
position x = x,, as shown in Fig. 5.45(a). The displacement x, of P, is measured
from a datum given by the unstretched position of the spring.

The work done by the force F on system S, during this displacement is thus
given by

W = -—J.XZFdx. (i)

Xy
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If the end of the spring is displaced to the right by an amount x, as shown
in Fig. 5.45(c), then using eqn (5.67) we can write

F = kx, (i)

where k is the stiffness of the spring.
When eqn (ii) is substituted into eqn (i) the integration of eqn (i) between
the limits x, and x, gives the work done on the mass by the force F as

W = —(boxd - bhocd). (i)

It can be seen that the work done by F depends only on the initial and final
positions of the point P. By comparing eqn (iii) with eqn (5.15) we can see
that the potential energy function of the spring is given by

V = tkx? (iv)
which, from eqn (5.72), is identical to the strain energy V.

The foregoing shows that the force exerted by the spring on the mass is
conservative and that positive work can only be done on the mass by the spring
at the expense of the potential (strain) energy stored in the spring. For example,
suppose that the spring of Fig. 5.44 is initially compressed by an amount x,.
When released from rest the mass will start to move to the right due to the
action of the spring force. The amount of compression in the spring is reduced
and the strain energy stored in the spring falls. When the spring becomes
unstrained, i.e. as point P passes through its datum position, x = 0 and the
potential energy stored in the spring reduces to zero. The work done on the
mass by the spring is then given by setting x; = —x, and x, = 0 in eqn (iii)
and is

W = 1kx2. (v)

[SIEg
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If we now refer to our results on the kinetic energy of a particle we can see
that the work done on the mass increases its kinetic energy. Since the mass
starts from rest its velocity v when it passes through the datum position can
be calculated directly by applying the First Law of Thermodynamics, i.e.

W+ Q=AU (vi)

to system S,.
In this case Q = 0, W = 3kx? and AU is the change in kinetic energy of the
mass. Since the mass is initially at rest eqn (vi) gives

%kx(z) — %mvz. (Vll)
Hence
v = xpVk/m. (viii)

If we consider the mass and the spring together to be a complete system the
result of eqn (viii) can also be derived by applying the First Law of Thermody-
namics directly to the combined system as shown in Fig. 5.46.

fixed point 0 @TTm——-—=--

F1G. 5.46

The only external force applied to this total system is the force at the fixed
end of the spring. This force, since it does not move along its line of action,
does no work on the system. From the First Law of Thermodynamics

W+ Q=AU
For our system W = 0 since no external forces which do work are applied to

the system boundary. We will also assume that no heat is transferred across
the boundary so that Q = 0. Thus

AU = U2_ U] = 0, (ix)

where U, and U, are the initial and final internal energies of the system.

In the initial state the spring is compressed by an amount x, and the mass
is at rest. The initial internal energy of the system is therefore due to the strain
energy in the spring, i.e.

U, = 3kx3. (x)

In the final state the mass reaches a position where the spring is unstretched,
i.e. x = 0. The internal energy of the system in the final state is thus due to
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the kinetic energy of the mass, i.e.

U, = smv°. (xi)

so that

v = xvk/m. (xii)
The foregoing has shown that the same resuit has been obtained by

(i) drawing our system boundary around the mass alone and considering
the work done on this system, i.e. the mass, by the external forces which
are applied to the system, and by

(ii) drawing our system boundary around both mass and spring and consider-
ing the work done on the system, i.e. the mass and spring, by the external
forces applied to the system.

In eqn (xii) the term vk/m is the natural frequency, p,, of free vibration
of the mass on the spring (application 4.9, eqn (iv)). The maximum velocity
v of the mass occurs as it passes through the position x = 0 and from eqn
(xii) can be written as

V= PuXo- (xiii)

From the results of applying Newton’s Second Law to the system in engineering
application 4.8 we have shown that the velocity of the mass at any instant
during its cycle of vibration may be expressed as

U = XoP, Sin p,t. (xiv)
Hence the maximum velocity of the mass is, from eqn (xiv)

v = XoP,

which is the same as predicted by eqn (xiii).

5.8 Thermal Energy

When heat is transferred into a system the temperature of the system will
always increase provided no transformation of phase, such as from solid to
liquid, occurs. The change in the internal energy corresponding to this increase
in temperature is equal to the change in the thermal energy of the system. This
change in the internal energy is given by

AU = mC,AT, (5.73)
where m is the mass of the system,

C, is the specific heat of the substance within the system

and AT, is the change in temperature.
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In most machines the changes in temperature during steady state running
are small. Friction at sliding connections, such as bearings, will cause an initial
temperature rise. The temperature will then reach some steady value where
the heat generated by friction is equal to the heat lost from the machine because
of the temperature difference between the machine and its surroundings.

Thus, in the steady state condition, the internal energy due to thermal effects
remains constant.

Thermal energy must however be taken into account when considering
transient behaviour. A typical example is the friction brake. Such brakes heat
up rapidly when applied and the change in internal energy of the system due
to the rise in temperature is very significant.

Engineering Applications

When applying the results of this section to an engineering problem we will
again use the earlier assumptions and idealisations to produce a mathematical
model of the system. It is an essential first step to define, and sketch in on the
diagram of the system, the boundary of the system to which the First Law of
Thermodynamics is to be applied. There is usually a number of possibilities
for this boundary. The consequence of using different boundaries is illustrated
in some of the following examples by presenting parallel solutions.

5.1 Child’s toy

Figure 5.47 shows a child’s toy loop-the-loop game. A small ball bearing is
placed on the ramp, as shown, and is then allowed to roll down under the

As

R{1 —cos 6)7

7/1/// 77777 SRS 7SS

FiG. 5.47
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action of gravity. The ball enters the loop at the bottom of the ramp and will
then travel along a circular path of radius R, until it either falls off the track
or exits again at the bottom.

Let us consider the motion of the ball around the loop when it is released
from rest at a position A, which is a vertical height H above the bottom of
the ramp.

We will assume that the ball can be treated as a particle and that friction
can be neglected.

In Fig. 5.47 a system boundary S has been drawn around the ball and the
gravitational force mg will be treated as an externally applied force which
does work on the system within S.

If we consider the state of the ball at position A and at a general position
B on the loop, then the First Law of Thermodynamics, when applied to the
system, gives

Was = Usg— Ua i)

if there is no heat flow into the system.

W5 is the work done on the ball during the displacement from A to B, and
U, and Uy are the internal energies of the system at A and B.

In the general position B the external forces acting on the ball, and hence
the system, are shown in the free body diagram of Fig. 5.48. N represents the
contact force between the ball and the track and, since friction is neglected,
it always acts in a direction which is perpendicular to the track. The weight
mg of the ball acts vertically downwards.

'1-%
N

7%,
/<'

\
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The work done on the system is determined by the vertical displacement of
the point of application of the external force mg and from Fig. 5.47 is given by

Wag = mg(H — R(1 —cos 8)). (i)

The contact force N does no work since its line of action is always perpen-
dicular to the displacement of the ball along the track.

The internal energy of the system is determined by the kinetic energy of the
ball and since the ball is initially at rest we have

Ua=0. (iii)
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When the position B is reached we shall assume that the velocity of the particle
is ve. Hence

mos. (iv)

N{—

Ug =
Substitution of equations (ii), (iii) and (iv) into eqn (i) gives

mg(H — R(1 — cos 9)) = jmvg, (v)
from which v, is given by

v3 = 2g(H — R(1 — cos 8)). (vi)

If the ball remains in contact with the track at all points eqn (vi) shows that
its velocity will be a maximum at § = 0 and a minimum at 6 = , i.e.

(vﬂ)fnax = 2gH> (Vii)
and  (vp)hin = 28(H — 2R). (viii)

Since N represents the contact force between the ball and the track then
the ball will remain in contact with the track provided that

N > 0. (ix)

Since the ball moves on a circular track of radius R it will have an acceleration
component

ag = (X)

towards the centre of the track, as shown.
Applying Newton’s Second Law to the ball we have, in the radial direction,

2
my
N —mgcos 8 = '9,
R
mv,
ie. N =mgcos 6 + Re' (xi)

This equation shows that loss of contact with the track can only occur if
cos 6 < 0, i.e. when the point B lies on the upper portion of the loop between
the points C and D. However, eqn {vi) shows that the ball will only go beyond
the point C if v5> 0 at 6 = 7/2, i.e. when

H > R (xii)

If we now substitute egn (vi) into eqn (xi) the contact force N becomes

2
= =25 (H ~ R(1 ~}cos §)). (xiii)
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Thus, for the ball to remain in contact at the top of the loop, where = ,
eqn (xiii) shows that the height H must be chosen such that

H >3R. (xiv)

For values of H satisfying inequality (xiv) the ball will pass smoothly around
the loop and will exit at 8 = 27, according to eqn (vi), with a velocity given by

vs = 2gH, (xv)

which is the same as the velocity at entry to the loop. At the top of the loop
the velocity is given by eqn (viii).

Inequality (xiv) shows that (v,)2;, must be greater than gR to reach this
position. The limiting condition when (v,)2:,/ R = g shows that for contact
to be maintained at § = 180° the downward acceleration v5/R of the particle
must be greater than g.

When 5/2 R > H > R, eqn (xiii) shows that the ball will lose contact with the
track, after point C, at a poisition given by

c050=§(1 —E) (xvi)

R
If H < R the ball will remain in contact with the track but will not pass the
point C. Equation (vi) shows that the ball will come to rest on the loop when
its vertical displacement is equal to H, i.e. when

R(1 —cos 6) = H.

Thereafter it will roll back down the loop and will return to its original
position. This motion will continue indefinitely if no energy is lost due to
friction.

The problem could also have been approached by drawing the system
boundary around the particle and the Earth. In this case no external forces
would act on the system, but with the particle at A the system would have
internal potential energy mgH. The reader should check that this alternative
approach gives the same results.

5.2 Lift system

The mine cage of mass m shown in Fig. 5.49 is installed in a mine shaft and
is raised and lowered by means of a wire rope, one end of which is firmly
attached to the top of the cage. At the top of the shaft the other end of the
rope is wrapped around a drum which is driven by an electric motor through
a single stage gearbox as shown. To raise the cage the drum is rotated in an
anticlockwise direction by the motor and the cable is wound up.

The drum and its integral gear G, are free to rotate, with angular velocity
w;, on bearings about an axis through O, and have a combined moment of
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inertia I, about their axis through O,. Similarly the drive motor and the gear
G, rotate, with angular velocity w,, on bearings about an axis O, and have a
combined moment of inertia I, about this axis. The pitch circle diameters of
the gears G, and G, are 2r; and 2r, respectively, and the drum is assumed to
have a diameter 2R, as shown.

Let us assume that the cage is stationary at the surface of the mine shaft
and a catastrophic failure occurs which cuts off power to the motor at a time
when the safety brakes on the drum gave failed. We will calculate the velocity
v with which the cage impacts the base of the shaft a distance h below the
surface.

The problem can be approached in two ways by drawing the system bound-
ary S

{i) around the motor, gearbox and cage so that external forces mg, myg, P,
and P, are applied as shown in Fig. 5.49(a),

(ii) around the motor, gearbox, cage and the Earth, so that there are no
external forces applied to the system as in Fig. 5.49(b).
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We will apply the First Law of Thermodynamics to both systems to show
that both give the same results.

Now W+ Q=AU (i)

For both systems we will assume that no heat flows across the boundary S
and that there is no change in temperature of the parts as the cage drops down
to shaft. This is equivalent to assuming that there is no friction in the system.
We now have to consider each of our two systems separately.

(i) The forces P, and P, are provided by the holding down bolts and maintain
the drive assembly (i.e. the motor, the gears and the drum) in vertical equili-
brium. These forces together with the weight, myg, of the drive assembly do
no work on the system since their points of application remain stationary.

In this case only the external force mg, due to the weight of the cage, does
work on the system as it moves a distance h down the shaft. Thus

W = mgh. (ii)

The initial internal energy U, will be zero since the system is assumed to be
initially at rest. The internal energy of the system when the cage reaches the
bottom of the shaft will be equal to the kinetic energy of the system since we
have assumed no rise in temperature. The cage is in pure translation and the
gears and drum are in pure rotation so that

AU =U,- U,
=Imp*+1Lw?+ L3 (iii)
Substitution of eqns (ii) and (iii) into eqn (i) gives
mgh =1mp® +1I,, 0} + 3 Lw? (iv)
(ii) Here there are no external forces applied to the system so that
W=0 (v)

Suppose we now define the surface of the Earth as our datum from which we
will calculate the internal energy of the system due to its position in a
gravitational field.

Initially the system will have zero internal energy, i.e. U, = 0 since the
system is at rest and the cage is at the surface.

As the cage falls the system will gain kinetic energy but will lose potential
energy due to its position h below the surface. When the case contacts the
base of the shaft the system will have kinetic energy

T =imv*+ Lo+ ILw3
and potential energy V = —mgh. Thus

U2:T+V
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and AU=U,—- U,
=1mo® + L o? + Lo — mgh (vi)
Substituting eqns (v) and (vi) into eqn (i) gives
0 = imv? + Lo} + L3 — mgh. (vii)

Eqns (iv) and (vii) give the same result.
The angular velocities of the gears G, and G, are not independent of v and
from the kinematics of the system (see engineering application 1.3)

v=w;R,
rn vn
and W, =w,— == —.
ry R ra

Substituting for @, and w, in either of eqn (iv) or eqn (viii) gives

2 2gh

v’ = .
1+ —— (1 +<ﬁ) 1)
mR*\ "' ry z

Eqn (viii) gives the magnitude of the velocity of the cage as it reaches the
base of the shaft. By inspection of the denominator in eqn (viii) we see that
if mR? is increased for given values of I, I,, r; and r,, this velocity will
increase. If the values of I; or I, are increased the maximum velocity will be
reduced. It is important to note that a change in I,, since it is multiplied by
the square of the gear ratio, has a much greater effect than a change in I,.
In many winch systems the kinetic energy of the high speed motor is much
greater than that of the load and the drum. With large gear ratios the inertia
of the motor is often the dominant effect during acceleration and braking.

(viii)

5.3 Flywheel press

Figure 5.50 shows the principal components of a flywheel press which is used
to stamp out solenoid laminations from steel strip. The press is driven by an
electric motor which is directly coupled to the flywheel. A crank-slider mechan-
ism is driven by the flywheel and the tool used to punch out the laminations
is rigidly fixed to the slider. The tool makes contact with the strip before the
slider approaches its lower extreme, or bottom dead centre (BDC), position.
In this position the bearings of the crank-slider mechanism at O, A and B are
almost in line and large forces can be developed at the punch tool without
causing excessive side forces on the slider or large torques on the flywheel.
When the slider passes through the BDC position the punching operation is
finished. The tool thereafter retracts, the metal strip is indexed forward and
the cycle begins again.

The crank and flywheel are in pure rotation, the connecting rod is in general
plane motion and the punch is in pure translation.
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During the stamping of a lamination the forces generated at the tool will
decelerate the press. This causes the angular velocity of the flywheel to fall
and a minimum value w_;, is reached at the end of the stroke. Once the
stamping operation is complete the motor torque will accelerate the flywheel.
Its angular velocity will then increase to a maximum value @,.,x, Which is
reached just before the next stamping operation occurs. The variation of the
angular velocity of the flywheel over one cycle is therefore of the form sketched
in Fig. 5.51.

)
. — (Mmax
“wmin
1 lamination
l stamped out .
|
0 6; = 2r 9
| cycle of operation |
= 1
FiG. 5.51

For smooth continuous operation of the press it is necessary to (i) select a
motor which has sufficient drive torque to maintain the cycle, and (ii) reduce
the speed fluctuations of the flywheel to an acceptable level. We will now carry
out an energy analysis of the press to find out how these requirements can be
achieved.

Suppose that the drive torque acting on the flywheel due to the action of
the drive motor is constant and has a value M. Let the rotation of the crank,
and hence that of the flywheel, be defined by the angie 8 from the vertical
corresponding to the upper extreme or top dead centre (TDC) position, as
shown by the line diagram of the crank-slider mechanism in Fig. 5.52.

Fi1G. 5.52
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When the punch tool touches the strip, let the crank angle be 6,, as shown
in Fig. 5.51. A further rotation, which advances 6 to 180°, will cause the punch
tool to penetrate the strip and to move through a distance h. For intermediate
positions let the penetration of the tool into the sheet be defined by the
displacement x measured from the top surface of the sheet, as shown in Fig.
5.53. If the crank radius is much less than the length of the connecting rod
(R « I), which would be the case in most presses, the tool penetration into
the strip can be determined from the geometry of Fig. 5.50 and shown to be
given by

x = R(cos 8, — cos 8). (i)

A Punch

A 777 77

] X

y %N
# LLLL.
4 7]
4 A

2L L
FiG. 5.53

Let us now consider the force on the tool during the stamping of the
lamination. Experiment has shown that the force F rises rapidly to a value
F, and then reduces in an almost linear manner to zero such that, to a good
approximation,

F = Fy(h ~x)/h. (ii)

Figure 5.54 shows how the tool force varies with slider position. The force
is zero until contact is made with the sheet. Immediately thereafter it rises to

T.D.C. Slider
X position

B.D.C.
Fic. 5.54
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its maximum value F = F,. As the tool penetrates the sheet the force falls
linearly from its maximum value and is zero at the end of the stroke.

The arrows on the diagram indicate how the force varies as the slider moves
from TDC to BDC and back to TDC.

Let us now consider the crank and flywheel and the connecting rod and
punch as a system with an external torque M, and external forces F and N
applied as shown in Fig. 5.55. The force N is the normal force on the slider
from the guide. Friction at the bearings at O, A and B, and at the guide will
be neglected. The forces at the bearing O are not shown since they do no work on
the system.

FiG. 5.55

In most presses the flywheel is large and the mass of the connecting rod
and punch are small compared with that of the flywheel. We will therefore
neglect these small masses to simplify the analysis.

To find the motor torque required to maintain a constant cycle time we can
apply the First Law of Thermodynamics to the system over a complete cycle.
Let us start from TDC on one cycle and consider the state of the system at
TDC on the next cycle.

Now if we assume no heat flow to the system, @ = 0, so that

W. =AU, (iif)

where W_ is the total work done on the system in one complete cycie. (Note
that this assumes that the machine is at the same temperature as its surroundings
and conforms with our assumptions of no friction in the system).

In eqn (iii) AU represents the change in the kinetic energy of the system
and since we require the angular velocity of the flywheel, and hence the
velocities of all points in the system, to be the same each time TDC is reached,
AU = 0. Thus the total work, W,, done on the system over one cycle must be
zero. The force N has no displacement along its line of action and therefore
does no work. Only the torque M, and the force F do work and from our
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definition of work

27 x=h
WC=‘( Mode—J F dx (iv)
0 x=0
where x is the penetration into the sheet. The negative sign is because x is in
the opposite direction from F. (Note that the punch does positive work on
the sheet since F and x are, in this case, in the same direction).
By substituting for F from eqn (ii) and integrating we obtain

F,
W, = 2wMo—T°h- W)

If the cycle is to repeat, AU = 0, so that from eqns (iii) and (v)

Fyh
Mo="". (vi)

This torque is independent of the moment of inertia of the flywheel, and
with the assumptions made, is also independent of the geometry of the
mechanism. The torque required therefore depends only on the peak force
required to pierce the material and the sheet thickness.

Figure 5.51 shows that when the press stamps out a lamination the angular
velocity of the flywheel falls from a maximum value w,,., at the beginning of
stamping to a minimum value w.,;, at the end of the operation.

We will now apply the First Law of Thermodynamics over the interval
during which punching occurs. As the punch touches the strip the position of
the crank is 8, and the position of the punchis x =0. Let 6, = wand x = h
be the corresponding positions when the punching operation is complete.

From eqn (iii)

W,=U,-U, (vii)

where W,, is the work done on the system between positions 1 and 2, and
U,, U, are the kinetic energies of the system at positions 1 and 2. Again we
have assumed that Q@ = 0.
Thus if I, is the moment of inertia of the flywheel and motor about an axis
through O eqgn (vii) gives
W12 = %Io(wfnin - wfnax)- (Vlll)
If w, is the mean angular velocity of the flywheel we can write
Wmax = Wo + Awl,

and @pmin = Wy — Aw,,

where Aw, , Aw, are the variations in angular velocity about the mean. Substitut-
ing these expressions into eqn (viii), and neglecting terms in Aw?, since Aw,,
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Aw, are assumed to be small, we obtain
le = _Iowko, (ix)

where Aw = Aw, + Aw; = Omax — Omin, is the total variation in the angular
velocity of the flywheel.
From eqn (iv)

8,=m xzr—h
W12=J ModG—J F dx.

8 x1=0

Integrating gives

Wiz = Mo(7 — 6,) — 5
Substituting the value of M, from eqn (vi) gives
Foh(w + 01)
Wo=—"-\—7]]- X
12 2 2‘”_ ( )

This equation can be simplified further by noting that 8, =  for cases where
the lamination thickness is much smaller than the crank radius, i.e. h <« R.
For example in a typical press we might have h = 1mm and R = 100 mm.
Using this approximation in eqn (x) we find that for most practical purposes

F,h .
W, = - (xi)
2
Thus, during the stamping of the lamination, the work done by the motor
torque is small when compared with the work done by the force F.
Substituting for W, in eqn (ix) gives
F,h ..
_TO = _IowoAa). (xll)

Writing the variation in the angular velocity of the flywheel as a function

of the mean speed gives

Ao _ _Foh

Wy B 2wl (xiii)

Since F, and h are fixed by the material and the shape of the lamination,
and since w, is determined by the speed of production, I is the only parameter
that can be varied in eqn (xii) in order to achieve a specified value of Aw/ w,.
Equation (xiii) can therefore be used to determine the moment of inertia of
the flywheel.

5.4 Circuit breaker

The crank slider mechanism shown in plan view in Fig. 5.56 lies in the horizontal
plane and represents a simple electrical circuit breaker. To make the circuit
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the crank OA is rotated clockwise against a torsion spring at O until the slider
B is fully engaged with the stationary contact C,. The breaker is then latched
in this position. When the contact is closed a current flows from the grid
powerline into contact C, and then back again via the slider B and the fixed
contact C,. The link AB must be constructed from an insulating material.

When a fault develops in the power line, such as would occur during a
lightning strike or upon the collapse of a supporting pylon, the circuit must
be broken very quickly. This is done by releasing the latch so that the torsion
bar can unwind and break the connection at C;.

In order to achieve a successful break, and to prevent electrical arcing
between the contacts, it is necessary that the slider achieves a velocity v, when
the separation between the slider and contact C, reaches a specified value A.

For the purposes of illustration we shall assume that the crank angle 8 goes
from 6 = 60° when the breaker is in the fully closed position to § = 120° when
the separation is A. If we choose OA = a and AB = a+/3 then from the geometry
of Figs. 5.57(a) and (b)

A=a (1)

The specification that the velocity of the slider reaches a value v. at this
position is achieved by arranging the torsion bar to have the correct amount
of wind up.

FiG. 5.57
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Let us calculate this wind up, 6,, by applying the First Law of Thermody-
namics to the breaker assembly. We will assume, for simplicity, that the crank
and the connecting rod are represented by uniform rods of mass m and mv3
respectively, and that the slider also has mass m. Friction at the bearings O,
A and B and in the slider guideways will be neglected. We shall also assume
that the torsion bar has a torsional stiffness k.

Let us draw a system boundary S around the casing containing the breaker
assembly, as shown in Fig. 5.56. The forces at the points P, and P, are the
only external forces applied to the system and are provided by the casing
support bolts. However, since P, and P, are stationary, no work will be done
on the system by these forces. We shall also assume that no heat is transferred
across S. Thus the First Law of Thermodynamics gives

W+Q=AU=U,-U, =0 (ii)

and shows that the internal energy of the breaker assembly is constant during
the separation of the contacts.

The first step in our calculation is to derive expressions for the internal
energies U, and U,. In the initial position the mechanism is stationary and
the internal energy U, is determined by the strain energy, V,;, stored in the
torsion spring.

If the initial twist in the torsion spring is 6,, the initial internal energy in
the system is

U, = Vi = 3k,03. (iii)

When the separation of the contacts reaches a value A the slider of the
crank-slider mechanism will be moving with velocity v, to the left.

The internal energy of the system, U,, will be determined by the residual
strain energy stored in the torsion spring and the kinetic energies acquired by
the crank, the connecting rod and the slider. For this position the twist in the
torsion spring is reduced from 6, to

0, =(6,— m/3), (iv)
and the strain energy V,, becomes

V2 = %ke(eo - 77'/3)2

27 w’
=%k0(9%_?90+?>~ v)

To calculate the kinetic energy of the assembly we must first describe the
motion of each component of the mechanism. From the kinematics of the
crank-slider mechanism (engineering application 1.6) we know that the crank
moves with pure rotation, the connecting rod with general plane motion and
the slider with pure translation.
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Since the crank moves with pure rotation about an axis through O its kinetic
energy is given by
Toa= ‘lz‘Iowf)A (vi)

where I, is the moment of inertia of the crank about its axis of rotation and
woa 1s its angular velocity. When regarded as a thin rod rotating about an end
the moment of inertia of the crank is

ma?*
3

IO = (Vﬁ)
The kinetic energy of the connecting rod, which moves with general plane
motion is given by

Tap = %(m\/g)ué + %IGwZAB (viii)

where vg is the velocity of the centre of mass G, w,p is the angular velocity
of the connecting rod, and I is the amount of inertia about an axis through
its centre of mass.

Given that the connecting rod AB may be considered as a thin uniform rod
of mass mv/3 and length av/3 its moment of inertia about an axis through G is

w3
I = I—Z(aﬁ)

? ma’. (ix)

The slider moves with pure translation with a velocity v, and therefore has
kinetic energy

mv. (x)

N[—

Ts=

Before the kinetic energy of the complete mechanism can be calculated the

values of wo 4, wap and v in eqns (vi) and (viii) must be found in terms of 2,.
This requires a full kinematic analysis of the mechanism in the position shown
in Fig. 5.57(b). This kinematic analysis will be based upon the analytical
procedure described in engineering application 1.6.

Let us suppose that the crank-slider mechanism is at some general position,
as shown by the line diagram of Fig. 5.58. The angular displacements of the
crank and the connecting rod are measured from a datum line given by the
axis OX and are 6 and ¢, as shown. The displacement x, of the slider at B
is measured along the direction of the X axis from an origin at O.

From the geometry of the mechanism the coordinates of point B on the
slider can be written in terms of 6 and ¢ as

x, = a cos 8§ — av3 cos ¢,
y, = asin @ —av/3sin ¢ = 0. (xi)
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Similarly, the coordinates of the centre of mass, G, of the connecting rod can
be written as

av3
xG=acoso—Tcosqb,

3 ..
and Yo = % sin ¢. (xii)

If eqns (xi) and (xii) are each differentiated with respect to time we obtain

%, = —(af sin 6 — a3 ¢ sin ¢),

. . (xiii)
0= abcos 8 —av3 ¢ cos ¢,
and
XGg = —(aé sin 8 — aT\/gd) sin d)),
(xiv)

NEI
yc=%—¢ cos ¢.

Since 6 and ¢ are, by definition, the angular velocities of the crank and the
connecting rod and X, is the velocity of the slider, we can set

Woa = ]
WA= ¢ (xv)
and v, = X,.

(Note: the negative sign in eqn (xv) occurs because the slider velocity X, is
defined to be positive towards the right).
When the mechanism is in the final position shown in Fig. 5.57(b) we have
= 120° and ¢ = 150°. Substituting these values into eqn (xiii) gives

o - a\/§ av3
e = A7 T WoA T~ o~ WaB,

2 2 (xvi)
and 0= ngA——awAB,

2 2
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from which
(25
wWoa = ﬁ;,
(xvii)
1 v
and Wap = ﬁ I

The velocity, vg, of the centre of mass of the connecting rod has components
Xg along OX and yg along OY which are given by eqns (xiv). When we set

6= 4 LB e g = 150°
a s - \/g a ’ = an QS =
in eqn (xiv) we obtain
. S
XGg = _Zvc,
. V3o,
and Yo = Rt

Now vg = %§ + &,
2 7 2 veo
so that vg = Zvc. (xviii)

The kinetic energies of the crank and the connecting rod can now be found
by an appropriate substitution of eqns (xvii) and (xviii) into eqns (vi) and (viii).
After a little algebra we can show that

2
mv;

Toa= 2 (xix)
11
and Tag = Tﬁmvi (xx)

Thus the total kinetic energy T, of the system when the slider has moved a
distance A is given by

Tz = Ts + TOA+ TAB

<1 +111\2/—§) mv2. (xxi)

When the separation of the contact reaches a value A the internal energy
U, of the system consists of the kinetic energy of the circuit breaker mechanism
plus the remaining strain energy in the torsion bar. Thus

U;=V,+T, (xxii)

where V|, and T, are given by eqns (v) and (xxi).
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By substituting eqns (iii) and (xxii) into eqn (ii)
Vo+ T,— V,=0. (xxiii)

Substituting the appropriate values for V and T gives

1 20 @ 11V3 1
Ek(,(()g —?004-—9—) + (1 +T)mvf = Ekgef),

from which

2 11V3\ ,  ker’ :
577](000 = 2(1 + —17-) mys + Lg_ (xxiv)
Equation (xxiv) shows that the wind up in the torsion spring must have a
value
) 3 (1+11\/§>m Rl (xxv)
= — _ v, _
* Tk, 12 6

to ensure that the slider reaches the design velocity v, when the contact
separation is A = a.

It should be remembered that the foregoing analysis has been developed
on the assumption that friction is negligible. The value of 8, calculated from
eqn {xxv) should therefore be treated as a lower estimate.

5.5 Disc brake

Figure 5.59 shows a flywheel test rig which is used to assess the performance
of disc brakes. The flywheel is first driven up to an angular velocity w, and
then allowed to rotate freely in its bearings. Immediately after the flywheel
starts to rotate freely the brake is operated by forcing the brake pads against
the surface of the disc with a total force F. The friction forces acting on the
disc are shown in the free body diagrams of Fig. 5.60 and produce a torque

Mo = pRF (i)
Disc E l Flywheel
\ 777777 &
Pad Shaft
Caliper

FiG. 5.59
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Free body diagrams of
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about the axis of rotation, where R is the mean radius at which the pads are
positioned on the disc and u is the coeflicient of friction between the pads
and the disc. (See engineering application 3.5 eqn (ix)).

This torque reduces the angular velocity w of the flywheel. Since the flywheel
moves with pure rotation its equation of motion is given from eqn (4.30) by

where I, is the moment of inertia of the flywheel assembly about its axis of
rotation. Equation (ii) can be integrated with respect to time to give

Mo
y=A——1t
(2 IO

where A is a constant of integration. When ¢ = 0 we know that the flywheel
rotates with angular velocity w,. Thus

A=w0

and

M,
® = w,——t. (iii)
Io
The friction torque M, causes the angular velocity of the flywheel to reduce
uniformly with time. The flywheel will therefore come to rest when

I
;4‘:". (iv)

t=1tg =
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The time t5 is referred to as the ‘run down time’ and allows eqn (iii) to be
rewritten

t

) =w0(1—-—> fort =<tz

IR

and w =90 fort=ig. v)
As the flywheel runs down its kinetic energy falls and we know from

experience that the brake will start to heat up. Let us apply the First Law of
Thermodynamics, i.e.

W+ Q =AU, (vi)

to the flywheel and the brake and show how the temperature of the brake can
be calculated during the run down period.
Figure 5.61 shows a system boundary S drawn around the system of Fig. 5.59.

A}
!
]
]
]
J

1

1
i
I
|
Qp 1
1
| |

1
Mo ;,.l ——— oo ) !
9 :£ ________________ !
LI r -\ |
1 { I t
1 ) ] i
} i
1 |
=

FiaG. 5.61

From the free body diagram of the caliper, Fig. 5.60(b), we can see that a
torque My must be applied to the system boundary at the position where it
cuts the caliper. However, since the caliper is stationary no work can be done
on the system by Mo. When the temperature of the brake assembly becomes

greater than that of the surroundings, heat Q, will be transferred across the
system boundary, as shown.

Hence, eqn (vi) becomes
-Q=AU=U,-U,. (vii)

The minus sign on the left-hand side of eqn (vii) indicates that the heat Q, is
leaving the system.

Initially the internal energy of the system, U,, is determined by the kinetic
energy of the flywheel and is given by

U, = Howd. (viii)
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During run down the internal energy will be determined by the kinetic
energy stored in the flywheel and the thermal energy stored in the system. If
we now assume, for simplicity, that the thermal energy is due to the temperature
rise in the brake and that no heat is conducted along the shaft to the flywheel
then

U, = }lo0° + mC,ATg (vix)

where m and C, are the mass and specific heat respectively of the brake and
ATyp is the rise in the temperature of the brake. C, has units of J/kg°K and
ATg is in °K.
Substituting eqns (viii) and (vix) into eqn (vii) gives
—Qb = meA TB + %Io(l)2 - %Iow(z). (X)

It can be seen from this equation that if braking occurs instantaneously, so
that no heat is lost to the surroundings, i.e. Q, = 0, then an upper limit for the
rise in temperature AT, can be obtained by setting w = 0. This maximum rise
in temperature is

%Iowz

ATH = . i
mC, (xi)

In this case the initial kinetic energy of the flywheel has all been stored as
thermal energy in the brake. For other circumstances Q, > 0, and eqn (x) gives

ATy < ATH.

The rate at which heat is lost by the system depends upon the temperature
difference ATy, and the value of the heat transfer coefficient h between the
brake and its surroundings.

Thus

Qs = hAT;. (xii)
If we now differentiate eqn (x) with respect to time we obtain
—Qp = mC, ATy + Ioow. (xiii)

Hence, by using eqns (ii), (iv) and (xi), eqns (xii) and (xiii) can be combined
to give

ATy + AT, =AT’§—2~T(1 —i), (xiv)
Ir tr

where 7 = mC,/ h has the units of time and is called the thermal time constant

of the brake.

The thermal time constant 7 is an important parameter and determines the
rate at which the brake will lose heat when hot. Small values of 7 are desirable
since this ensures that the brake will lose heat rapidly and not become
overheated.
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The solution to the first order differential eqn (xiv) is

AT%2 t
AT = Be /7 +—2— 7(1 +l——)

Ir g Ir

where B is an arbitrary constant. (The reader should verify that this is a
solution by substituting it back into eqn (xiv)).

When braking starts, the brake and the surroundings are at the same
temperature, i.e.

ATz =0 att=0.
This condition gives
2
B=-ATE=(1+7/tg)
e -
AT, 2 .
so that ( Z) = —T{(l +1/tr)(1 — e ") — t/1:}. (xv)

Equation (xv) gives the temperature rise in the brake as a function of time
and the upper limit AT%.

Equation (xv) is best interpreted by plotting ATg/A T as a function of ¢/t
for various values of 7/t;. These curves are shown in Fig. 5.62 and are plotted
for the run down period 0 < t/1p < 1.

o~

FiG. 5.62
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If braking occurs quickly so that the run down period is much less than the
thermal time constant, such as illustrated by the curve corresponding to
7/tg = 100, very little cooling occurs and the brake temperature approaches
its upper limit of AT%.

When the run down period and the thermal time constant are of similar
order, i.e. 7/tg = 1, the temperature of the brake rises to a maximum before
run down is complete and thereafter falls.

It can be seen from the slopes of the curves shown in Fig. 5.62 that the rate
dATg/dt at which the temperature of the brake increases, decreases with time.
This effect can be predicted from eqn (xiii) which can be rewritten as

dAT, Q _ d Glow?) ,
== - . (xvi)
dt mC, dt mC,

The second term on the right-hand side of eqn (xvi), including the negative
sign, represents the rate at which kinetic energy is lost in the system. From
eqn (ii)

MO - _Ioﬁ).

Now
U I
Mow = —Ipow = dt(zlow ),

so that the rate of loss of kinetic energy is proportional to the angular velocity
of the system.

Initially, near the start of braking,  is large so that the rate of loss of kinetic
energy is also large. Q, is, however, small since the temperature of the caliper
is the same as that of the surroundings. Thus the initial kinetic energy lost is
converted into thermal internal energy in the caliper and the temperature rises
rapidly. As the temperature rises, Q, increases, but the rate of loss of kinetic
energy reduces because the speed falls. The rate of rise of temperature will
therefore decrease. It is possible for the heat lost to the surroundings to become
greater than the loss in kinetic energy, so that dATp/dt becomes negative and
the temperature of the caliper starts to fall before the system comes to rest.

Exercises

1 Fig. 5.63 shows a ram of mass m supported at the points A and B by two
parallel wires O,A and O,B each of length L If the ram is released from
rest when O, A makes an angle # = 8 with the vertical as shown, determine
the velocity of the ram at the lowest point of its motion.

2 Two springs of stiffness k, and k, respectively are connected together in
(i) parallel, and
(ii) series, as shown in Fig. 5.64.
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oG \B

Fic. 5.63
X
k1
k2 l
Fic. 5.64

For each configuration determine the strain energy stored in each spring
when the combined spring is deflected an amount x. Also find the stiffiness
of a single equivalent spring which could replace the two springs in each
case.

/a

mp

me

mp

FiG. 5.65
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3 A garage door of mass my, is suspended on wheels from a horizontal rail
as shown in Fig. 5.65. A self-closing mechanism consisting of a mass mc
supported on a cable and pulley arrangement is to be fitted to the door.
Two possible arrangements are shown. Which is the more effective and
why?

4 Fig. 5.66 shows a constant force F applied to the end of a rod OA. If the
rod is supported at O by means of a pin joint, determine the work done
by the force as the rod is displaced from 6 =0 to 6 = a. Assume the
direction of the force is always vertical as shown.

If 6 = wt, determine the power developed by F at the instant where
6=a.

F1G. 5.66 Fic. 5.67

5 A spring of stiffness k and unstretched length I, is attached to a disc of
mass m and radius R by means of a light inextensible string. The disc is
fixed at its centre O by a frictionless pin joint and is rotated such that the
spring becomes extended by an amount h, as shown in Fig. 5.67.

If the disc is released from rest in this position, determine the angular
velocity of the disc at the instant the spring returns to its unstretched length.

6 A thin uniform rod OA of mass m and length / can turn in bearings at
O and is constrained by a torsion spring which exerts a restoring torque
k9 on the rod about O when its deflection is 8 as shown in Fig. 5.68.
Friction is negligible. If the rod is slightly disturbed from rest in a vertically
upwards position, find (i) its angular velocity, and its angular acceleration
as a function of 8, and (ii) the component bearing reactions when 6 = =,
assuming that the bar can fall through the vertically downwards position.
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FiG. 5.68

7 A uniform bar AB of mass 4 kg and length 1 m can turn freely in a vertical
plane on a hinge at its mid-point O. A small body P of mass 4 kg is to
be firmly attached to the bar at a distance p from O. If the bar is released
from rest in the horizontal position, determine the value of p which will
make the angular velocity of the bar, as it passes through the vertical
position, as large as possible.

P

N |
AL 10 Jl 1B

m

FiG. 5.69

8 The belt and pulley system shown in Fig. 5.70 is driven by a constant
torque M, applied to pulley 2. Derive an expression for the angular
velocity of pulley 1 in terms of its angular displacement 6,. The moments

of inertia of pulleys 1 and 2 about their axes O, and O, are I, and I,
respectively. '

Putley 1 Pulley 2

FiG. 5.70
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9

10

11

12

The end A of a thin uniform rod AB of mass m and length a moves in
a straight line with velocity v as the rod rotates with angular velocity 6.
Derive an expression for the kinetic energy of the rod in a general position
0, as shown in Fig. 5.71. The moment of inertia of the rod about its centre
of mass G is (ma*/12).

B

Fic. 5.71

The uniform rod AB shown in Fig. 5.72 has mass m and moves in the
horizontal plane OXY. If at the instant shown, point A has a velocity v,
along OX and point B a velocity along the direction of OY, determine
the kinetic energy of the rod.

30°

Fic. 5.72

To a uniform ring of mass m, radius r and centre C is attached a small
body A also of mass m. The combined body can roll without slip on a
horizontal plane and is released from rest with A in the topmost position
as shown in Fig. 5.73. Using an energy method, find the angular velocity
of the ring when it has rolled to a position in which A is in contact with
the plane.

Fig. 5.74 shows two identical pulleys of mass m, and radius R connected
together by a light inextensible wire to form a simple lifting system. Pulley
P, is fixed at its centre O, by means of a frictionless bearing. A small
load of mass m; is connected to pulley P, at its centre O,. If this system
is released from rest with O, and O, in line, determine the velocity of
mass m; when O, has dropped through a distance x as shown.
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7774 Ny
<4 o
A
X /\ P-|
. o T
P2
my
Fic. 5.73 Fic. 5.74

The moment of inertia of each pulley about an axis through its centre
is Io.

A body rolls without slip on a plane inclined at 60° to the horizontal as
shown in Fig. 5.75. The body consists of two cylinders of diameter 2 m
and 1.5 m, the larger cylinder being in contact with the plane. A rope is
wrapped around the smaller cylinder and passes over a smooth peg P.
The free end of the rope carries a mass m of 120 kg as shown. The body
has a mass of 300 kg and a moment of inertia about an axis through its
centre of mass of 200 kg m®.

5 m/s

Fic. 5.75
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14

15

If the mass m has a downward velocity of 5m/s how far will it have
moved when its velocity has reduced to 3 m/s downwards?

Show that the kinetic energy of a thin cylinder rolling without slip on a
horizontal plane is mr’w®, where m is its mass, r its radius and w its
angular velocity.

Such a cylinder rolling on a horizontal plane, Fig. 5.76, wraps around
its circumference a thin flexible cable of mass p per unit length. At ¢t = 0,
when the cylinder just begins to pick up the cable, its angular velocity is
known to be w,. One revolution later, its angular velocity is o,. If a
constant horizontal force P is applied to the centre of the cylinder C
during the interval, use an energy method to derive an expression for w,.
Deduce the value of P which makes w; = w,.

(N -
\J

V

Fic. 5.76

A uniform link of mass m and length ! is constrained to move as shown
in Fig. 5.77. End B is constrained to move in a long vertical slot and end
A to move in a horizontal slot. A spring of stiffness k lies in the horizontal
slot and is compressed as A moves to the left.

The link is held at an angle 6 to the horizontal as shown, and in this
position end A of the link is just in contact with the free end of the
uncompressed spring. If the link is now released obtain an expression for
the velocity of end B of the link as it passes through the horizontal position.

Fig. 5.77 Fic. 5.78
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The moment of inertia of the link about an axis through its centre of
mass is I and friction is negligible.

A geared mechanism (Fig. 5.78) consists of a fixed internally toothed
wheel of centre O and pitch circle radius 80 mm, a uniform arm OA which
can turn freely about O, and a planet wheel of centre A and pitch circle
radius 15 mm which can turn freely on a pin attached to OA at A. The
plane of the mechanism is vertical.

If OA is released from rest in a horizontal position, find the angular
velocity of OA in the vertical position shown in Fig. 5.78. Friction at O
and A may be neglected.

The constants of the system are as follows: mass of rod OA, 1kg;
moment of inertia of rod OA about an axis through O, 1.5 x 10° kg m%
mass of planet wheel, 0.3 kg; moment of inertia of planet wheel about an
axis through A, 0.03 x 10> kg m”.

10 rad/s

C
A&; VA e e

Fic. 5.79

The mechanism shown in Fig. 5.79 consists of two uniform rods AB and
BC, which have masses 10 kg and 20 kg respectively. If AB rotates clock-
wise with an angular velocity 6 = 10 rad/s, determine the kinetic energy
of the system at the instant shown.
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Impulse and momentum

Basic Theory

6.1 Linear momentum

Particle
Let us suppose that the absolute velocity of the particle P shown in Fig. 6.1
is v. If the particle has mass m then the vector quantity defined by

p=mv (6.1)

is called the linear momentum of the particle. We can see from this definition
that the linear momentum vector is in the direction of v and has a magnitude
equal to mv.

Y a /
/v
P o Yy
. Vx
F// l
S
Xp
o) X
FiG. 6.1

If p is now resolved into components p,, p, along the reference directions
OX and OY then

Dx = MU, = mMX,,

and Py = mv, = my,. (6.2)
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Moreover, if p is differentiated with respect to time we obtain

d
dp_mdv_

dt dt ?

i.e. the rate of change of the linear momentum of the particle is proportional
to its acceleration a. We know from Newton’s Second Law of Motion that
an external force, F = ma must be applied to the particle in order to produce
this acceleration.

Thus F=— (6.3)

When there is no external force applied, F = dp/dt = 0, which shows that the
linear momentum of the particle is constant during the motion. This represents
another way of saying that when no forces act on the particle it continues to
move with uniform velocity in a straight line.

Impulse of a force

Let us now consider the force F which is applied to the particle and obtain
the integral .# of F over a time interval from ¢, to ¢,, so that

g = J Fdr. (6.4)
4

The vector quantity £ is called the impulse of the force. By substituting eqn (6.3)
into eqn (6.4) and integrating we obtain

tzdp 12
S = J: Ed'=£ dp = (p.—p1)

i 1

so that £ = m(v, — v,). (6.5)

This vector relationship is presented graphically in Fig. 6.2 which shows the
change in the linear momentum, Ap = p, — p;, of the particle. This is equal
to the applied impulse .#.
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Example 6.1 Figure 6.3 shows two blocks, assumed to be particles, resting
on a frictionless horizontal surface. Particle P, is moving with velocity v, and
collides with the stationary particle P,. Let us determine the subsequent motion
of the particles. We shall assume that the impact is perfectly elastic and that
no energy is lost during the impact.

Y

Y

Before impact After impact

P1 v PZ P1 Pz

o
rf;q'—.- l my I J_mq-..v1m-..v2
o) X ) X
(a) (b)

Fi1G. 6.3

The duration (¢, — t,) of the contact and the precise variation of the contact
force F, during the contact period cannot be determined very easily—it depends
upon the shapes of the contacting surfaces and their respective elasticities.
The contact force only has a value during the impact and if measured would
be of the form shown in Fig. 6.4.

—— e — F*
Fe
P1 Pz
F, F.
0 tq ty t
FiG. 6.4 Fi1G. 6.5

At time t, contact occurs, and the force rises rapidly from zero to a maximum
value F*. Thereafter the force reduces and is zero again at time ¢, when the
particles separate. At time t, particle P, has a velocity v, and P, is at rest.
When separation occurs at time ¢, we will assume that the particles P, and P,
move with velocities v, and v, respectively, as shown in Fig. 6.3(b).

We can calculate the values of v, and v, by considering the motion of each
particle during the impact. When impact occurs the particles will touch and
the free body diagrams of P, and P, will be as shown in Fig. 6.5. The weight
of the particles and the forces on them from the ground are not included.
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Using the free body diagram of Fig. 6.5 the equation of motion of particle
P, in the direction of the contact force F, is, from eqn (6.3)

dp, .
F, =— i
<=4 (i)

If we now integrate this equation over the period during which the particles
are in contact then

J ‘ F.dt = (p2), — (P2,

or S = mz(vz - 0) = M>V,. (ii)
Likewise, using the free body diagram of Fig. 6.5 for particle P,,

dp,
-F, =—2.
ar (iii)

The integration of this equation over the time interval ¢, to t, yields
'Z
- J F.dt= (pl)t2 - (pl)q,
I

ie. — % =mv, — mu,. (iv)
The addition of eqns (ii) and (iv) then gives
m;v; + myv, = m, v, (v)

which shows that the linear momentum of the system is constant and is not
affected by the impact.

If we now draw a system boundary around both particles and assume that
the internal energy before and after impact is determined by the kinetic energies
of the particles then, from the First Law of Thermodynamics, with Q and W
zero,

U,- U, = (%mll’f + %mzvg) - %mlv(z) =0. (vi)

By eliminating v, from eqn (vi) using eqn (v) we obtain the quadratic equation

m,(m, + my)v] — 2mivev, + m,(m; — my)vd = 0. (vii)
Equation (vii) has two solutions,

v; = Uy, (viii)

. (my = m,)

and v, = V5.
' (m; + my) 0

(ix)
Substituting v, = v, into eqn (v) gives

Uy = 0. (x)
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This result is valid and represents the state of the system before impact occurs.
When we substitute eqn (ix) into egn (v) we obtain

2m,

Vy =7 "7 V.
(m; + my)

(xi)
Equations (ix) and (xi) therefore determine the velocity of each particle after
impact. We should note that v, > v, which proves that separation does occur
after impact.

Since eqn (xi) shows that v, > 0 we conclude that the particle P, must always
move in the direction of v, after impact. This is not always the case for particle
P,. When m; > m, eqn (ix) shows that v; > 0 and that P, will continue to
move in the same direction. However when m, < m, we obtain v, < 0, which
shows that P, has reversed its direction of motion. In the limit when m; « m,
we find that v, > —v, and v, > 0, i.e. the larger particle P, remains stationary
after impact and P, bounces off without any loss in the magnitude of its velocity.

When the particles have the same mass, i.e. m; = m,, we find that v, =0
and v, = v,, i.e. particle P, is brought to rest and P, moves off with velocity v;.

Suppose we now reconsider this example and assume that the particles
adhere together during the impact and thereafter move as a single particle of
mass (m, + m,) with a velocity v. as shown in Fig. 6.6.

X X
Before impact After impact
VC
———
Yo r——-]
m—— my my m2
o) y o Y
(a) (b)
Fic. 6.6
If we now set v; = v, = v, in eqn (v) we find
(m; + my)v, = myv,, (xii)
and that
e : (xiii)

- (m; + my) o
The internal energy of the system after impact will be determined by the kinetic
energy T, of the combined mass and is given by

T.=t(m;+my) V2. (xiv)
Substitution of egn (xiii) into eqn (xiv) yields
mi ,

1
"2 (m, + my) vo- )

T,
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Thus the kinetic energy of the system has fallen by an amount

2,2
1 1 mivy 1 mm,
AT == mv — 2

_ =— xvi
2 2 (my+m,) 2(m1+m2)v0 (xvi)

due to the impact.

Coefficient of restitution

Let us examine the case of normal impact between two spherical particles P,
and P, of mass m, and m, respectively. We shall assume that the velocities of
the particles before and after impact are given by v,, v, and v}, v} as shown
in Figs. 6.7(a) and 6.7(b). If we assume that the particles are smooth (i.e. no

P-l P2 P‘] PZ

Before impact After impact

{a) {b)
FiG. 6.7

friction) then the line of action of the contact force between the particles at
impact will be along the common normal at the point where they touch. For
spherical particles this line will be along the line joining their centres C; and
C,.

P P2 P P2
>/ i &/
During impact Free body diagrams during impact

(a) {b)
FiG. 6.8

When the particles collide, their contacting surfaces will become compressed,
and a contact force F, will act on each particle as shown in Figs. 6.8(a) and (b).

After making contact the centres of the particles will initially continue to
approach each other and the contact force will increase, as shown in Fig. 6.9,
until a maximum value F* is reached.
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Fo+—-

o]
FiG. 6.9

This maximum occurs a time t* after the initial contact is made. At t* the
particles will be moving with the same velocity v*. The impulse of F. for this
period of approach is given by

S = -[ F.dt (6.6)

0

Thereafter the contacting surfaces start to recover and the contact force
decreases as the particles, though still in contact, begin to move apart. The
contact force reduces to zero at time t,, which is the instant of separation.

ts

Hence %, = I F.dt (6.7)

1*

defines the impulse of F, over the period of recovery.

Let us now consider the impulses applied to each particle during the impact
and consider separately the periods of approach and separation.

The impulses applied to particles P; and P, during the approach are given
by

- J”* F, dt = m(v* — vy) (6.8)
0
on P,
and J[* E. dt = my(v* — vy) (6.9)
0
on P,.

Eliminating v* from these equations gives

- nmym,
=Mz ). 6.10
L F, dt (ml+m2)(v1 0,) (6.10)



6.1 Linear momentum 315

Similarly, during separation, the impulse applied to P, is

- J ‘ F.dt = m,(v} — v*), (6.11)

*

and the impulse applied to P, is

J "F.dt = my(v) — v¥). (6.12)
m
Thus &, = —2 (1 — 1), (6.13)
(ml + mz)

Equations (6.10) and (6.13) show that the impulses #, and 4, are in the ratio

S [eF.dt _ (vy— o)
S L’;cht (v, — vy)

_ relative velocity of separation along C,C,

= - - (6.14)
relative velocity of approach along C,C,

This ratio depends only on the velocities of the particles before and after
impact and is called the coefficient of restitution e

_(vy—vy)

T (6.15)

If we now add eqns (6.8) and (6.11) the total impulse applied to P, is

rS
- I F.dt = m({v] —v)). (6.16)

0

Likewise eqn (6.9) and (6.12) give the total impulse applied to P, as

ti
J F.dt = m.(v — v,). (6.17)

0

Equations (6.16) and (6.17) show, as expected, that the linear momentum of
the system is unchanged as a result of the impact,

ie. m, v, + myv, = m vy + myv5. (6.18)

We shall now use eqns (6.15) and (6.18) to determine the change, AT, in
the kinetic energy of this system of particles due to the impact. The kinetic
energies before and after impact are given by

—1 231 2
Tg = 3m v} +3my03

and Ty = im,o) + Imyv}. (6.19)
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We may therefore write

AT =3m (v — v]) + Imy(v} ~ vd)

1
= 20ty mm + m) (0 = o) + ma(my + m) (0 = 03)]
= S oy mmal(0 = 02) = (03— 0}

+ (myv] + mz”é)z = (mp, + mzvz)z]

1 g 2
=——————[—m,my(v, — v,)° 1—(———2 1)}
2(m,+m2)[ 1m0y 2 { v, — D,

+ (myv; + myv; — myv; — myv,)(myo} + myvh + myv, + myv,).
Substituting for v} and v; from eqns (6.15) and (6.18) gives

myn,

AT = - ——F—
2(m; + m,)

(v, — v2)*(1 = €%). (6.20)

The minus sign in eqn (6.20) shows that kinetic energy will be lost from the
system provided e < 1.

Since some of the strain energy of deformation will not be recoverable as
kinetic energy, due to internal friction or hysteresis in the material of the
spheres, AT < 0.

Thus

j,* F.dt _
j E. dt (6.21)
The impulse of F, for the period of approach must be greater than the impulse
of F, for the period of separation, as indicated by the shape of Fig. 6.9. If
e = 1 eqn (6.20) shows that no kinetic energy is lost at impact and the collision
is said to be elastic. This also gives [ F, dt = {; F, d, which suggests that
the function defining the contact force F, could be symmetric about t*.

The case e = 0 corresponds to maximum loss of kinetic energy and eqn
(6.15) shows that v| = v3, i.e. the particles remain in contact after impact.

Using evidence obtained by experiments on colliding spheres Newton sug-
gested that e was a constant for a given pair of materials and proposed that
eqn (6.15) should be regarded as an equation of state. This experimental law
has been found to give reasonable predictions for particles. Typically e ranges
from 0.2 for soft materials such as lead to 0.9 for hard materials such as glass.

If egns (6.15) and (6.18) are now used to calculate the velocities of the
particles after impact we find that

oy mllte)
vy =0 (m, + mz)( v3) (6.22)
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m,(1+e)
(m; + m,)

r

and vi =1, (v, — vy) (6.23)

For positive values of v, it can be seen that v5 > 0. Also v; > 0, provided that
(m, — mye)v, + my(1 +e)v, > 0.

If particle P, is stationary, as in example 6.1 then

— mse
ol = vy <£_2> (6.24)
m; + m,
Thus provided that m, > em, the particle will continue to move in the same

direction.
The special case where v} = 0 occurs when m, = em,. If e = 1, then for v}

to be zero m, = m,, which agrees with the result obtained for an elastic impact.

[

| ML A4 VAT V.

FiG. 6.10

Example 6.2 Figure 6.10 shows a steel ball being dropped from a height h,
onto a massive horizontal steel plate. Let us calculate the maximum height 4,
reached by the ball after m impacts with the plate. The coefficient of restitition
between the ball and the plate is e.

Let us suppose that after the nth impact with the plate the ball reaches a
height h, as shown in Fig. 6.11. The velocity of the ball just before it again

7

T /mg

FiG. 6.11
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impacts with the plate can be found by applying the First Law of Thermody-
namics to the particle and treating the force mg due to gravity as an external
force. The change in the internal energy of the particle will be due to the
change in its kinetic energy. Thus

W = mgh, = AU = imv’. (1)

Since the plate is stationary and massive (i.e. m, - o) eqn (6.24) gives the
velocity of the ball after impact as

v, = —ev,. (ii)

The negative sign indicates that the ball has reversed its direction and is
moving upwards, as shown in Fig. 6.12.

Fi1G. 6.12

If we now reapply the First Law of Thermodynamics to the particle the
height reached is given by the solution of

W =AU,
so that —mgh,,, = 0 — ime’v} = —~e’mgh,,.
Thus h,., = €°h,. (i)

This is a first order difference equation and has a solution of the form h, = Aa”,
where A and a are constants. Thus from eqn (iii)

Aa"t! = e’Aa”.
Hence a = ¢’
and h, = Ae*™
If h, = ho when n = 0 then
hy=Ae’= A
so that h, = hye™. (iv)

After the mth impact the maximum height reached is h,, = hoe’™.
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Closed systems of particles

We shall suppose the system shown in Fig. 6.13, contained within the boundary
S, is formed from a collection of particles. Although the system boundary is
free to move, the particles are not permitted to leave the system by crossing
the boundary. A typical particle P; is assumed to have mass m; and velocity
v; as shown. The components of the linear momentum of this particle are
given by eqn (6.2) as

Px, = miX;,
and Py, = m;y;. (6.25)
F
2 v,
Y '
d V1
Fy System boundary S
o X
FiG. 6.13

The linear momentum p of the collection of particles is now obtained by
summing the momentum of each of the particles. Hence the component of p

along OX is
Pr =Y m%;. (6.26)
Since the location, along OX, of the centre of mass of the assembly is given by
mxg =y, mXx,
where m = Y m; is the total mass, eqn (6.26) can be written

P = mic. (6.27)

A similar analysis gives the component p, as

Py = myg. (6.28)

Equations (6.27) and (6.28) show that the linear momentum of a system
which is composed of a collection of particles is given by

p = mug (6.29)

where m is the total mass of the system and vg is the velocity of its centre of

mass.
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Since a rigid body may be regarded as a closed system of particles rigidly
connected together eqn (6.29) must also define the linear momentum of the
body, and will apply to all types of motion of the body, i.e. it applies to pure
translation, pure rotation and general plane motion.

If an external force F;, and an internal force F}, such as the contact force
from an adjacent particle, are applied to P;, as shown in Fig. 6.13, then from
Newton’s Second Law of Motion and eqn (6.3)

. ap
F +F;= ar
If we now add the forces acting on all of the particles in the system, any forces
which are internal to the system cancel out in pairs (see page 158) and do not
contribute to the total force F applied to the system. Hence

d dp
F=YF=—Yp =—. .
LF, dtzp' a1 (6.30)
Substitution of egn (6.29) into eqn (6.30) gives
dv,
F = d_tG = mag, (6.31)

i.e. the total external force applied to the system is equal to the mass of the
system multiplied by the acceleration of its centre of mass. For the case of a
rigid body the force F represents the total external force applied to the body
and eqn (6.31) is in agreement with the corresponding equations of motion
derived in Chapter 4.

If both sides of eqn (6.30) are now integrated with respect to time over the
interval ¢, to t,, we obtain

j=Jdet=ZPiz_ZPi,=(P2_P1)- (6.32)

In some cases it may be convenient to consider the motion of the centre of
mass G of the system of particles. Equation (6.32) may then be written using
eqn (6.29) as

£ = m[(vg); — (vG)i]- (6.33)

The left hand side of this equation is the resultant linear impulse .# of the
externally applied forces and is equal to the change in the linear momentum
of the whole system. It should be understood that eqns (6.31), (6.32) and
(6.33) also apply to a system of connected rigid bodies since each rigid body
in the system can be regarded as a collection of particles. For this case we
must be careful to remember that G refers to the centre of mass of the whole
assembly.

If the resultant external force acting on the system is zero we have ' =0
and therefore the velocity vg of the centre of mass of the system remains
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constant. Since impacts between particles only give rise to forces which are
internal to the system, the value of vg will not be affected by these collisions.

Suppose we now return to example 6.1 and consider the two particles P,
and P, of Fig. 6.3 to form a system. Since no external forces are applied to
this system along the OX direction, eqn (6.32) gives

Fe=p)— (X p ) = (Mo + myvy) —myve = 0.

which gives the same result as eqn (v) of example 6.1.

Before we can apply eqns (6.30) and (6.31) to problems involving impacts
within either a collection of particles or between rigid bodies it is necessary
to define absolute and relative angular momentum. We shall show in what
follows that these quantities allow us to discuss the changes in angular motion
caused by impulsive loads.

6.2 Angular momentum

Absolute angular momentum of a particle

The linear momentum of the particle P shown in Fig. 6.14 is

p = muo.
Y* v
P
Q m
%/. rq’
Q
o] X
FiG. 6.14

Let us now consider a stationary point Q in the OXY plane which is not
instantaneously coincident with P. We now define the absolute angular momen-
tum of the particle about the point Q as the moment of the linear momentum
vector p about the point Q. For the particle shown in Fig. 6.14 let the
perpendicular distance from Q to the line of action of p be r,. The absolute
angular momentum, Hq, of the particle P about the point Q is thus given by

Hy=rop = romu. (6.34)

Although the absolute angular momentum can be shown to be a vector quantity,
for two-dimensional problems it may be treated as a scalar provided that we
associate with it a sign to indicate whether the moment is in the clockwise or
the anticlockwise direction. It is usual to take the anticlockwise direction as
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positive. (This is the same as the convention used to define the direction of
the moment of a force).

For the arrangement shown in Fig. 6.14 the absolute angular momentum
about Q is anticlockwise and is therefore positive,

ie. Hy = + romuo. (6.35)

If we now consider the point Q', which lies to the right of the velocity vector
v, the absolute angular momentum about Q' is clockwise and is therefore
negative,

ie. Hg = —rgmv (6.36)

An alternative expression for the absolute angular momentum Hg can be
derived by considering the moments of the components p, and p, about the
point Q. If the positions of Q and P are xqo, yq and xp, yp respectively, as
shown in Fig. 6.15, then the absolute angular momentum about the point Q
is given by

Hq = (xp — xQ)py —(yp— YQ)Px

= m[yp(xp — xg) — Xp(yp — YQ)]- (6.37)
Y Py = m¥p
Py = mXp
Plxy vp)
eQ (XQ: yQ)
0 x

FiG. 6.15

If we now differentiate eqn (6.37) with respect to time we obtain

o — w5y = x0) = ol e~ yll (638)

Since F, = mX, and F, = my, represent the components of the external force
F applied to the particle, eqn (6.38) may be rewritten
dH,
dt

The right hand side of this equation is the moment M, of the applied force
F about the point Q.

= (xp— xQ)Fy —(yp— yQ)Fx-

dH,
Thus ——2= M,. (6.39)
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The rate of change of the absolute angular momentum about any point Q is
equal to the moment of the applied force about Q. When eqn (6.39) is integrated
with respect to time over the interval ¢, to f, we have

i

(Hg)s - (Hg), = J Mo dt, (6.40)

L

The quantity

Fo = J Z Mg dt (6.41)

is called the angular impulse of the applied force about the point Q and is
equal to the change in the absolute angular momentum of the particle about Q.
It should be understood that, in general, the angular impulse $, about Q
is not equal to the moment of the linear impulse # about Q.
Since xp and yp are functions of time

Fy dt = (xP—XQ)fy

L

j (xp = xo)F, d # (x, — xo) J

t

and 4[ (yp— yo)Fc dt # (yp — yq) I F,dt = (yp — yo)#x.
n

L

Thus  Fq # (xp — x0) %, — (¥p — Yo)Ix-

Systems of particles

Let us suppose we have a closed system of particles contained within a
boundary S as shown in Fig. 6.16(a). The total absolute angular momentum
of the whole system about the fixed point Q may be obtained directly from
eqns (6.34) and (6.37) as the sum of the individual absolute angular momenta

Vg

(a) (b)
FiG. 6.16
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about Q and is given by
Ho=Y Ho =Y ropi =% m[yi(x; - xQ) = % (¥i — yo) 1. (6.42)

The quantities written with the suffix i relate to the typical particle P;, as shown
in Fig. 6.16(a).

Let us now determine the absolute angular momentum of the system about
a different point Q'.

Thus  Hg =3 m [y (x; — xq) — % (y: — yo)]
=3y m[y{(x; - XQ) + (xQ - xQ')}
=% {(yi = yq) + (yo — v}l (6.43)
Using eqn (6.42) and noting that (xq — xo) and ( yq — yo) are independent
of the subscript i we may write

Hgy = Hqo+ (xq — %) Y, m¥; — (yo ~ yo) X, miX;. (6.44)
Since Y m; = m, Y, m;x; = mxg and ¥, m;y; = myg define the total mass and the
position of the centre of mass G of the system, eqn (6.44) can be rewritten as
Hy = Hg+ (xg = Xg)myg — (yq — yg) Mig. (6.45)

If we now make Q' instantaneously coincident with G, rearrangement of eqn
(6.45) gives

Hgy = Hg + (x6 ~ xq)myg — (y — yo)mig (6.46)
or Hg = Hg + (xg — x@)py — (Y6 — ¥Q)Px- (6.47)

Equations (6.46) and (6.47) show that the absolute angular momentum of the
system about the point Q is equal to the absolute angular momentum
of the system about a point coincident with G plus a term which is equal to
the moment, rgop, of the linear momentum vector, p = mvg, about Q, (see
Fig. 6.16(b))

i.e. HQ = HG + rGQp. (6.48)
These equations also show that if p = 0, i.e. X = yg = 0, then
H, = Hg (6.49)

for all points Q. The value of the absolute angular momentum of a system about
a fixed point Q is independent of the position of Q if the centre of mass of the
system is stationary.

Consider now the rate of change of H, with respect to time. Differentiation
of eqn (6.42) with respect to time gives

dH,

dr =3 m[§i(x — xq) — X (yi — yo)l. (6.50)
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If F,, F, and Fl;, F); are the components of the external force F; and the

internal force F! applied to particle P; then, from Newton’s Second Law of
Motion,

F, + F; = mx,
and F,; + F}; = m;y.

Substituting these values into eqn (6.50) gives
dH,
d—lQ =3 {Fyi (x; — xQ) - Fa(yi — )’Q)}, (6.51)

since the summations containing terms in F; and F,, are zero.

The right hand side of this equation can be seen to be the total moment
M, of the external forces about the point Q.

Equation (6.51) therefore shows that the rate of change of the absolute
angular momentum of the system, about an arbitrary point Q, is equal to the
total moment about Q of all the external forces applied to the system, i.e.

dH,

2= Mo. (6.52)

Since we can regard a rigid body as a closed system of particles, eqn (6.52)
is also true for a rigid body. Equally well, a collection of rigid bodies, either
connected or unconnected, may be considered as a system of particles.
Equation (6.52) therefore also applies to these systems.

If the total moment about the point Q is zero we have

dH,

a 0, (6.53)

which shows that the absolute angular momentum of the system about Q is
constant.
Further, if no external forces are applied to the system then from eqn (6.51)

dH,

T =0 for all points Q.

If eqn (6.52) is now integrated with respect to time over the interval ¢, to ¢,,
the angular impulse of the externally applied forces about Q is given by

Fo= _[ ZMth=(HQ)2—(HQ)1, (6.54)

and is equal to the change in the absolute angular momentum of the system
about Q. This shows that the result given by eqn (6.40) for a single particle
also applies to a system of particles.
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Alternative formulations of equations of motion

If eqns (6.30) and (6.52) are now considered together we have

dp,

= - F

d¢ *?
dp,

- F

dt r
dH

and th = M,, (6.55)

where A is a stationary point.

These equations can be regarded as the three scalar equations of motion of
the system. For example if the system is a single rigid body eqns (6.55) would
determine its translational and rotational motion once F,, F, and M, are
specified.

However, it may be shown that these equations are not the only way of
expressing the equations of motion of the system. Although we shall not prove
it here eqns (6.55) can be replaced by

dH, B
dt e As
dHg
=M
dt By
dH,
and dtc = Mc, (6.56)

where H,, Hg, Hc and M,, Mg, M are the absolute angular momenta and
the moments applied to the system about three fixed points A, B and C which
do not lie on the same straight line.

The solutions of eqns (6.55) and (6.56) will yield identical results.

A third formulation of the equations of motion is also possible and this
is given by

dH,
= M N
dt A
dHy
dt B>
d
and K- F, (6.57)
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where p, and F, are the components of the linear momentum vector p and
the externally applied force F along a direction which is not perpendicular to
the line joining the points A and B.

If we now return to section in Chapter 3 on statics we can see that eqns
(6.55), (6.56) and (6.57) are related to the conditions of equilibrium given by
eqns (3.20), (3.28), (3.34).

Which formulation of the equations of motion of a system is best suited
to solve a particular problem will, of course, be determined by the nature of
the problem, and no hard and fast rules are possible. Nevertheless, the reader
must understand that eqns (6.55), (6.56) and (6.57) are equivalent and should
be ready to use them in appropriate situations. If there is any doubt about
which formulation is most suitable in a particular case we would recommend
the use of eqns (6.55).

It should be fully understood that once a formulation has been chosen and
then applied to a system the other two formulations cannot be used to generate
additional equations of motion. If this is done the additional equations of
motion will always reduce to give 0 = 0.

Example 6.3 Figure 6.17(a) shows two light pulleys, of radius a and b, which
are rigidly connected together and rotate as a single body about the fixed point
O. The pulley axis through O is horizontal. Two masses m, and m, are carried
on strings which are attached to the pulleys as shown. Let us find the angular
acceleration of the pulley assuming that the bearings at O have negligible
friction.

2a
2b

® ®
m1 m2
FiG. 6.17

Let us consider the pulley and the masses to be a closed system as shown
in Fig. 6.17(b). The external forces applied to the system are the bearing force
P at O and the gravitational forces m;g and m,g. If the pulley rotates with
angular velocity w, then from kinematic considerations, the velocities of masses
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m; and m, are

Y = —ae
and ¥2 = bw, )
as shown.

Using eqn (6.42) the absolute angular momentum of the system about the
point O is
Ho = —a(my,) + b(myy,)
= (ma*+ myb?)w. (ii)
By taking the moment of the external forces applied to the system about the

point O the unknown force P is eliminated from the moment equation, and
from Fig. 6.17(b)

@ Mg = myga — m,gb. (iii)
) dHg
S — =M i
ince ar 0> (iv)

egns (ii) and (iii) give
(@*m; + b’my)é = myga — mygb. (v)
Thus the angular acceleration of the pulley is

o= (mya — myb)g
(a®m; + b’m,)’

(vi)

The reader should verify that this is the case by repeating this problem using
the equation of motion of each of the masses.

The force P acting at the bearing O can be found by considering the linear
momentum p, of the system along OY.

From Fig. 6.17(b) and egn (6.25) we have

Py = (myy, + myy,)
= (myb — ma)w. (vii)
The total force acting on the system along OY is

F, =P —(mg + myg). (viii)

eqns (vii) and (viii) give

(myb — ma)o = P — (mg + myg). (ix)
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Substituting for & using eqn (vi) yields
(a+ b)Y’mm,

P=g—5—"5 . (x)
& (a’m, + b’m,)

The result could also have been derived considering the absolute angular
momentum about some convenient point, e.g. a stationary point instan-
taneously coincident with point A on the pulley.

From Fig. 6.17(b)

@ HA = (a + b)mz)}z = (a + b)mzbw, (xi)
and M, =aP —(a+b)myg. (xii)
dH
Since —d_tA = M,

eqns (xi) and (xii) give
(a+ b)myb> = aP — (a + b)m,g. (xiii)
Substituting for & using eqn (vi) then yields

_(a+b)’mimyg

" (a®m,+ b’my)’ (xiv)

which agrees with eqn (x).

Relative angular momentum of a particle

In many engineering applications it has been found useful to determine the
angular momentum of a particle about a point Q which is itself moving, such
as is shown in Fig. 6.18. The particle P in Fig. 6.18(a) is shown moving with
velocity v, with respect to a stationary (inertial) reference frame OXY.

A second reference frame QX'Y’ moves, in pure translation, with respect to
OXY with a velocity vg. To an observer moving with this frame the particle
would appear to move with a velocity

vpg = (0 — 1), (6.57)
and would have a relative linear momentum p, given by
P, = Mtpq. (6.58)

If this observer was now asked to calculate the moment hq of the relative
linear momentum about Q he would write

hQ = IoPr = I'qMbUpg, (6.59)

where rg is the perpendicular distance from Q to the line of the vector vpq,
as shown in Fig. 6.18(b).
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Y \4
Yo
vq /
3. Yp ~ Yo
yQ Q } X/ ' |
| /]
Q >
0 I X T 2
a g P o (b) X
Fic. 6.18

The quantity hq, is called the relative angular momentum of the particle
about the moving point Q and is taken to be positive when the moment of the
relative linear momentum p, about Q is anticlockwise.

If vpq is given in component form hy can be written in terms of the
coordinates of P and Q as

hg = m[(yp— yQ)(xP - xQ) - (Xp— XQ)(yP - }’Q)]- (6.60)

Closed systems of particles

Figure 6.19 shows a closed system of particles contained within a boundary
S. We shall now calculate the total relative angular momentum of the system

Y Y

FiG. 6.19

about the moving point Q. This total is obtained by summing the relative
angular momenta of each of the particles so that

hQ = Z hQ,. = Z rQipDri
=3 m{(¥; — ¥o)(x: — xo) — (% — %) (3i — ¥o)}- (6.61)
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This can be expressed as
hg = Y m{yi(xi — XQ) - %(yi — )’Q)} - J’QZ m(x; — XQ)
+ Xo X mi(yi — yo)- (6.62)

Equation (6.42) shows that the first term in eqn (6.62) is the absolute angular
momentum H of the system about a fixed point which is instantaneously
coincident with the moving point Q.

Since the summations m = Y, m;, mxg = Y, m;x; and myg = ), m;y; define the
total mass and the position of the centre of mass G of the system, eqn (6.62)
can now be rewritten as

ho = Hq — myg(xs — xg) + miof YG = ¥o)- (6.63)

If Q is a stationary point, so that %q = yo =0, hq= Hg, as would be
expected.
Now let us substitute for Hy, using eqn (6.46). Equation (6.63) then becomes

hq=Hg+ m(yg — yo)(xc — xXq) — m(Xg — XQ)(ya — Ya)- (6.64)
If Q is chosen to be instantaneously coincident with G
he = Hg. (6.65)

Since the absolute and relative angular momenta aboﬁt the centre of mass
G of the system are equal, eqn (6.64) may be written as
hg = hg + m(yg — ¥o)(xa — Xq) — m(%g — XQ)(¥s = ¥o)- (6.66)

Thus the relative angular momentum about Q is equal to the relative angular
momentum about G plus a term which is equal to the moment of the relative
linear momentum vector, p, = m(vg — vg), about Q.

By differentiating eqn (6.61) with respect to time we obtain

dh - .
d_tQ =3 mi{(yi - yQ)(xi - xQ) —(X; — xQ)(yi - J’Q)}- (6.67)
Expanding the terms on the right hand side of eqn (6.67) gives

dh
_dt-Q =Y {my)(x; — xQ) - (mxX)(y; — .VQ)}
+ J.éQ Y. m(y; — )’Q) - j;Q Y mi(x; — xQ)- (6.68)

If F,, F,, and F,, F; are the components of the external and internal
forces applied to P; we have

F.+F,=mX% andF, +F, =mj.

Since the moments of the internal forces about the point Q cancel in pairs
their sum is zero. The first term on the right hand side of eqn (6.68) therefore
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represents the total moment, My, of the external forces about the point Q,

ie. Mg =Y {F,(x; — xq) — Fo(y:i —yo)} (6.69)
dhg .

Hence d_ + Yo X mi(x; — xq) ~ Xq ¥ mi(y: — o) = M. (6.70)

Again the summations can be replaced so that

hy .

dt —2+ mlyolxc — Xq) — Xo(yg — yo)l = My. (6.71)
In this general case h, need not be constant if My = 0. Equation (6.71) also
shows that the angular impulse about the moving point Q, i.e. £ = ]'2 M, d1,
is not equal to the change in the relative angular momentum about Q Since
eqn (6.52) gives

—=My=M
dr Q Q>
where Q' is a stationary point instantaneously coincident with Q, i.e. (xq, yo) =
(xq, yo), eqn {6.71) can be wriiten

h . . dH,
o+ Mliolxe = xo) — %o(ya — yo)l = 2 = Mo. (6.72)
Now if we choose the moving point Q and the stationary point Q' to be
instantaneously coincident with G, eqn (6.72) becomes

—S =9 M, (6.73)

even though Q, Q' and G may have different velocities and accelerations.
Equation (6.73) can also be applied to a system in which we choose Q to move
with the centre of mass of the system of particles and to be instantaneously
coincident with the fixed point Q'.

Hence, if there is no external moment about G, i.e. Mg = 0, the relative
angular momentum about G remains constant.

The angular impulse about G,

9o = j Mo dt = (ho)s - (o). | (6.74)

Thus the angular impulse about G is equal to the change in relative angular
momentum about G whether G be stationary, moving with constant velocity, or
accelerating.

All of these results, such as eqns (6.71) to (6.74) apply to a closed system
of particles. No constraints have been imposed on the motion of the particles
relative to one another so that the results will apply to systems containing
rigid bodies, whether connected or unconnected.
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Angular momentum of a rigid body

In the great majority of applications we do not have to use eqn (6.42) to
calculate the absolute angular momentum of a rigid body about a fixed point.
The relative angular momentum of the body about a point fixed in the body
is more easily determined and eqn (6.63) can be applied to calculate the
corresponding value for the absolute angular momentum. We shall therefore
only develop an expression for the relative angular momentum of a rigid body
about a point which is fixed to the body.

Relative angular momentum of a rigid body about a point Q fixed in the body

Before eqns (6.71) and (6.74) can be used to solve problems involving the
motion of rigid bodies it is necessary to derive an expression for the relative
angular momentum #g of a body about a point Q fixed in the body. Figure
6.20 shows a rigid body moving in the OXY plane with general plane motion.
The point Q is assumed to be fixed in the body and the reference frame QX'Y’
is taken to move in pure translation relative to axes OXY with velocity vg.
Since the body is rigid there is a kinematic relationship between the velocity
of P; and the velocity of Q (see Chapter 1, p 26). The magnitude of the relative
velocity of the point P; in the body with respect to point Q is given by

Up,_Q = r,'é, (6.75)
where r; is the distance QP; and 6 is the angular velocity of the body. The

direction of vpg is perpendicular to the line QP; as shown in Fig. 6.20.

Y y’

vp,q=1; 8

0
FiG. 6.20

>

If we now consider the body to be made up of particles, such as the particle
of mass m; at the point P;, then the relative angular momentum of the body
about the point Q is, from egn (6.59),

hg =% ri(mupg). (6.76)
Substituting for veq from egn (6.75),
hQ = Z m,'r,?é.



334 Impulse and Momentum

Since 6 is independent of the subscript i it may be taken outside the summation,
so that

hg = (X m;r?)6. (6.77)

By definition, the summation ¥, m;r? is the moment of inertia I, of the body
about an axis passing through Q, so that

hq = I46. (6.78)

The relative angular momentum of the body about the point Q fixed in the
body is therefore determined by the moment of inertia of the body about an
axis passing through Q and the angular velocity of the body.

We should note that if the body moves with pure translation then = 0 and
hg =0, for all points Q in the body. Otherwise, i.e. for pure rotation and
general plane motion, the relative angular momentum of the body about any
point fixed in the body is given by eqn (6.78).

If eqn (6.78) is substituted into eqn (6.71) we obtain

IQé + m[yo(xg — XQ) - -fQ(yG —ya)l= M, (6.79)

which is the same as eqn (4.39).
Furthermore, if Q and G are coincident then from eqns (6.65) and (6.78)

hG = HG = IGé.

This result can be used to determine the absolute angular momentum of a
rigid body about a stationary point Q. Using eqn (6.63) we can write

H, = Icé + myg(xg — xq) — mig(yc — ¥q) = Icé + rao(mug) (6.80)

The absolute angular momentum of the body is equal to I56 plus the moment
of the linear momentum vector, p = mvg, about Q.

In eqns (6.55), (6.56) and (6.57) we showed that the equations of motion
of a system could be written in terms of the rates of change of the linear
momentum and the absolute angular momentum and that three different, but
equivalent, formulations were possible. It is possible to replace the eqns (6.55),
(6.56) and (6.57) with equations involving relative angular momentum. If this
substitution is made the equations of motion of the system can be written as:

dp,

b g

M -,
by _p (6.81)
d

dh .. ¢
and Ftﬁ + m[Jalxg — xa) = Xa(ys — ya)l = Ma,
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dh . "
(ii) d_tA + m[ja(xg — xa) — ¥a(yc — ya)] = Ma, »

dh . .
—d_tB + m[yu(xg ~ xp) — Xa(ys — ye)] = Mg,

dhe

and ? + m[yc(xg = xc) ~ Xc(yg — yc)] = Mc, (6.82)

where A, B, C are moving points which do not, instantaneously, lie on the
same straight line,

... dh .. .
(iii) d—tA + m[ Fa(xG — Xa) = ¥y — ya)] = Ma,
dh .
_d_tB + m[ yp(xg — xp) — xB(yG - }’B)] = Mp,
dp.
——==F, 6.83
and dt € (6.83)

where p, and F; are the components of the linear momentum vector p and
the externally applied force F along a direction which is not instantaneously
perpendicular to the line joining A and B. 4

In eqns (6.81), (6.82) and (6.83) it is sometimes convenient to choose the
point A to be at the centre of mass G of the system.

Example 64 Figure 6.21 shows a block A of mass m, moving in a smooth
horizontal guideway. The position of the block at any instant is given by the
coordinate x, as shown. A thin uniform rod AB of length 2a and mass m, is
connected to the block by a frictionless pin joint at A.

Y

Fic. 6.21
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The angular displacement of the rod is 6 and is measured from the downward
vertical, as shown. Let us calculate the initial values of the linear acceleration
%4, and the angular acceleration 6, when the rod is released from rest at a
position given by 6 = 45°,

Let us treat the block and the rod as a system as in Fig. 6.22, which shows
the external forces acting on the system. The forces R, and R, are the contact
forces between the block and the guideway and G is the position of the centre
of mass of the assembly, which is a distance

m,a
b = —“"r_ .
m, + m, (1)
from A.
Y
o X
FiG. 6.22

We shall now calculate the relative angular momentum of the system about
the moving point A.
NOW hA = hAr + hAb (ii)

where h,, and h,, are the relative angular momenta of the rod and block
respectively about A.
Equation (6.78) gives

ha, = 1,0 (iii)
where I, = 4m,a”/3 is the moment of inertia of the rod about an axis through
A.

Since the block is in pure translation its relative angular momentum about
its centre of mass, which is at A, is zero.

ie. hap = 0. (iv)
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Thus  ha = I\6. v)
Equation (6.71) gives the rate of change of h, with respect to time as
dh, ” . , .
W + (m, + myp)[ Yalxg — xa) — Xalyc — ya)l = Ma. (vi)

In this equation M, represents the moments of the external forces applied to
the system about point A and, from Fig. 6.22,

@ M, = —mgasinf + R,c — Ric. (vii)
From Fig. 6.21 we also have
Va=0, (viii)
since the block is constrained to move along a horizontal guideway, and

(yo —ya)=—bcos b

e 0 (ix)
= ——_C( A 1
(m, +my) *

Substitution of eqns (v), (vii), (viii) and (ix) into eqn (vi) yields

1,6 + m,ax, cos 8 = —-m,gasin 8 + (R, — R;)c. (x)
If we now consider the block alone, as shown in Fig. 6.23, then from eqn (iv)
hAb = 0.
Fy
A Fx
myg
A A,
FiG. 6.23

Hence —=M,, =0
€ d[ Ab 3

where M ,, is the moment about A of the external forces applied to the biock.

The forces F,, F, on the block at the pin act through A as does the weight of
the block. Thus :

@ M, = Ryc — Ric =0,
sothat (R, —R,) =0. (xi)
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Equation (x) therefore reduces to
1,6 + m,ax, cos 6 = —m,gasin 6. (xii)

In order to calculate X, and 6 we need another equation. Let us obtain this
equation by considering the linear momentum of the system along OX. Now

Px = Pxo t Pxr (xiii)
where p.p, = MpXa (xiv)
is the linear momentum of the block along OX and

Pxr = M, Xg, (xv)

is the linear momentum of the rod along OX. The velocity of the centre of
mass G, of the rod is found from the vector equation

Vs, = Va + UG.A (XVi)

where vg 4 = af as shown in Fig. 6.24. The component of v, along OX is
thus found from eqn (xvi) and Fig. 6.24 as

XG, = XA + af cos 6.

{xvii)
FiG. 6.24
Substitution of eqns (xiv), (xv) and (xvii) into eqn (xiii) gives
Px = MpXa + m (X, + ab cos 6)
={m, + my)Xs t m,af cos 6. (xviii)
Now eqn (6.30) gives
dp. .
Fo=-—", (xix)
dt

where F, is the total external force applied to the system along OX.
From Fig. 6.22 we see that

F.=0. (xx)
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Hence eqns {xviii) and (xix) give

d .
ar [{(m, + my)X, + m,af cos 6] =0,

1.e.
(m, + my )%, + m,ab cos § — m,af”sin 6 = 0. (xxi)
Equations (xii) and (xxi) enable X, and é to be calculated once 6 and 6
have been specified.
When the system is released from rest we know that 6 = 45° and § = 0. The

initial values of X, and é are therefore found, from eqns (xii) and (xxi) as
the solution to

6+225, = -2E2 (xxii)
AMTRTAY V2
m,af ;
and 73 +(m, + my)x, = 0. (xxiii)
Taking I, = 4m,a’/3 these equations give
. 3mg .
=™ Xiv
a (5m, +8m,) (xxiv)
by 6(mr + mb)g
d = ———T—"—. XXV
an V2(5m, + 8my)a (xxv)

The reader should verify that the contact forces R,, R, can be calculated
by either considering the linear momentum of the system along OY, or by
considering the relative angular momentum of the system about G, together
with eqn (xi).

Whichever approach is used the initial values of R, and R, can be shown
to be given by

_ (m, + my)(m, +4my)g
(5m, +8m,)

R,=R,=R

6.3 Impacts involving rigid bodies

In Section 6.1 the equations of motion of a particle were integrated with respect
to time and it was shown that the impulse vector, £ = fF d1, was equal to the
change in the linear momentum of the particle to which F was applied. By
determining the impulses applied to a pair of particles during a collision it
was shown, by an example, how momentum principles could be used to
determine the motion of the particles after the impact.

The same method can also be applied to problems which involve impacts
between rigid bodies. For these cases we must write down the equations of
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motion of each of the bodies during the impact and then, by integration of
these with respect to time, determine the changes in the linear momentum and
relative angular momentum about their respective centres of mass.

Since a single rigid body can be regarded as a closed system of particles
then the egns (6.30) and (6.71),

dr
dt

F=

dh .. .
and d_tQ + m[yo(xg — xq) — Xo(ye — yo)] = Mg,
also apply to a rigid body.
The substitution of the linear momentum p = mvg from eqn (6.29) into eqn
(6.30) gives

_ d(mog) _

dar mag (6.83)

which can be seen to agree with the equations of motion, eqn (4.9), (4.23) and
(4.24) derived for the case of pure translation, pure rotation and general plane
motion.

When eqn (6.83) is integrated with respect to time the linear impulse of the
external forces applied to the body is given by

S = J 2 F dt = m((vg), — (v5)1), (6.84)

1

or, in component form,
Iy = m((Xg): — (%))
&, = m((Ys)2 — (ch), (6.85)

no matter what the motion of the body.

For the special case of pure translation we should remember that all points
in the body have the same velocity, so that vg = v; for all points.

We shall now consider the angular momentum of a rigid body and its
relationship to the equations for rotational motion by examining separately
the cases of pure translation, pure rotation and general plane motion.

Pure translation

If the point Q in eqn (6.71) is chosen to be coincident with the centre of mass
G of the body then

dhg
—= =M, 6.86
9 G (6.86)

where the relative angular momentum hg of a rigid body about G is given by
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eqn (6.78) as
he = I56.
Since 6 = 0 for pure translation, h; = 0 and eqn (6.86) reduces to
Mg = 0. (6.87)

This equation agrees with eqn (4.19).

Integration of eqn (6.86) with respect to time also shows that the angular
impulse of the external forces about G is zero. Thus for a body moving with
pure translation

Fo = Jtz Mg dt = (hg), — (hg) = 0. (6.88)

Example 6.5 The slider shown in Fig. 6.25 is constrained to move vertically
in a frictionless guideway. At the bottom of the guideway a stop of mass m;
is supported on a simple coil spring of stiffness k, and is positioned to prevent
the slider from leaving the guideway. Suppose that the slider is released from
rest a vertical distance X, above the equilibrium position of the stop. Let us
determine the velocity of the slider and stop assembly at the instant just after
the slider strikes the stop and then discuss the subsequent motion of the slider.
It is assumed that the slider has a mass m and that its centre of mass G, is
located relative to the corner contact points ABCD as shown. The centre of
mass G, of the stop is offset an amount A from the centre line of the slider.

>
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® ; m lg, -——é—‘Slider
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; §\Stop
g 4
g 4
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The first step in the solution of this problem is to determine the velocity v,
of the slider just before impact with the stop. This is done by drawing a system
boundary around the slider and considering the work, W = mgX,, done on
the system by the gravitational force mg during the vertical displacement X,.
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The forces R; and R, on the slider from the guideway at A and C do no
work since the displacement X, is perpendicular to their lines of action. The
slider is released from rest as shown in Fig. 6.26 and is assumed to reach a
velocity v, just before impact.

e ————

Rq . N
—J—l'_"'——l\
’I \
!
' Gy i
- g
l B ,f
Ry \\ 1
TN 3/
\\ -~
~——_y_ -
mg °
Iy
R1 i \\\
A
!
i i
h \
I -—® -
i v 1
) o }
Rz \ 1
- /
o | E——— y
\\ //
Fi1G. 6.26

Applying the First Law of Thermodynamics to the slider
W=AU=U,- U, (i)

since no heat is transferred across the boundary. The internal energy of the
system is due solely to its kinetic energy. Initiaily the slider is at rest so that
U] == 0.

Hence mgX, = 1mv;, (i)
so that the velocity of the slider as it contacts the stop,
Uy =V 2gXo. (ill)

During the impact period we shall assume that the stop is not displaced
from its equilibrium position and that free body diagrams of the slider and
the stop are of the form shown in Fig. 6.27. The forces R, and R, represent
the contact forces between the slider and the guideways and P is the contact
force between the slider and the stop.

Since the stop has not yet moved away from its equilibrium position the
spring force on the stop will be m,g as shown. Let us suppose that at the end
of the impact period the slider and the stop move with a common velocity v,
and do not separate.

During impact the equations of motion for the slider and the stop can be
determined using the free body diagrams.
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(a) (b)
FiG. 6.27

For the slider

> R,+R,;=0 (iv)
dov
—P= -
| mg—P=m_, v)
@ AP + bR, — aR, =0, (vi)

and for the stop

| P= mS%). (vil)
Let us now suppose that the period of the impact is 82 During this time the
forces P, R, and R, will increase rapidly from zero and will reach maximum
values which we will assume are very much greater than other system forces
such as the weight mg.
We will now integrate eqns (iv) to (vii) over the interval 8¢ and note that
the velocities of the slider and stop change from v, and 0 at the beginning of
the impact, to v; at the end of the impact.

Thus
5t 5t
J R, dt+ J‘ R,dt=0, (viit)
V] o
5t
mg 5t — J P dt = mv, — mu,, (ix)
o
5t 8t 8t
AJ Pdt+bj det—aj R,dt =0, (x)
4] [¢] 0
8t
and J. P dt = mw,. (xi)
0

To solve these equations we now make the assumption that the duration of
the impact is small so that 8¢ > 0. We will also assume that the forces P, R,
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and R, will instantaneously become very large at impact so that their impulses,
given by

8¢t

8¢ 8t
..¢p = J‘ Pdt, '-¢R‘ = J Rldt and fRz = J R2 dt

V] 0 [}

are finite as 8¢t - 0.
Hence eqns (viii) to (xi) can be rewritten as

Ir, + Fr, =0, (xii)
—%p = m(v, — vo), (xiii)
AFp + b, ~ afe, =0, (xiv)
and Ip = m,. (xv)

It can be seen, by comparing eqn (ix) with eqn (xiii) that the forces which
have a finite magnitude such as the weight mg can be neglected during the
impact. The large contact forces produced by the impact therefore determine
the initial motion of the combined system.

The solution to the above equations yields the values

_ m (xvi
v = _——_(m ) vy, xvi)
mm, ..
Ip = m+m o, (xvii)
A mm
d = —f - 'S N sne
an IR, %= 1) (m+m) Uo {xviii)

An alternative approach is to consider the two bodies together as a system
of particles. The total external force applied to the system in the direction of
the motion during the impact is mg so that, from eqn (6.30),

dr _

ar ™

where p is the linear momentum of the system along the guideway.
Integration of this equation over the interval 8¢ gives

p2—py = mgéot (xix)
If we assume that the impact period is short, 8t — 0 and p, = p; so that the linear
momentum is constant during the impact.

Thus (m+ m)v, = my,,

my
so that v, = 2 (xx)
m+ mg

which agrees with eqn (xvi).
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Thus we can obtain the velocity after impact from momentum considerations
alone by considering the two bodies as a system.

The impulses applied to the slider by the guideway are given by eqn (xviii).
They are equal and opposite and are applied to the slider corners A and D
as shown in Fig. 6.28. Due to the large contact forces associated with these
impulses one might expect to observe local bruising of material at the slider
corners. It can be seen from eqn (xviii) that these impulses can be reduced to
zero if the centres of mass G, and G, of the slider and the stop are aligned,
i.e. if A = 0. In this case the impulse $, would have a line of action passing
through G,.

In v
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e
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Immediately after the impact the kinetic energy of the slider and stop
assembly can be calculated using eqn (xvi) and is given by

T ==(m+ m)v}

SRR

1 mu;
2(1+my/m)’

il

(xxi)

There is no change in the strain energy stored in the spring during the
impact, since it has been assumed that no displacement of m, has occured.
Equation (xxi) shows that there has been a loss of kinetic energy,

mmgvd

, 1 mv3 1
2(m, + m)’

1
T =~ mv? —~
Loss = 5 00 = S T+ m./m)

(xxii)
which occurs because the masses remain together after collision.

Pure rotation

When a body moves with pure rotation about an axis passing through a fixed
point O, as shown in Fig. 6.29 then it is convenient to choose the point Q in
eqn (6.71) to be coincident with O.
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For this case X, = o = 0 and eqn (6.71) reduces to

dhg
— = Mo,. .
o o (6.89)
Since eqns (6.63) and (6.78) give ho = Hy = I, eqn (6.89) can be rewritten
as

o _Cho_ 1 di=M, (6.90)

which agrees with eqn (4.29) for pure rotation.
The angular impulse of the external forces about O is given by integrating eqn
(6.90) with respect to time,

i.e. Fo = J 2 Moy dt = (Hp), — (Ho), = Io(éz - 91) (6.91)

For a body moving with pure rotation about a fixed point O the change in
the angular momentum about O is equal to the angular impulse of the external
forces about O. This applies to both relative and absolute angular momentum
since in this case they are equal.

Example 6.6 Figure 6.30 shows a thin uniform rod of mass m and length 2a
supported at its end by means of a frictionless pin joint at O. The rod is
initially at rest and hangs freely in the vertical position due to gravity.

A bullet of mass m, is fired at the rod with a velocity v, and strikes the rod
at an angle a to the horizontal and at a point A distant b from Q. If the bullet
remains embedded in the rod, let us find the angular velocity of the rod after
impact, and the angle through which the rod rotates before coming to rest.

A force with components P and Q is applied to the rod at A by the bullet
during the impact, as shown in the free body diagram of Fig. 6.31. The forces
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R and S represent the forces applied to the rod by the bearing at O. Over the
period 8t of the impact these forces are assumed to reach maximum values
which are very much greater than the weights mg and myg. It is also assumefi
that the angular velocity of the rod increases rapidly from zero to a value 6,
and that the corresponding rotation of the rod during the time 8¢ is negligibly
small.

If we now apply eqn (6.91) to the rod, then from the free body diagram of
Fig. 6.31, the angular impulse,

So=b J Pdt = Io(6(5t) - 6(0)) = Iof )

where I, is the moment of inertia of the rod about O.
Similarly the linear impulse eqns (6.85) for the rod are

(" 5t 8t
S = Rdt+j Qdt+mgédt=20 (ii)
v 0 0
along OX and
[t 5t 8¢ .
$, = Pdr+ J. S dt = maé, (iii)
JO0 0
along OY.

Immediately before impact occurs the velocity of the bullet is v, in the
direction shown in Fig. 6.30. After impact the velocity of the bullet is the same
as that of point A, which is v, = bé, in the direction of OY.

The impulse relationship for the bullet, using eqn (6.4) of section 6.1 and
the free body diagram of Fig. 6.31, may be written in component form as

8t
—J Qdt + myg 8t = myyysin a (iv)
(4]
along OX and
8t .
—J. P dt = my(b, — vy cos a), (v)
V]
along OY.

Since we shall now let 8t - 0, the impulse due to the forces mg and m,g
will be very small and can be neglected. The impulses due to the forces P, Q,
R and S are finite since it is assumed that these forces become very large
during the impact.

If the impulse 53' P dt is eliminated from eqn (i) to (v) we obtain

(Io + myb*) 6y — mpybvycos a = 0, (vi)

from which the angular velocity 6, of the rod after impact can be obtained.
Since (I, + myb?) is the moment of inertia of the rod and the bullet about
O the first term (I, + m,b?) 8, in eqn (vi) is the angular momentum about O
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of the combined system just after impact has occurred. The second term in
eqn (vi) is the angular momentum of the bullet about O before it makes contact
with the rod.

Equation (vi) shows that, during the impact, the relative angular momentum
of the system about O is constant,

ie. (ho)o = (ho)sr. (vii)

This condition may have been realised in the very beginning of the problem
by considering the bullet and the rod together as a closed system, as shown
in Fig. 6.32. Since there are no external angular impulses applied to this system
about the point O, i.e. My = 0, eqns (6.53) and (6.63) show that the relative
and the absolute angular momentum of this system about O must be constant.
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The angular velocity of the assembly and the impulses at O and A are thus
given by

. mybu, cos a
= - viii
80 (IO + mbbz), ( )
{ 5t
mylov, cos a .
Pdt=——""—"—, (ix)
Jo (Io + myb?)
(* 8¢
Q dt = —myv,sin a, (x)
40
{* 5t
(Io — mab) .
t = — ———————- M, COS «, (xi)
Jo sd (IO+mbb2) oo *
51 N
and R dt = myv, sin a. (xii)
J0

From eqn (xii) it can be seen that the vertical impulse at the bearing O is
determined by the vertical component of bullet’s linear momentum before it
strikes the rod. The horizontal component of this impulse is given by eqn (xi)
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and is a proportion of the horizontal component of the bullet’s linear momen-
tum. It is interesting to see that this impulse can be reduced to zero if the
position of point A, where the bullet strikes the rod, is determined by
= —I-Q—. (xiii)
ma

This point is called the centre of percussion of the rod (see example 4.5).

The maximum angle 6,, through which the rod now rotates can be determined
by drawing a boundary around the bullet and rod as shown in Fig. 6.33 and
applying the First Law of Thermodynamics.

Work is done on the system by the external forces mg and m,g, and the
only internal energy of the system is its kinetic energy.

Now W=AU=U,-U,.

From Fig. 6.33 the work done by the forces mg and m,g during the rotation
6., is negative and is given by

W = —mga(1 — cos 6,,) — mygb(1 — cos 8,,). (xiv)

Fic. 6.33

Just after impact the kinetic energy of the rod and bullet assembly is given by
T, =3(Io + mbbz)ég, (xv)

where (Io + myb?) is the moment of inertia about O of the rod and builet
together.
Using eqn (viii) 7, can be rewritten as

1 mib®v)cos’ a

T, =—- 22—
Y2 (Ig+ mpb?)

{xvi)

At the point of maximum swing the angular velocity of the assembly is zero.
Hence T, = 0 so that

AU=T,-T,=-T,. (xvii)
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Substituting into the First Law of Thermodynamics gives

1 mib*vicos’ a

T2 ok mb?) o)

—{ma + myb)g(1 —cos 8,,) =
Since (1 — cos 6,,) = 2 5in*(6,,/2), the angle 6,, can be found from the above
equation as the solution to

sin 2 mybu, cos a
2 2Vig(ma+ mpb)(Io + mub?)

(xix)

Thus if m,, m and I, are known the muzzle velocity v, of the bullet can be
found by measuring 6,,. This is a well known experimental method of measuring
muzzle velocity of small guns. Usually the angle « is zero in such experiments.

General plane motion

To derive the rotational equation of motion of a rigid body moving with

general plane motion, we choose the point Q in eqn (6.71) to be coincident

with the centre of mass G of the body. The absolute and relative angular

momentum about G are the same, i.e. H; = hg = I50, and eqn (6.71) becomes
dhg dHg

=—S_T1.606=M .
ar 4 156 G» (6.92)

which agrees with the equation of motion eqn (4.43).
When eqn (6.92) is integrated with respect to time we obtain the angular
impulse of the external moments about G, i.e.

Fo = J Mg dt = (hg), — (hg), = (Hg), — (Hg), = I(6, — 6,).
(6.93)

For a body moving with general plane motion the angular impulse about
G is equal to the change in the relative (or absolute) angular momentum of
the body about G.

Example 6.7 Figure 6.34 shows a thin rod of mass m resting on a smooth
horizontal plane. A particle of mass m, is fired at the rod with velocity v, and
is aimed to strike the rod at a point A, distant q from the centre of mass G
of the rod as shown. The direction of the velocity vector v, is arranged to be
perpendicular to the line AG. If the rod and the particle remain in contact
after the impact, let us determine the angular velocity of the rod, and the
velocity of a point B which is located a distance b from G, as shown.

The first step in the solution of this problem is to recognise that after the
impact, the rod and the particle will move as a combined body in general
plane motion. When impact occurs a contact force P will be produced at A,
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and the free body diagrams of the particle and the rod during the impact
period will be as shown in Fig. 6.35.

During impact the particle will have an acceleration X, as shown. The rod,
however, will move with general plane motion and we must therefore describe
its motion by considering the acceleration Xg of its centre of mass G, and its
angular acceleration 6.
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The equation of motion for the particle is therefore
=P =myxX,. {1
Now for the rod,

P = mxg, (i1)

and  Pg=Isé. (i)
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Let us now integrate these equations over the duration 8¢ of the impact and
note that the particle has an initial velocity v, and that X5 and 6 are zero just
before the impact occurs.

Hence at the end of the impact period we have

5t
—j P dt = m,(%, — vo), (iv)
0
81
j P dt = mxg, )
o
8t
and q J P dt = I;6. (vi)
0

At the end of the impact the velocity of the particle will be the same as that
of point A on the rod so that

xp = Da-

Since the rod is in general plane motion the velocity of point A can be related
to that of the centre of mass by the vector equation

Dp = Ug + UG- (Vli)
All of these vectors are perpendicular to the rod and v,g = g6. Hence
%, = X+ gb. (viii)

Solving eqns (iv), (v), (vi) and (viii) gives the velocity of the centre of mass
and the angular velocity of the rod after impact as

. myIgv, .
Xe = , (ix)
S (m+ my)Ig + mmg’
. m,mqu
and 6= 4% (x)

T (m+ my)Ig+ mmg*

The velocity of the general point B on the rod can now be found using eqn
(vii) by writing

vp = g + UG- (xi)
For this case vg is in the direction of OX so that

Ug = X% = %+ b8, (xii)
which then gives

(IG + mqb)mpvo

(g = . (xiii)
B (m+my)ls+ mpqu

Alternatively we could treat the particle and rod as a closed system of
particles to which no external forces are applied. From eqn (6.73) we see that
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in this case dhg/dt = 0, so that the relative angular momentum of the whole
system about its centre of mass is constant.

From Fig. 6.36 the position of G,, the centre of mass of the system when
the particle is embedded in the rod, is given by

(m+m,)c=myq,
myq

m+m,

sothat ¢= (xiv)

i

mp} |

\J/
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Just before impact occurs the relative angular momentum of the system
about G, is
(hg, )1 = mpoo(q — ). (xv)

Just after impact has occurred the relative angular momentum about G, will
be

(hg, ), = IGCé. (xvi)
Now since no external forces or moments act on the system eqn (6.74) gives
(hg ) = (hg,)2,
sothat m,ve(q — ¢) = I 6. (xvii)

Using the parallel axes theorem,
I, = I+ mc® + m,(q — ¢)*. (xviii)
Substituting this value into eqn (xvii) and eliminating c, using eqn (xiv), gives

m,mqu,

6 = ) i

(m+ m,)Is+ mm,g’ (xix)
This result agrees with eqn (x) which was obtained from the impulse equations
for the particle and the rod.
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The linear momentum of the system along OX is
Px =X mX = mvg,,
and since no external forces are applied we have

dp,

dr
Thus  (po)2—(p)1 =0,
where (p,); =myvy and (p,); = (m+my)ig.

m,vo

Hence Xg = m—)
p

(xx)

If in eqn (xiii) we let b = ¢ = myq/(m + m,), i.e. if B is at G, we obtain

(I T 2)
G (m+mb)q . myy,

Vo =
P (m+m,)

Xg = Xg. =
BT 76T (m+ m,)Is + mmq’®

which agrees with eqn (xx).

The subsequent motion of the system can now be discussed in terms of Xg_,
Yo, and 6. Since no external forces are applied to the combined system after
impact Xg_, yg, and 6 will remain constant. Since Ya, = 0 the point G, will
continue to move in a straight line in the direction of OX and the rod will
continue to rotate at a constant angular velocity 8 as shown in Fig. 6.37.

t=o0

i

U,
N

FiG. 6.37
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Engineering Applications

When applying the results of this Chapter to an engineering problem we will
again make use of the earlier assumptions and idealisations to produce a
mathematical model of the total system. It is an essential first step when using
momentum methods to define carefully the system under investigation. All
external forces applied to the system must be identified and shown on the
diagram of the system.

It is important to determine the position and motion of the centre of mass
of the system and it is useful to identify any points within the system which
are stationary.

6.1 Surveillance satellite

Figure 6.38 shows a surveillance satellite. The satellite is designed to spin
about its central axis through its centre of mass G and a radar dish fixed to
its exterior, as shown, monitors the surrounding space as the satellite rotates.

Radar dish

Flywheel vs

Rate of turn sensor

FiG. 6.38

For good surveillance it is important to be able to control the angular velocity
¢ of the satellite. This is done by varying the angular velocity of a flywheel
which is mounted in the body of the satellite, as shown. A rate of turn sensor
is mounted on the satellite and is used to measure the angular velocity ¢. This
measurement is read by the satellite computer and compared with the desired
angular velocity (), of the satellite to produce an error signal

e = (¢~ Q). @)

Let us show how this error signal can be used to drive the flywheel and
thereby control the rate at which the satellite rotates.
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Since the body of the satellite and the flywheel may be regarded as a closed
system of particles, and since no external forces act on this system, then eqn
(6.73) shows that the relative angular momentum of the assembly about G is
constant,

e gy ~Mo=0. (ii)

If the moment of inertia of the satellite body about an axis through G is I
then for the satellite

hGS = IGd;~ (iii)

Similarly, if the fiywheel rotates with an absolute angular velocity w and if
Ir is its moment of inertia about its spin axis then

hgr = Irw. (iv)
The total relative angular momentum about G is therefore given by

he = I + Iro. )
Substitution of eqn (v) into eqn (ii) yields

Io¢ + Iro = 0. (vi)

Let us now consider the free-body diagram of the flywheel, as shown by
Fig. 6.39. The forces R, and R, represent the bearing forces at the flywheel
support bearings and Mg is the torque applied to the flywheel by its drive
motor. The stator of this motor is rigidly fixed to the body of the satellite.
Since the flywheel is rotating about an axis through its centre of mass we can
write

dt =Iro = Mg » (vii)

Suppose we now arrange for the motor torque Mg to be proportional to the
error £ such that

MF = Kg’ (Vlll)

where K is a constant.

FiG. 6.39
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Substitution of eqns (i), (vii) and (viii) into eqn (vi) then yields
Iod + K(d — Qo) =0
or ¢+ ¢ = Qq, (ix)

where 7 = I/ K has the units of time and is called the spin rate time constant.

Equation (ix) is a first order linear differential equation in é. Since the
desired angular velocity of the satellite, Q,, is a constant the solution of eqn
(ix) is given by

¢E = Qo + Ae_'/f, (X)

where A is an arbitrary constant.
If, when set up, the satellite is not rotating, then ¢ = 0 at time ¢ = 0. Thus
from eqn (x)

A= —-Q,.
The angular velocity of the satellite thereafter is given by
é=Q(1—e ). (xi)
The variation of ¢ with time is shown plotted in Fig. 6.40 for various values
of 7. In all cases it is shown that ¢ approaches the desired value {}, exponen-
tially but at a rate which depends upon the value of the time constant 7. The
smaller the value of 7 the faster ¢ approaches the desired value.
4\
Qg

T1>72>T3

0 v t
Fi1G. 6.40

Since the time constant 7 = I5/ K, small values can be achieved, for a given
satellite, by making the value of K large.

We should note that the foregoing analysis does not assume that the centre

of mass of the satellite is stationary. The centre of mass G is free to move in
space.

6.2 Robot arm

Figure 6.41 shows a simple two degree of freedom robot arm. The arm CD
carries the robot gripper hand at the point C and is driven by means of the
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Torque motor EM;
Cq

FiG. 6.41

electric torque motor EM,. The armature and stator of this motor are rigidly
connected to arms CD and AB respectively and its output axis passes through
the point G, as shown. A counterbalance mass C, is added to the arm CD at
D so that the centre of mass of the arm also lies at G,.

A second torque motor EM, is connected to the arm AB and has its output
axis passing through the point G. The stator of this motor is rigidly connected
to ground and thereby supports the whole robot arm. A second counterbalance
mass C, is added to arm AB at B and is chosen so that the centre of mass of
the complete robot arm always lies at G.

We shall assume that the masses of arms AB and CD are m; and m,
respectively and that I, and I, represent their moments of inertia about axes
through G and G, respectively. The angular positions of the arms, at any
instant, are given by 8, and 6, as shown, and the distance GG, = R.

Let us use momentum principles to derive the equations of motion of the
arm in terms of the torques generated by the motors EM; and EM,.

We shall now draw the free body diagram of arm CD, Fig. 6.42, and consider
the relative angular momentum of the arm about an axis through G,. The

Fi1G. 6.42
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components F,, and F,, represent the force applied to CD due to the armature
bearings at G, and M, represents the torque applied to the armature by the
stator of EM,.

Now hg,= Lb,. i)
Using eqn (6.73) and Fig. 6.42 we have

dhg
2= Mg =M
dt Gy 2
sothat L6, = M,. (ii)

Let us now draw the free body diagram of the robot arm, as shown in Fig.
6.43, and consider this as a system of connected rigid bodies. The components
F,, and F, give the force applied to the armature of EM,; and M, represents
the torque applied to the robot by motor EM;. It should be understood that
the torque motor EM, does not apply an external torque to the robot arm at
G,. The torques applied to the armature and stator of EM, are equal and
opposite, so that the torque produced by motor EM, is internal to the system.

Fi1G. 6.43

The absolute angular momentum of the arm CD about the fixed point G is
given by eqns (6.48) and (6.65) as

HED = hg, + rga,mzvs,, (iii)
Where hGZ = I2é2, (iv)

and rC,02 = R. (V)
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Since arm AB is in pure rotation about G, Fig. 6.43 shows that
v, = Ré,. (vi)

Substitution of eqns (iv), (v) and (vi) into eqn (iii) gives the absolute angular
momentum of arm CD about an axis through G as

HE® = L6, + myR?6,. (vii)

Since G is a fixed point eqns (6.63) and (6.78) give the absolute angular
momentum of arm AB about an axis through G as

H%® = L,4,. (viii)
Thus the absolute angular momentum of the robot arm about an axis through
Gis
Hg= HE® + HED
= L6, + (I, + myRY)4;. (ix)
The total external moment applied to the robot arm about G is
MG = M 1. (x)

We should remember that the weights m;g and m,g do not contribute to
this moment as the centre of mass of the whole arm has been located at G by
choosing the two counterbalancing masses at B and D to have appropriate
values.

) dHg
s Ce_ M
1nce dt G

eqns (ix) and (x) give

L6, + (I, + myR}) 6, = M,. (xi)
-Substituting L6, = M, from eqn (ii) reduces eqn (xi) to

(I, + m,R)6, = (M, — M,). (xii)
Equations (ii) and (xii) determine the angular accelerations of the robot arms
in terms of the motor torques M; and M,.

The reader should compare the equations of motion, eqns (ii) and (xii),
with those obtained in Application 4.9 for the same robot arm.

6.3 Friction clutch

Figure 6.44 shows a simple power transmission system which connects a motor
D, to a mixer D,. The motor and mixer may be considered as rigid bodies
which rotate about fixed axes through their centres of mass G, and G, and
have moments of inertia I, and I, about their axes of rotation. The output
from the motor drives a gearbox via a friction clutch, and the mixer is driven
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from the gearbox output shaft. The motor, clutch, mixer and gears are suppor-
ted in bearings in the casing C and form a single unit as shown. The casing
is bolted to ground at the points A and B. The clutch allows the motor to be
disengaged from the gearbox. The input gear is driven via the clutch and drives
the output gear via an idler gear so that the input and output shafts rotate in
the same direction. The dimensions of the gears are as shown on Fig. 6.44.
Initially the clutch is disengaged and the motor D, is assumed to be rotating,
in the anticlockwise direction, with a constant angular velocity w,. When the
clutch is engaged the drive is transmitted through the friction plates of the
clutch to the gearbox and the mixer D, will start to rotate. The friction torque
M, transmitted to the gearbox by the clutch will then accelerate D, until its
angular velocity w, reaches a steady value (2,. An equal and opposite torque
is applied to D, and this decelerates the motor until its angular velocity w, is
reduced to a steady value (),. During slip the angular velocity of the input
gear is @} and is less than w,. We shall also assume that the fixing bolts at
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the points A and B on the gearbox apply forces V, and V, to the gearbox as
shown in Fig. 6.45.

Let us obtain expressions for the steady angular velocities €}, and Q,. We
shall assume that the gears are light (i.e. massless) and that m, and m, are
the masses of the rotating parts of D, and D,.

Let us first consider the complete unit as a system contained within the
boundary S, as shown in Fig. 6.45.
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complete assembly
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Since D, rotates about a fixed axis which passes through its centre of mass,
eqn (6.49) shows that the absolute angular momentum of D, about an arbitrary
point Q is independent of the position of Q. Thus if we choose the point Q
to be at the centre of mass G of the rotating parts, i.e. at a point distant

c=(2r+ R, + R)ymy/(m; + my)
to the left of G,

HY = HY = Lo, (i)
The same is true for rotor D,,
ie. HY = HE) = Lo,. (ii)

Hence the total absolute angular momentum of the system about the point
G during the period of slip is

HG = Ilwl + Izwz. (iii)
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Now eqn (6.52) gives

dH, R
—dt_G = Mg (iv)
where Mg = (aV, — bV,) (v)

is the external anticlockwise moment applied to the system about G by the
holding down bolts at A and B. By considering the whole unit as a system the
torques at the motor and the mixer will be internal to the system and therefore
do not contribute to M.

The integration of eqn (iv) with respect to time over the period ¢, of slip gives

J Mg dt = (Hg),~,, — (Hg):=0

0
ie. J " Mg dt = (I,Q, + L,Q,) ~ Lo, (vi)
0

The change in the angular momentum of the system is equal to the angular
impulse about the centre of mass of the system applied by the gearbox fixing
bolts.

Let us now draw the free body diagrams of D, and D, as shown in Fig. 6.46.

The forces F, , F, and F,,, F,, are the shear forces at connecting shafts and
M, and M, are the torques which are applied to D, by the clutch and to D,
by its drive shaft.

Fy2 a;;/J
Gearbox Clutch
D2

o
Mo output shaft (e
Fx2

mag
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The equations of motion for D, and D, about their respective axes are, for
D,

dHY) ,
~-M, =—d-tgl= Loy, (vii)
and for D,
dHE)
2= % = Lo,. (viii)
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If these equations are integrated with respect to time over the period of slip
we get

&
_J M‘ dt = 1101 - Ilwo (ix)
0

and J’ ’ M2 dt = 1202. (x)
(V]

Suppose we now draw the free body diagram of the gearbox assembly as
shown in Fig. 6.47. A system boundary S, has also been drawn around the
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box as shown by the dotted line. Since this system has been assumed to be
massless and rigid its internal energy U will always be zero. If we assume no
heat is transferred from the gearbox, the First Law of Thermodynamics gives
the work done on the gearbox as W = AU = 0. The work §W done by the
torques M, and M, due to displacements 80F and 88, of G, and G, is therefore
given by

SW = M, 86% — M, 86, = 0. (xi)

The minus sign in eqn (xi) occurs because the torque M, on the output gear
and the angular displacement 86, have opposite directions. The forces at A,
B, G, and G, are fixed and do no work.

If eqn (xi) is divided by &t the limit 8¢ - 0 gives

le;k = Mzwz. (xii)

The kinematic relationship between the angular velocities w¥ and w, can
be found by considering the gear train shown in Fig. 6.48. Using the results
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of Chapter 1 the magnitudes of the velocities of points C, and C, can be written

= *
v, = Rjwf = rw;,
and v, = rw; = Ryw,
where v, = v,,.

By inspection of Fig. 6.48 it can be seen that w} and w, are in the same direction.

FiG. 6.48

Elimination of v, and v,, from these equations gives the speed ratio of the
gearbox as

* .
Wi &
—wz R, (xiii)
Now, from eqns (xii) and (xiii)
M _R_0 (i)
M, R, Q, X

Hence, by eliminating M, and M, from eqns (ix) and (x) using eqns (xiv),

R R\’
(1,01 +-= 1202) = (11 + (—‘) 12)91 = I, w,. (xv)
R, R

2

Thus the steady angular velocities of the motor and the mixer are

1
Q,=——Izg—z— (xvi)
L+(2) 1
‘ (R) ’
R,/R)I
and sz(__l/_zm (xvii)

R\~
1,+(i) L
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If these expressions are now substituted into eqn (vi) the change in the
angular momentum of the system can be found as

s L1 R R
AH=J' MGdt=—;2—l<1——l)wo. (xviii)
] Rl R2 R2
I 1 + (_) IZ
R,

Equation (xviii) shows that the angular momentum of the total system is
changed when the clutch is engaged and that this change is equal to the angular
impulse applied to the gearbox by the fixing bolts at A and B. It can be seen
that the angular momentum will remain constant only if R, = R,, i.e. for a
gear ratio of unity. For this case a aV; = bV, and L') Msdt=0.

Exercises

1 A rocket is made up of two stages of mass m, and m, as shown in Fig.
6.49. Before separation the assembly moves with velocity v. When separ-
ation occurs the stages are caused to move apart with relative velocity v;.
Determine the new velocity v* of the carrier stage m,.

v

g~ [~ [ >
S R

FiG 6.49

2 A ferry barge is secured to a dock by means of an inextensible rope as
shown in Fig. 6.50. If a lorry of mass m is driven off the barge such that
it leaves the barge with velocity v, after time At sec, determine the linear
impulse applied to the barge by the rope and the average force in the
rope due to this impulse.

I | "4 ///W
A A A, A A, A, A, A A, W/

Fi1G 6.50
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3 Fig. 6.51 shows two small, identical, spheres A and B colliding. Sphere
A is fired off from a point P with a velocity v, such that at impact the
line joining the centres O, and O, makes an angle ¢ with the direction
of v,.

If no energy is lost determine the velocities of A and B after the impact.

B

P N
—

A
FiG 6.51

4 A block of mass M is dropped from a height h onto a spring scale as
shown in Fig. 6.52. If the pan of the spring scale has mass m and the
spring has stiffness k, determine the compression of the spring after impact.

You should assume the block and the pan remain in contact just after
impact.

F1G 6.52

5 An empty box of mass 2 kg is projected with an initial velocity of 6 m/s
up a smooth inclined plane, as shown in Fig. 6.53. After the box has
travelled 2 m up the plane, a component of mass 4 kg drops vertically
into it from a height of 1 m. Find how much further the box containing

!

FiG 6.53



368 Impulse and Momentum

the component will travel up the plane. The plane is inclined to the
horizontal at 10° and friction may be neglected.

6 The block shown in Fig. 6.54 has mass m and is located in a frictionless
guideway. If a spherical particle of mass m, is fired along the centre line
of the guide with velocity v as shown, determine the velocity of the block
after impact has occurred. Assume a coefficient of restitution e.

(/////////

| r“i‘v Oy

T77777777777777
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7 Two shafts carry discs of moments of inertia I, and I, about their common
axis and can be coupled by a clutch at A (Fig. 6.55). If initially I, is
rotating with an angular velocity @ while I, is at rest, and then the clutch
is engaged, find the common angular velocity of the shafts after slipping
has. ceased.

Find also the loss of energy.

Iy
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8 The satellite shown in Fig. 6.56 changes its angular velocity @ by means
of two small thrusters A and B, positioned as shown. If the thrusters each
eject particles of mass Am with velocity v relative to the satellite, determine
the change, Aw, in the angular velocity. Assume that the moment of inertia
of the satellite about an axis through G has an initial value L

9 A uniform thin rod AB of mass 2 kg is 1 m long, and can rotate freely in
a vertical plane about a hinge at A. It carries at its end B a small scoop
of mass 1kg. The bar is released from rest in the horizontal position,
6 = 90°, and swings under its own weight as shown in Fig. 6.57 until it
reaches the vertical position. The scoop then picks up a small component
C of mass 0.5 kg and the assembly swings up to a maximum inclination
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a on the other side of the vertical through A. Neglecting friction, find
the value of a.

A particle of mass m,, is allowed to fall a height 4 into a cup which is located, as
shown in Fig. 6.58, on a heavy uniform rod of mass m, and length 2b. If the bar is
pivoted at its centre of mass O, determine the angular velocity of the bar
immediately after impact. Show that this angular velocity will be a maximum if

a = bym, Pm,.

b b

@T‘?
a

LJ

ol
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The disc shown in Fig. 6.59 has three equispaced slots in which are located
small identical blocks each of mass m. The blocks are latched into position
at a radius a and the disc rotates about a fixed axis through its centre O

- with angular velocity €),. If the latches are released determine the angular

velocity of the disc when the blocks reach the ends of their slots. The
moment of inertia of the disc about an axis through O is I,.

Does this angular velocity depend upon friction between the blocks
and their slots?
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A disc of radius r slides with pure translation with velocity », on a smooth
horizontal surface and encounters an obstruction as shown in Fig. 6.60.
Obtain expressions for the velocity of the centre O of the disc after impact

with the obstruction if
(a) the disc slips at the contact with the obstruction and the

coefficient of friction between the two surfaces is u, and

(b) there is no slip at the contact point.
Assume that the disc has mass m and moment of inertia I, about an

axis through O.
m )
w

FiG 6.60

<

>

The disc shown in Fig. 6.61 rolls without slip along a perfectly rough
horizontal plane with velocity v,. Neglecting slip and rebound determine
the velocity of its centre O as it starts to roll up the inclined plane. ,

Fig. 6.62 shows two uniform discs of mass m,; and m, connected together
by a loose inextensible string. If disc 1 is given an initial angular velocity
w, determine the angular velocities of the discs the instant after the string
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becomes taut. Neglect friction. Is the angular momentum of the system
conserved?

15 The uniform disc shown in Fig. 6.63 has mass m and radius r and rolls
without slip on a horizontal plane.
(i) Determine the absolute angular momentum of the disc about the
point A.
(ii) Derive expressions for the relative angular momentum of the disc
about the points O, A and B.

Fi1G 6.63

16 Fig. 6.64 shows an epicyclic gear unit with a fixed ring gear. Derive an
expression for the absolute angular momentum of the gear system about
the point O. The planet and the sun gears can be considered as uniform
discs of radius r and R and mass m, and m, respectively. The arm OA

can be regarded as a uniform rod of mass m,, which rotates with angular
velocity w as shown.
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17

18
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Also derive an expression for the relative angular momentum of the
planet gear about the point A.

The bearings O, and O, of the discs A and B shown in Fig. 6.65 are
supported on bearing blocks which are free to move in horizontal guides.
Initially disc A is rotating with angular velocity w, and is not touching
disc B which is at rest. Determine the steady angular velocities of the
discs after they have been forced together with a force P as shown.

Fi1G 6.65

Figure 6.66 shows a thin uniform rod AB of mass m and length 2/ held
so that end B rests on a smooth horizontal surface. If the rod is released,
determine, using momentum principles, the initial angular acceleration
of the rod and the initial acceleration of end B.
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Fi1G 6.66

Figure 6.67 shows a uniform rod AB of mass m and length 2! in which
end B is in contact with a smooth vertical wall and end A is in contact
with a smooth horizontal surface. The rod is free to move in the plane of
the figure under the action of gravity. The free body diagram of the rod
and the position of its instantaneous centre 1.C. are shown in Fig. 6.67.
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By considering the absolute angular momentum of the rod about a
stationary point instantaneously coincident with 1.C. show that the
equation of motion of the rod is given by

dH,c  mgx,
i~ 2
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20

21

mis,
Jar - 3
Hint refer to eqn (6.72) in Chapter 6.

where Hyc = 4/3

Define the angular momentum about a fixed point O of a rigid body
moving (i) in pure translation and (ii) in pure rotation about O.

A uniform solid rectangular block ABCD moves along a production
line by sliding down an inclined plane until its edge A meets a fixed
horizontal surface, as shown in Fig. 6.68. It then turns on the edge A until
AD makes contact with the horizontal plane, at which stage the block is
in an erect position. There is no slip at A during the rotation.

FiG 6.68

If the velocity of the block just before it makes initial contact with the
horizontal plane at A is v, find the angular velocity of the block at the
start of its turn, and hence determine the minimum value of v that is
required to carry the block over to an erect position.

The moment of inertia of a uniform rectangular block about an edge
is m(a”® + b*)/3, where a and b are the lengths of its sides and m is its mass.

A rod AB has a mass of 2kg, a length of 0.5m, and a moment of

inertia of 0.04 kgm? about its centre of mass C. It lies flat on a frictionless
horizontal plane and is struck by an impulse of magnitude P = 0.2Ns,

A
T—

250

100

250

All dimensions in mm

FiG 6.69
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as shown in Fig. 6.69. Derive expressions for the subsequent position of
C and the angular displacement of the rod.

A forge-hammer (Fig. 6.70) consists of a heavy bar OA, with a striking
head at A, which can rotate with negligible friction about an axis through
its end O. The mass of the hammer is m, its centre of mass is at G where
OG = b, its length OA = I, and its moment of inertia about O is mk>.

{

b

—

Fi1G 6.70

When released from rest in a vertical position, the hammer falls freely
under gravity until it reaches a horizontal position when it strikes the
workpiece and rebounds. It is found experimentally that the upward
velocity of A just after impact is o times its downward velocity just before
impact, where o < 1.

Derive expressions for the vertical impulse P delivered to the workpiece
and the vertical impulse Q at O during impact, and establish the design
condition relating b, I and k which minimises Q.



7

Momentum and mass transfer

Basic Theory

In Chapter 6, Section 6.1, we developed an expression for the linear momentum
of a closed system of particles and showed that the rate of change of linear
momentum of the system was equal to the sum of the external forces applied
to the system, i.e. F = dp/dt. Since this system was assumed to be closed no
mass could, by definition, enter or leave the system across its boundaries. As
the system boundary moved the mass moved with it. Although this formulation
is very useful for systems built from an assembly of rigid bodies it is not a
convenient way of dealing with devices, such as pumps, compressors, turbines
and jet engines, which require a flow of fluid into and out of the system.

7.1 Variable mass and fluid flow systems

We shall now show how the results of Section 6.1 can be extended to take
into account the transfer of mass across the system boundary. Figure 7.1(a)

1% Y
™ Q’
|
\
AN
SLOX
BmQ =
0 time = t x o time =t + &t X
(a) (b}
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shows a system of particles such as P; contained within a boundary S at time
t. The particle P; is shown situated in the centre region of the system whilst
the particle at the point Q on the boundary is just inside the boundary and
represents a small mass which is just about to leave the system.

Let us assume that this particle has mass dmg and is moving with velocity
vg which has components Xq, yq. It is assumed that the velocity of this particle
is different from the velocity v of the coincident point Q on the system
boundary. Q on the boundary therefore has coordinates x3, y& which at time
t are the same as the coordinates xq, ¥, of the coincident particle. The asterisk
will be used to denote the displacements and velocities of points on the
boundary.

Outside the boundary of the system there are other particles. Let us consider
the particle at the point Q'. This particle has mass dm and is just outside the
system boundary. It therefore must be excluded from the system at time £ It
is assumed that this mass moves with velocity vg which is different from the
velocity v§ of the coincident point Q' on the system boundary.

At time ¢ the linear momentum of the system is therefore given by

Px =y mX +3Y dmgXxq

. ) (7.1)
py =X myi + ) dmgyq.

The first sum represents the momentum of the particles ‘well’ inside the
boundary and the second sum, which is summed around the system boundary,
represents the momentum of the particules which are at the system boundary
and which are about to leave the system.
" At time t + 8¢t we shall assume that the system boundary has moved and
the points Q and Q' on the system boundary have now positions given by
x& + 8xd, vy + 8y§ and x§ + 8x&, y& + 8y& respectively. During this time,
the mass 6mg has left the system and has moved to a new position outside S
given by xq + 8xqg, ¥o + 8¥o, as shown in Fig. 7.1(b). Correspondingly the
mass 6mq, has entered the system and has moved to a position within the
system given by xo + 0xqy, Yo + Oyq -

The linear momentum of the system at time ¢ + 8¢ is therefore given by the
momentum of those particles which have stayed inside the boundary plus the
momentum of those which have entered the system, i.e.

Dx t 0P, = Y m(X; + 8%,) + ), dmg (g + 8%g)

) (7.2)
p, + ép, = > mi(y; + 8y;) + 2 SmQ‘()}Q’ + Ser).
Subtracting eqns (7.2) and (7.1) gives
) ) (1.3)

8p, =Y, mdy; + ¥ dmyyq — ¥ 6mgyg

5

where the terms dmgdxq etc. are of second order and have been neglected.
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The first term in eqn (7.3) represents the change in the linear momentum
of the system due to the change in the velocity of the particles contained by
the system boundary. The second and third terms are the linear momentum
gained and lost by the system due to particles entering and leaving the system
during 8t If eqns (7.3) are divided by 8¢, the limit as 8¢ - 0 gives

dp.

dr =Y mX + Z Mgy — 2, MoXq (7.4)
and

dp, .

dt Zm)’-“*'ZmQYQ ZmQyQ, (75)

where the terms mgq and g represent the mass flow rates out of and into the
system at the points Q and Q.
Newton’s Second Law of Motion for the particle P, gives

in + F;' = m,'.f,'
and (7.6)
F}’i + F,,V. = mi-i;i’

where F,, F, and F,, F) are the external and internal forces applied to m,.
Thus

T m% =Y (F, + Fi)'= F
and Ymy, =Y (F,+F,)=F,

since the sum of the internal forces } F;, =}, F), = 0. The forces F; and F,
represent the components of the total external force applied to the system.
Hence

(7.7)

dpx
d . .
and -—dlzy = F, + Y mgyq — L MgYq- (7.9)

The rate at which mass can leave the system at the point Q will depend
upon the velocity of the elemental mass dmyq, relative to the coincident point
Q on the system boundary. This relative velocity is shown in Fig. 7.2(a) and
is given by

Vor = Ug — V5. (7.10)

If 8mg, leaves the system then vg, must have a direction which points away

from the system boundary, as shown in Fig. 7.2(a). If we consider the system

boundary at Q to be represented by a surface area of Ag, as shownin Fig. 7. 2(b)
then 8mg, will only pass across Aq if v, has a component 8, which is normal
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Velocity of point Q
on system boundary

System
R boundary
- Normal to

system boundary

{a) (b)
Fic. 7.2

to the boundary surface Ag and is in the direction shown. If p is the density
of the fluid at Q then the mass leaving the system at Q in time 8¢ is given by

6mQ = {pﬁQrAQ} St

Thus mQ = pl;Q,AQ. (7.11)
Similarly mq can be written as
riIQ' = pﬁQv,AQ'. (7.12)

Since 8my is entering the system the velocity 6, must have a direction which
points into the system.
" Thus eqns (7.8) and (7.9) can be rewritten as

d X A - A -
dI; = Fx + Z (Pl ‘Q’UQ’r)xQ’ - z (Pl kQer)xQ (713)
dp, PO A N

and e F, + ¥ (pAqig,)Yq — T (pAgDor)Ve- (7.14)

Equations (7.13) and (7.14) give the equation of motion of a system whose
mass is varying with time.

Example 7.1 Ram jet missile Figure 7.3 shows an anti-tank missile being fired
from its launching tube. The solid fuel rocket motor is designed so that it
burns fuel at a constant rate m, and expels it from the exhaust nozzle at a
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velocity v; relative to the missile. The positive direction of the vector v; is
chosen to be in the opposite direction from that of the velocity v of the missile.
If the missile has mass m, and is designed to carry mass m, of fuel, let us
determine the velocity v of the missile at time ¢ after launch. We will assume
that the missile travels horizontally during its short flight.

Let us draw a system boundary around the missile as shown by the dotted
line in Fig. 7.3. Since fuel is burnt at a constant rate ni, the mass of the missile
at time ¢ is given by the solution to the differential equation

— = —m,. (@

The minus sign in this equation indicates that mass is being lost from the
system. Equation (i) can be integrated directly to give

m
m={(my+m)—mst fort<—

e

m ..
and m=m, fort>—, (ii)
me
where (m,+ m,) is the missile mass at launch, i.e. at t = 0.
If the velocity of the missile at time ¢ is assumed to be v then the linear
momentum of the system contained within the boundary S is given by

Px = M, . (iii)

where m is given by eqn (ii).
The absolute velocity of the fuel leaving the system boundary, measured in
the direction of the missile motion, is

)éj - (D - vj). (iV)
For this system eqn (7.9) gives the equation of motion in the direction OX as

ar _

dt x mex-jy (V)

where F, is the external force applied to the missile and is due to air resistance.
If, for the purposes of illustration, we assume that F, = 0 the substitution
of eqns (i), (iii) and (iv) into eqn (v) gives

dv .
[(mg+ my) — m,t] a = m,y;. {vi)

The left-hand side of eqn (vi) represents the instantaneous mass of the rocket
multiplied by its acceleration. The term on the right-hand side therefore has
units of force and may be interpreted as the force exerted on the missile by
the jet. Thus the thrust developed developed by the rocket motor is given by
m.v;. This shows the importance of ensuring that the nozzle velocity v; is made
as large as possible.
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This first order differential equation can be separated and using the condition
that v = 0 at ¢ = 0 gives

* do ! dt .
= -—. {vii)
o ™. o (mo+ my —m.t)

Integrating and rearranging gives

my+m m
° ! fort<—. (viii)

v=vIn—m——
! (m0+ m; — met) m,

The maximum velocity reached by the missile occurs at the instant the fuel
runs out, i.e. at t = m,/m,, so that

Vmax = U In(l + ﬁ) (ix)
mg
Thus the maximum velocity reached depends upon the ratio m,/m, and v;.
Once the fuel has been used up the velocity remains constant at vp,,x-
It should be appreciated that eqn (viii) represents an upper estimate for v
since air resistance has been neglected in the calculation.

7.2 Conditions for steady flow

Let us suppose that we observe a system at time ¢ and note the directions of
the momentum vectors at all points in the system and the shape of the system
boundary, as shown in Fig. 7.4(a). Suppose we now repeat the observation at

Y Y

O time t X 0] time t + &t X
(a) (b)

Fic. 74

time &t later and find that the shape of the system boundary has been preserved
and that the momentum vectors are unchanged, despite the flow of fluid across
the system boundary. This state will occur when the particle passing through
the typical point P; in the system is immediately followed by an identical
particle which has the same velocity.
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In these circumstances

dp. _dp, _
dr = dt =0 (7.15)

i.e. the momentum of the system is constant.

For this special case the behaviour of the system is independent of time and
is said to be ‘steady’. Equations (7.8) and (7.9) now give the total external
forces applied to the system as

F,. = g Migiq — ZS: MoXo
= g pAglariq — % pAglg iy (7.16)

and F, = g Moyo — g MgXg
= g pAgdg Yo — ES: pAG Dy Po - (7.17)

The forces F, and F, are determined by the net rate at which momentum
is transferred out of the system.

For steady conditions to prevail within the system it is also necessary that
the total mass of the system remains constant. Since the mass lost by the
system in time &t is given by summing (8mg — 8my) around the system
boundary we require

for the mass content to remain unchanged, so that
Lo =Y Mmq. (7.18)
5 5

Thus, for steady flow, mass must enter and leave the system at the same rate.
Equations (7.16), (7.17) and (7.18) can be used to calculate the forces applied
to a system due to the steady flow of fluid into and out of the system.

Example 7.2 Water jet Figure 7.5 shows a jet of water emerging with a steady
velocity v, from a nozzle of cross sectional area A. The water then passes
smoothly over the surface of a curved plate without loss of velocity and finally
leaves the plate at an angle a with respect to its initial direction. We shall
calculate the resultant force applied to the plate by the water.

Let us draw a system boundary around the fluid which is passing over the
plate, as shown in Figs. 7.5 and 7.6. Q" and Q represent the regions, each of
area A, where the fluid enters and leaves the system boundary. The system
boundaries at Q and Q’ are stationary and are chosen to be perpendicular to
the direction of the fluid flow.
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Nozzle é:[

Fic. 7.5

Y

Q ’\System boundary
o X
FiGg. 7.6

Thus, if the velocity of the fluid is assumed to be uniform across the areas
Q and Q’, we have

13Q, = 6Q', = Vp. (i)
The mass flow rate into and out of the system is given by
va = mQ = pAUo. (ii)

If the plate applies a force F to the system boundary then the components of
F are given by eqns (7.17) and (7.16) as

F, = ¥ mgXq — X moXy
s 5
(iii)

and  F, =Y rgyq — L tg¥q-
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From Fig. 7.6
XQ= UOCOSa )}Qz Uosina
. (iv)
and Xq = o, Yo = 0.
Substituting eqns (iv) into eqns (iii) gives
F, = pAvo(vecos a — vy) = —pAv2(1 — cos a) )
v

and  F, = pAvjsina.

The force F, applied to the plate is, by Newton’s Third Law, equal and opposite
to F.
The components of F, are

F,. = —F, = pAv(1 — cos a)
(vi)

and  F, =-F, = —pAv;sina,

as shown on the vector diagram of Fig. 7.7.

P Avg.(1 — cosa)

B
F, pAVisina Vo | £
Fig. 7.7 Fic. 7.8

The magnitude of F, is
F, = pAvg[(1 — cos a)® + sin® a]"/?
= 2pAvjsin(a/2),

and F, has a line of action which is inclined to the horizontal at an angle
given by

tan B = sinae 1
PR T cos @ " tan(a/2)’
ie. B = (m—a)/2

This force F, has a maximum value 2pAvj which occurs when a = 7, i.e.
when the flow is turned through 180°, as shown in Fig. 7.8.
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Engineering Applications

7.1 impulse turbine

Let us now show how the steady flow momentum eqgns (7.16) and (7.17) can
be used to calculate the output of an impulse turbine.
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Flow |
Nozzle [
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Flow
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Fig. 79

Figure 7.9 shows the construction of such a turbine and shows that the fluid
is directed into the moving blades by a set of stationary nozzles fixed in the
casing of the machine. The shapes of the nozzle and the blades are shown in
Fig. 7.10.

The nozzle in an impulse turbine has a fixed outlet angle B8 and the blades
are designed to have equal inlet and outlet angles a. We shall treat the space
between the blades as our system.

If we assume that the blades are thin then our system will have the shape
shown in Fig. 7.11.

The regions marked Q' and Q define the inlet and outlet sections of the
blade passage and correspond to the region of the system boundary described
in Section 7.1, where the fluid enters and leaves the system.

Since the blades are assumed to have a peripheral velocity v,, and since the
system boundary S is constrained to move with the blades, the mass flow rate
m into and out of the system will be determined, according to eqns (7.11) and
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Y[_\/

Fixed nozzle

Fic. 7.10

Vi g
Fic. 7.11

(7.12) by the velocity v, of the fluid relative to the blades. The system boundary
at Q and Q is chosen to be perpendicular to the local directions of v, at entry
to and exit from the blades. Furthermore if it is assumed that these sections
have equal cross-sectional areas, i.e. Aq = Aq, then the magnitude of v, at
entrance and exit will remain unchanged. The absolute velocity v of the fluid
at any point P; in the system can be calculated from the vector equation

D=1, + 0, (i)

At inlet to the blades the velocity v is equal to the velocity v; of the fluid
leaving the nozzles and can be calculated in terms of v, and v, from eqn (i)
using the vector diagram shown in Fig. 7.12. The angles @ and 8 shown on
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Y
(0] X Y

0 X
Fig. 7.12 Fig. 7.13

this diagram correspond to the blade inlet and nozzle outlet angles shown in
Fig. 7.10.
The components of the absolute velocity of fluid entering the system are
therefore
Xy =1v;sinB =y sina (ii)
and Yo = vjcos B = v, + v, COS a. (iii)
At exit from the blades, the direction of the relative velocity v, is different
from that at inlet. The absolute velocity v at outlet can be found from eqn (i)
using the graphical solution shown in Fig. 7.13.

The components of the absolute velocity of the fluid leaving the system are
therefore

Xo=10sina (iv)

and Yo = Up — U, COS a. (v)

By substituting eqns (ii), (iii), (iv) and (v) into eqns (7.16) and (7.17) the
force applied to the system is given by

F, = m(iq—%q) =0 (vi)
and F, = m(yq — yo) = —2mv, cos a. (vii)

The force F, which is applied to the blades by the fluid is, by Newton’s
Third Law, equal and opposite to the force applied to the system,

ie. F,=0 (viii)
and Fy, = 2mw, cos a. (ix)

Eqns (vi) and (viii) show that no axial force is applied to the blades.
Therefore, in this special case for which the inlet and outlet angles of the
blades are equal, there is no axial force on the wheel and its supporting bearings.
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The force F,, is tangential to the turbine wheei and will cause the turbine
to rotate and to generate power. For each blade the power produced is given
by

p, = Fybvb
= 2muyD, oS a. (x)

The rate at which energy is supplied to the turbine from each nozzle is
determined by the kinetic energy of the fluid leaving the nozzie per second

ie. P,, = smv}. (xi)

Thus the efficiency of the blades in converting the kinetic energy contained in
the fluid into useful work can be defined as

P, 4o, .
M= p = s cos a. (xii)
i i

Using eqn (iii) v, can be eliminated from eqn (xii) giving
N =4r(cos B —r), - (xiii)
where r=u1,/v;.

When the efficiency 7, is plotted against the speed ratio r, as shown in
Fig. 7.14, it can be seen that the blade efficiency has a maximum value. This

b
-—cos? j
o cos B r
2
Fic. 7.14

optimum value r,, is found by solving dn,/dr = 0, and corresponds to

Yop =13 €0OS B, (xiv)
so that

(M) max = €08’ B. (xv)

The condition B = 0 gives the maximum efficiency, i.e. 7, = 1. This cannot
be realised in practice in an axial flow machine because with 8 = 0 the flow
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would be tangential to the turbine so that the nozzle would interfere with the
passage of the blades. Nevertheless, it is advantageous to make 8 as small as
possible. For a given nozzle angle B and jet velocity v;, the efficiency of the
turbine increases as the blade speed is increased until the maximum efficiency
at

v, = is reached.

v; cos B
2

The case B = 0 corresponds to the condition in a Pelton Wheel turbine.

Exercises

1 Fig. 7.15 shows the thrust reversal system in an aircraft engine. If the mass
flow rate through the engine is m, and is exhausted with a relative velocity
v, as shown, calculate the thrust produced for an aircraft landing with
velocity v.

vr

Fig 7.15

2 Fig. 7.16 shows the nozzle of a fire hose supported on its centre line at
point A by means of two pinjointed links AB and AC. If the nozzle has
inlet and outlet areas A; and A, respectively and delivers water at a rate
ri1, determine the forces at the pin joints B and C. You may assume that
the force applied to the nozzle by the hose can be neglected.

3 Fig. 7.17 shows the construction of a water propelled boat. Water enters
the propulsion system horizontally through a chute of cross-section A,
position on the keel. As it passes along the chute its velocity relative to
the boat is increased by means of the impeller, I. The water finally leaves
the boat horizontally with velocity v; relative to the boat.
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g =

FiG 7.16

Vi

|

Fig 7.17

If the drag force F on the boat is related to its velocity by
F = kv’

calculate the velocity v; needed to propel the boat at a constant speed vg.

4 A truck of mass m, enters a filling station with an initial velocity v,. When
the truck reaches the position shown in Fig. 7.18 a sensor causes a hopper

Fic 7.18
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to discharge bulk material into the truck at a constant rate m. After the
truck has travelled a further distance L the hopper is closed and the truck
is allowed to leave the filling station. Calculate the velocity at which the
truck leaves the station.

The arrangement shown in Fig. 7.19 is used in an experiment to measure
the thrust developed by water flowing from a nozzle of area A and impinging
on a flat plate. If the beam CD is in equilibrium with weight mg at end
D, derive an expression for the velocity v of the water flowing from the
nozzle. Neglect the weights of the beam and plate.

S—
|
il

Fic 7.19

A Jet of water of cross-sectional area A and velocity v; enters a hole in the
block shown in Fig. 7.20. The jet is turned through 90° and exits from the
block at right angles to the jet. The block is carried on bearings as shown.

I

7.
il

FiGg 7.20



392 Momentum and mass transfer

Obtain an expression for the acceleration X of the block in terms of its
velocity X and the velocity of the jet. Assume that the block remains full
of water. The mass of the block is m and the mass of the water contained
in the cavity is m,,.



Solutions to exercises

Chapter 1
1 v=at, =lar* + x,, v =+v2a(x — x,)
8 3+ 8w m 1
2 b=— - Ui -
w’ a 2 s’ "™
K 23
3 =222 145
c’ ¢ c

4 82.5m/s at 76° anticlockwise from OX.

6 (a)32m/s’ (b) i% rad/s>  (c) 40 m/s’.

Vpt+p VA — Up
T w=ET, . @SR

8 ag=20.9m/s” at 19.2° to the horizontal.

9 178 rev/min. anticlockwise.

10 700 rev/min. anticlockwise Output would be clockwise.
v

11 -, 2v
r

12 1.74m/s.

b
13 o (1 + ;) clockwise.

W w,
14 w,=—, Wapm = .
2r, 2
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15 Wo _ (rp+ rg)(rc — rp)

w; rCrD

1000
16 ——rev/min.

11

17 % = ew(cos 6 — sin 6 tan @) % = —gw?*(cos @ tan a + sin 9)

. v " vix
B0 T

19 xXp = —aé, sin 8, — béz sin 6,
Vp = ab, cos 6, + bé, cos 6,
Xp = —aO, sin 6, — a()l cos 8, — bé, sin 6, — bé2 cos 0,
¥p = af cos 6, — ab’sin 8 + bé, cos 8, — b63sin 9,.

20 wap = 144rad/s O wpc = 7.2rad/s O

asg = 1151ad/s* D apc = 87.5rad/s* O
21 Wo,8 = 11.5 rad/s, O aozB = 2230 I‘ad/Sz D
22 576rad/s’D 7200 mm/s’

_)

23 wpc=4.8rad/s O wcp = 4.71rad/s O

Agc = 23 rad/s2 O qdcp = 16 rad/sz O
24 224m/s 137 m/s>
Chapter 3

w

—_— A, B and C would be collinear
()

1 !
2 10.3kN, 7.44 kN.

IW
3 ==, 155W
V2

4 +/2kN (tension),  3/2kN.
-~
5 8T.

6 Along DC, No.
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17
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21

22

23

25
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0.707P 225° clockwise from AB, 0.707P along CB.
tan a.
350N, 150 N.
16.9 kN.
cos 0 = 5:—}1
R
8.6 Nm.
311N, 311IN, 2786 N.
AD 3440N, DB342N, DEI1730N,

EC 4500 N. (all in compression).

17 500 N; 5200 N, 22 500 N.
1570 N, 1790 N (tension).
(b—eu)M [(a+ pe)’ + p’(a+b)’T"?
ur(a+b)’ ru(a +b)
2(’1 + rz)
Iy

uPR

2sin

Mo(aze_ﬂﬂ - a,)
br(1 — e HB)

x=15m, y=2m.
0.785 r.

0, 3R/8.

9.8kN, 7.6 kN.

209 kN,

17.6 kN 48.9° clockwise from OC.
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26

27

28

29

30

31

32

12N/m?,  48N/m?,  0.25m.
200N, 200 Nm.

2W, Wa.

57.5kN, 4 m from A.

0.207 L.

wl’ L
W3' 3

0, 300 N, 300 Nm.

Chapter 4

1

10

(i)

4o
g + kao

T = may[1 + (k + g/a,)*]"%

tan 6 =

2
tan 0 = “’?"(1 + (b/a) sin 6).
@Wmax = 23.8 rad/s, @min = 6.6 rad/s.

M= ™ 1

AT (m*+m) 2
T = 1.25 cos 8(sin 8 + 0.3 cos 6) Nm
u =0.254

68
I = = m*R?
C 96mR

R3
I =P?[2+31r—6a—20052a+3sin2a]

R3
Iy=P?[2+31r—6a +2cos2a — 3sin 2«

I; = PR+ 7 — 2a]



11

12

13

15

16

17

18

19

20

21

22

23

25

26

Chapter 4
m
Iz = "1—2' (b2 + cz).
¢ =101t — 5sin2t.
147.2 N.

ac = 0981 m/s*

F =3532N.
2 2 3
mew pmew umew’r
F. = , F. = , pP=
N «/1+,u,2 T \/1+p2 \/1+y2
3T
8ma’

@, = 59.7 rad/s*
w, = 80 rad/s.

F=6N, S516N.

x = Tr/(2I + mr?).

6= fovm? P T
o™ M 1+
Io
tan a = 3u.
o zen)
X = — .
4
_ 2Pasiné
m(k* + a®)
rn+ )’ .
T= [1, +(r+r)Ym+ (‘——2> 12] 6,.
r;
may,

F:

(1+%)
1+
Ig

397



398 Solutions

Chapter 5
1 v=+2gl(1 —cosB)

2 (i) %kle’ %kZ-xz’ (kl + k2)
1 kx? 1 kyx? k,k,

(11)5(1-*-&)2, 5(1-*-&)2, k1+k2

3 (b) Requires smaller mass m, for a given closing velocity.

4 Fr(1 —cosa),

Frw sin a.

h
s B[
r m

6 0.___\/mg(1—cos€)—k02’ é.=lmgsin0_lcf,
Io 210 Io
R milkw
- = —
* 21,
m’gl®  mikn®
=mg+——— .
bR =mg =
1
7 p=—s
P=ia"
8 #— 2M,(R,/R,)#6,
(@) )
1 R2 2
232
9 =_r211[a30 + v? + avé sin 0]
2mu}
10 —

3

7
1 2
r

2(m, + mp)gx

51
(my + mp) + 2~

1/2

12



13

14

15

16

17

8.1m.

Wi

g = 4[mgl sin 6 — kI*(1 — cos 6)°]

,  2mrP+ mr’eg— 2mpr’g
mr* + 2mr’p

’

(ml* + 4I)

17.5 rad/sec.

1166.7 Nm.

Chapter 6

1

10

11

m,v
v+ —_
m; +m,
mu,
At

v, sin 6, vy cOS 6.

muvy,

M[ . /2+ 2kgh]
kg g M+m

0.49 m.

_ myu(1+e)cos’ @

U
m + m, cos’ a

Lo 1 LLo®

(L+L)  2(L+

__amyV2gh
T mb
3

(Io+ 3ma2>
— 10y,
Io+3mb

+ mya®

L)

NO.

P = prrwj+ prg

Chapter 6 399



400 Solutions

12

13

14

15

16

17

18

20

21

22

Q) o, [_r’f _ ,ul/L_:_h__]

r

mrogh
I, + mr?

(i)

%(1-*—2005&)

(O T Wo
= == — NO.

@1 1+my/m,’ @2 r1+my/m,

3 . mro .
H, = > mrv clockwise, hy = T clockwise,

3 . 3 .
hy = 3 mrv clockwise, hy = 2 mrv clockwise.

+ R+ .

Ho=(R-7) [2R2 ! m, + Rm, + ( r) m,] w clockwise;

3 R .
hy=— mprz(l + —) w anticlockwise.
2 r

1w, _ (r/r) oo
wy = \2 Wy = " r1_2
I+ 12<—‘) L+ 12(—>
rz r2
. in@ .
L %5 = 16 cos 6.

1 b
I~ +si 20
(3 Sin )

_3(__13__). ‘
*=NE+p) "

a4({a’+ b’ a b
vrznin=§<a bz—‘)[(az+ b2)l/2—5—-2£]g

xc = 0.1¢ 6 = 0.5t

P=m£lc(1+cr)\/2gb, b = k*/1 gives Q = 0.

Q= m(1+a)\/2“gt7<£—1;).
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Chapter 7

1 m(v+ v, cos a)

mz(Ai — Ao)
2pA4A; cos a

3 vB(l +L)
pPA,

4 voexp(— mL>

Myl

bmg

5§ vi=——

apA

5= pAUj(Uj - x)
m+ m,






Index

Absolute angular momentum 321 Capstan 127
closed system of particles 323 Cartesian coordinates 13
particle 321 Centre
rate of change 325 of mass 86, 119, 161, 164, 173, 200,
rigid body 325 213, 252, 263, 319, 324
Acceleration 5 of gravity 86
diagram 46 of percussion 170, 349
relative 22, 26 Centroid 84, 91, 119
Adiabatic 248 Chain drive 36
Amplitude of vibration 220 Child’s toy 277
Angular Circuit breaker 289
acceleration 13, 25 Circular path 201
displacement 13 Closed system 247
impulse 323, 325, 346, 347, 350 Coefficient
momentum 321 of friction 101, 117, 122, 174, 189,
position 12 196
velocity 13, 25 of restitution 313, 315

Coherent units 65
Common tangent 129

Balance masses 210 Compatibility 70

counter rotating 210

i Complex shapes 183
Baslzlrg:;ngzofO;bgO;M Connected bodies 28, 99, 197
artial 210 Connecting rod 204, 291
Ball)lbearin 103 Connection 105
Base circleg 128, 129 Conservation of energy—principle 249
Beams 134 ’ Conservative forces 241
Bearings 185 Constraints 69
Belt 1g24 kinematic 165, 185, 213
drive 37, 191 Cc:;;ztcltc 93910
4
Besr:iei:gh 11397 force 102,313, 314
moments 135, 127 period 310
Blades 385 surfaces 117, 310

Coordinates 13

efficiency 388 Cartesian 13

Body rigid 23, 70

s polar 14, 17
Built-in 105 Counterbalance 211, 358
Couple 73
Cam 42 out of balance 202
profile 42 Crank -204, 209, 283, 291
Cam mechanism 41, 188 slider 291
eccentric 41 Curved path 239

Cantilevered spring 271 Cylinder 181



404 Index

D’Alembert’s principle 154, 156 Frame of reference 3, 64, 329, 333
Dampers 221 Frameworks 105
Deflection Free body diagram 68, 69, 78, 82, 95,
static 215 96, 106-109
Degrees of freedom 4, 17, 28, 30, 70, Frequency
357 forcing 219
Derived units 65 natural 218
Diagrams Friction 101, 217
acceleration 27, 46, 55 angle 102
velocity 27, 44, 53 clutch 121, 360
Disc thin 179 force 101, 295
Displacement 4 internal 316
Distributed force 83, 84 Frictional
Drum 127 torque 124
cylindrical 196 Frictionless
Dynamic tension 193 contact 99
pin joint 103
Electric motor 283 Gear
Engine 29 box 130, 247, 280, 360
Equilibrium 65, 66 epicyclic 39
Equivalent force 83, 84 internally toothed 38
Error signal 355 planet 39
External force 70, 73, 94, 320, 325 ratio 37, 41
ring 38, 39

teeth 37, 100, 198
train 38, 196
wheel 196

Finite displacement 237
First Law of Thermodynamics 235, 248,
291, 297, 311, 364

Gearing 128
Flank tooth 129 .
Fluid flow systems 376 General plane motion 26, 211, 261, 350

Flywheel 283 g;::;:;nozrzl attraction 250

ress 283 -

Forl,lower 41 Gripper 211
flat 42 Heat 248, 297

Four bar linkage 31, 48, 204 adiabatic 248
crank-rocker 48 isothermal 249
rocker-rocker 49 specific 276

Force ) Heat transfer coefficient 298
aerodynamic 214 Helical spring 270
conservative 241 Hoists 194
contact 102, 191 Hysteresis 217, 316
damping 221
distributed 83, 84 Impact 310, 312
disturbing 220 normal 313
equivalent 83, 84 involving rigid bodies 339
external 70, 73, 94, 320, 325 Impulse of a force 309, 339, 344, 347,
internal 70, 73, 94, 158, 320, 325 348
non-parallel 81 turbine 385
out of balance 201, 202, 209, 214 Inertial 64
parallel 73 Instantaneous centre 27, 35, 40, 46
periodic 214 Internal
resultant 67 energy 247
shear 137 forces 70, 73, 94, 320
tooth contact 198 stresses 70

transmitted 222 Isothermal 249



Joule 238

Kinetic energy 249
of particle 253

of rigid body in pure translation 257
of rigid body in pure rotation 259
of rigid body in general plane

motion 261

Lift system 280
Lifting 196
tongs 112
Line contact 100
Linear elastic spring 268
Linear momentum 308
particle 308

closed system of particles 319

rigid body 320

Machine 209
reciprocating 209
Mass transfer 376
flow rate 378, 383, 385

Moment 72, 161, 211, 240

of inertia 166, 174

out of balance 203
Momentum

absolute angular 321

linear 308, 382

relative angular 329
Mountings 222

flexible 222

Natural frequency 217
Newton 65
Newton’s Laws
of Gravitation 250
of motion 64

Second Law 152, 320, 378

Third Law 202, 384
Noise 214
Non-parallel forces 81
Nozzle 379, 385

velocity 380

Out of balance 210
Overconstrained 70

Parallel forces 73

Parallel axes theorem 177
Parallelogram rule 1
Penduium accelerometer

187

Index 405

Perpendicular axes theorem 176, 179,
182
Pelton Wheel 387
Pin joint 29, 102
Pinion 196
Piston 29
Pitch circle 37, 128
Plane motion 4
general 170
Plate
clutch 121
thin flat 176
Polar coordinates 14
Position 4, 215
equilibrium 215
Potential
energy 249
particle 250
rigid body 252
Power 245, 388
transmission 121, 360
Pressure angle 129
Principle of conservation of energy 249
Projectile 17
Pulley 124, 191; 194
Pure translation 24, 159, 174, 215, 216,
257, 329, 340
rotation 24, 163, 200, 211, 259, 345

Radius of gyration 175, 183
Ram jet missile 379
Rate of turn sensor 355
Rectangular plate 88
Redundant structure 32
Relative motion 21
velocity 378
Relative angular momentum 329
of particle 329
of closed system of particle 330
of rigid bodies 332
about a point fixed in rigid body 333
Resonance 220, 223
Response 219
Resultant force 67
Revolute joint 102
Rigid body 23, 157
Ring-thin 178
Robot 211, 357
Rod thin 180
Roller bearing 103
Rolling 33, 37
wheel 33
Rope 127, 185, 194, 198
Run down time 297



406 Index

Scalar 1, 236
Second moment of area 175
Self-locking 117
Semicircular plate 91
Shear forces 135, 137
Slider 204, 209, 283
Slider crank 31, 43, 48, 283
Sliding connection 29
Slip 102, 104, 121, 124, 127, 195
Specific heat 276
Springs 185, 214
cantilevered leaf 271
helical 270
linear 215, 268
stiffness 215, 268
torsional 272
Spur gear 128
Static equilibrium 65, 74, 155
Statically determinate 70
Steady flow 381
Steady state 219
Strain energy 249, 270, 291
Stresses 158, 215
internal 158
Structure 30, 196
Surveillance satellite 355
System 236, 260
boundary 248, 251, 255, 269, 273,
278, 281, 291, 297, 311, 377, 385,
386
states 248

Temperature 276, 297
Thermal energy 249, 276
Time constant—thermal 298
spin rate 357
Toggle linkage 111
Tooth profile 128
contact forces 130, 198
flank 129
root 130

tip 130
Toothed 128
gears 37, 128
Torque 191
characteristic of a motor 246
fluctuation 191
motor 211, 359
Torsional spring 272, 290
Trajectory 19°°
Transient 219
Transmission 121
power 121
Triangular plate 89
Turbine 385
Turbo generator 185
Two forces 81
Two degrees of freedom 29, 357

Uniformly distributed load 85
Units 65, 166, 185, 215

Variable mass 376
Vector 1, 2, 14
addition 1, 14
components 2
quantities 1
Velocity 4
diagram 44
relative 21, 378
Vibration 214, 220
forced 218
free 217,218
isolation 221

Wall crane 118
Water jet 382
Wheel 33
rolling 173
cycle 204
motor car 204
Winch 196
Work 235











